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Preface 


This book has a dual purpose, being designed for a University level course on 
measure and integration, and also for use as a reference by those more interested 
in the manipulation of sums and integrals than in the proof of the mathematics 
involved. Because it is a textbook there are few references to the origins of the 
subject, which lie in analysis, geometry and probability. The only prerequisite is 
a first course in analysis and what little topology is required has been developed 
within the text. Apart from the central importance of the material in pure 
mathematics, there are many uses in different branches of applied mathematics 
and probability. 

In this book I have chosen to approach integration via measure, rather than 
the other way round, because in teaching the subject I have found that in this 
way the ideas are easier for the student to grasp and appear more concrete. 
Indeed, the theory is set-out in some detail in Chapters 2 and 3 for the case of 
the real line in a manner which generalizes easily. Then, in Chapter 5, the results 
for general measure spaces are obtained, often without any new proof. The 
essential L? results are obtained in Chapter 6; this material can be taken im- 
mediately after Chapters 2 and 3 if the space involved is assumed to be the real 
line, and the measure Lebesgue measure. 

In keeping with the role of the book as a first text on the subject, the proofs 
are set out in considerable detail. This may make some of the proofs longer than 
they might be; but in fact very few of the proofs present any real difficulty. 
Nevertheless the essentials of the subject are a knowledge of the basic results and 
an ability to apply them. So at a first reading proofs may, perhaps, be skipped. 
After reading the statements of the results of the theorems and the numerous 
worked examples the reader should be able to try the exercises. Over 300 of 
these are provided and they are an integral part of the book. Fairly detailed solu- 
tions are provided at the end of the book, to be looked at as a last resort. 

Different combinations of the chapters can be read depending on the student’s 
interests and needs. Chapter 1 is introductory and parts of it can be read in detail 
according as the definitions, etc., are used later. Then Chapters 2 and 3 provide a 
basic course in Lebesgue measure and integration. Then Chapter 4 gives essential 
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results on differentiation and functions of bounded variation, all for functions 
on the real line. Chapters 1, 2, 3, 5, 6 take the reader as far as general measure 
spaces and the L? results. Alternatively Chapters 1, 2, 3,5, 7 introduce the reader 
to convergence in measure and almost uniform convergence. To get to the 
Radon-Nikodym results and related material the reader needs Chapters 1, 2,3, 5, 
6, 8. For a course with the emphasis on differentiation and Lebesgue-Stieltjes 
integrals one reads Chapters 1, 2, 3, 4, 5, 8, 9. Finally, to get to measure and 
integration on product spaces the appropriate route is Chapters 1, 2,3, 5,6, 10. 
Some sections can be omitted at a first reading for example: Section 2.6 on 
Hausdorff measures; Section 4.6 on the Lebesgue set; Sections 8.5 and 9.6 on 
Riesz Representation Theorems and Section 9.2 on Hausdorff measures. 

Much of the material in the book has been used in courses on measure theory 
at Royal Holloway College (University of London). This book has developed out 
of its predecessor Introduction to Measure Theory by the same author (1974), 
and has now been rewritten in a considerably extended, revised and updated 
form. There are numerous new proofs and a reorganization of structure. The 
important new material now added includes Hausdorff measures in Chapters 2 
and 9 and the Riesz Representation Theorems in Chapters 8 and 9. 


G. de Barra 


Notation 


Notation is listed in the order in which it appears in the text. 


CJ: end of proof. 

iff: if, and only if. 

3; there exists. 

v : given any. | 

x EA: x isa member of the set A. 

A S B,(A 2 B): set A is included in (includes) the set B. 

A CB: set A is a proper subset of the set B. 

[x: P(x)] . the set of those x with property P. 

CA: the complement of A. 

Ø: the empty set. 

U, N: union, intersection (of sets). 

A — B. the set of elements of A not in B. 

A AB=(A-—B)U (B — A): the symmetric difference of the sets A, B. 

Z: integers (positive or negative). 

N: positive integers. 

Q: rationals. 

R: real numbers. 

P (A): the power set of A, i.e. the set of subsets of A. 

A X B: the Cartesian product of the sets, A, B. 

[x]: the equivalence class containing x (Chapter 1), or, in Chapter 2, etc., the 
closed interval consisting of the real number x. 

[_X, p]. the metric space consisting of the space X with metric p. ' 

A: the closure of the set A, 

Gs set: one which is a countable intersection of open sets. 

F, set: one which is a countable union of closed sets. 
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inf A, sup A: infimum and supremum of the set A. 

lim sup x,,, lim inf x,,: upper and lower limits of the sequence {x,,}. 

x(a—), x(at+); left-hand, right-hand limits of x at a. So x(a+) is the function 
whose value at a is lim x(a,,), &, > Q, &, > a. Similarly f(x+), /(x—), etc. 

Xn =O(n?): nP x, 70. 

Xn = O(n”): (n°? xn} is bounded. 

x4: characteristic function of the set A (= 1 on A, = 0 on CA). 

Card A: the cardinality of A. 

No: the cardinality of N. 

C(a): (in Theorem 9, Chapter 1) the equivalence class containing a. 

P, Py, Py P): Cantor-like sets. 

hahi a) etc.: the ‘removed intervals’; 

Jakidn, KOF the ‘residual intervals’, for the Cantor-like sets. 

N(x, €): the set [t: |t —x| <el. 

L: the Lebesgue function. 

m*: Lebesgue outer measure. 

m: Lebesgue measure. 

A+x=[y+x:yE4Al. 

(I): the length of the interval J. 

o-algebra (usually §): a class closed under countable unions and complements 
and containing the whole space. 

Intervals: of the form fa, b) unless stated otherwise. 

M . the -algebra of Lebesgue measurable sets. 

a.e.. almost everywhere; i.e. except on a set of zero measure. 

B : o-algebra of Borel sets. 

ft = max(f, 0), f = —min(f, 0). 

ess sup f = inf[a: f < a a.e.] . ess inf f = sup[a: f> a a.e]. 

lim A;, lim sup A,, lim inf A;: the limit, upper limit, lower limit of the sequence 
of sets ZA ee 

fiA) = [x: fx) EA]. 

T* = [x —y: x,y E€ T] (Chapter 2). 

d(A, B)= inf [Ix —y|:x €A,y EB]. 

h: a Hausdorff measure function. 

Hý s: the ‘approximating measure’ to Hausdorff measure. 

Hý: Hausdorff outer measure when h(t) = £. 

res fi modulus of continuity of the function f. 

H(A): Hausdorff measure corresponding to the Hausdorff measure function h. 

JS f dx: integral (over the whole line) of f with respect to Lebesgue measure. 


f f dx: integral of f over the set E. 
E 


¢, W: usually simple functions, taking only a finite number of non-negative values. 
R f f dx: Riemann integral of f. 
[f|: absolute value of the real (or in Chapter 10, complex) function f. 
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log x. the natural logarithm of x. 

Sp, Sp: upper and lower Riemann sums given by the dissection D. 

L(a, b): functions integrable on (a, b). 

fr(x) =f +h). 

D*. D,: upper and lower right derivates. 

D , D.: upper and lower ledt derivates. 

Prla, b], Nya, b), Tyla, b]: positive, negative and total variations of f over 
[a,b]. 

p (or pr), n (or np), t (or ty) the corresponding sums for a partition. 

BV Ía, b] : set of functions of bounded (total) variation on [a, b]. 

I(r). length of the polynomial r. 

5f(x): the ‘jump’ of f at x. 

f(c, d) = Fd) —f(c))/(d — c), where f is a function of a single variable. 

f'(@) = dffdx. 

F: Conventionally, the indefinite integral of f. 

R : ring of sets (closed under unions and differences). 

S (R ): o-ring generated by R . 

H(R ): hereditary o-ring generated by R. 

o-finite measure: one for which the space is a countable union of sets of finite 
measure. 

u*: any outer measure, or the outer measure defined by u. 

S *: class of *-measurable sets. 

ji: measure obtained by restricting u* to J *, also the completion of the measure 
H. 

3: o-ring obtained on completing measure pon S. 

|X, S ]: measurable space. 

[X, S , uw]: measure space. 

f = lim fa: pointwise limit, f(x) = lim fa (x), each x. 

ff du: integral of f with respect to yu. 


f f du: integral of f over the set £. 
E 


L(X, u): class of functions integrable with respect to u. 

LP(X, u) or LP” (p): the class of measurable functions with f |f|? du < œ func- 
tions equal a.e. being identified. 

If, =CS IF? du)”, the LP -norm of f. 

y of: composite function, (Y o Pœ) = W(/(x)). 

Ín > f a.u.: fn > f almost uniformly (uniform convergence with an exceptional 
set of arbitrarily small measure). 

v | u: measures v, u mutually singular, i.e. v(4) = u(CA) = 0 for some measurable 
A. 

v =v" — y: Jordan decomposition of the signed measure v. 

|p|: total variation of the signed measure v. 

v & H: v is absolutely continuous with respect to y, i.e. u(E) = 0 > e(E) = 0. 
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dv/du: Radon-Nikodym derivative of v with respect to u. 

[u]: (Chapter 8) indicates that an identity holds except ona set of zero p-measure, 
(or zero |u|-measure for a signed measure u). 

lx ll: norm of the vector x. 

Wf. = sup {|f()|} = supremum norm of f. 

Ag: Lebesgue-Stieltjes measure, with g a monotone increasing left-continuous 
function and f,([a, b)) = gb) — g(a). 

Sz: the fig-measurable sets. 

S f dig or f f dg: integral of f with respect to the Lebesgue-Stieltjes measure 
derived from g. Also f f dg when g € BV {a, b] (Definition 4, Chapter 9). 

uf—!: the measure such that uf! (E) = uf! (EJ). 

C(I): the set of functions continuous on the interval J with supremum norm 
fl... 

&: elementary sets, i.e. union of a finite number of disjoint measurable rectangles. 

Mo M. monotone classes (Chapter 10). 

[XX Y, S$ X J] product of measurable spaces. 

E,: x-section of E = [y: (x,y) EE]. 

E? : y-section of E = [x: (x,y) GE]. 

Q: class of sets, depending on context (Chapter 10). 

uX v: the product measure. (So-(u X vA X B) = (A) v(B)). 


CHAPTER 1 


Preliminaries 


In the chapter we collect for reference the various mathematical tools needed in 
later chapters. As the reader is presumed to be familiar with the content of a 
first course on real analysis, we are concerned not with setting up the theory 
from stated axioms but with giving definitions and stating results and theorems 
about sets, sequences and functions which serve to fix the notation and to make 
it clear in what form elementary results will-be used. Proofs are provided for the 
less familiar results. In section 1.7 we describe in some detail the special sets of 
Cantor. These sets and the functions associated with them will be referred to 
frequently in later chapters. 

The standard abbreviations: iff ‘if and only if’, 3 ‘there exists’, y ‘given any’, 
=> ‘implies’, will be used as required. The end of a proof is indicated by the 
symbol O. 


1.1 SET THEORY 


Whenever we use set theoretic operations we assume that there is a universal set, 
X say, which contains all the sets being dealt with, and which should be clear 
from the context. The empty set is denoted by @;x E A means that the element 
x belongs to the set A. By A © B we mean that x EA >x €B;A CB is strict 
inclusion, that is, A © B and there exists x with x € B and x not in A (x ¢ A). 
We denote by [x:P(x)] the set of points or elements x of X with the property 
P. The complement CA of A is the set of points x of X not belonging to A; CA 
obviously depends on the sets X implied by the content — in fact X is usually 
the set of real numbers, except in Chapter 19. We will denote the union of two 
sets by A U B or of a collection of sets by U Aa, where J denotes some index 
oe] 


set, or by U[A, :P(a)] — the union of all sets A, such that a has the property 
P. Similarly for intersections A N B, etc. Then unions and intersections are 
linked by the De Morgan laws: C(UA,) = NCAg, C(NA,) = UCA,. The differ- 
ence 4 — B = A N CB; A AB = (A — B) U (B — A) is the symmetric difference 
of A and B, some properties of which are listed in Example 1. The Cartesian 
product X X Y is the set of ordered pairs [(x,y): x E X, y E€ Y]. We will denote 
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the real numbers by R, the integers by N, the set of all integers by Z = {0, + 1, + 
2,...], the set of rationals by Q, and n-dimensional Euclidean space by R”, so: 
that R” is the set of n-tuples (x,,...,X,,) considered as a vector space with the 
usual inner product. Notations for intervals are [a,b] = [x:a<x <b], [a,b) = 
[x: a <x <b] etc. P(A) denotes the set of all subsets of the set A. 


Example 1: Show that the following set relations hold: 
(i) EAF=FAE, 
(ii) EAF)AG=EA(FAG), 
(iii) A F)A(GAA)=(EAG)A(FAQR), 
(iv) EA F = if, and only if, E = F, 
(v) For any sets E, F, G we have E AF © (EAG)U(GAF), 


Wi) U BAUR =U G AF). 
=1 El i=1 


Solution: (i) is obvious from the symmetry of the definition. 

To obtain (ii) use the identity C(E A F) = (CE N CF) U (E NA F), to get 
(E A F)AG)=(ENCFNCG)U(CENFNCG)U (CENCFNG)U(ENFNG). 
By symmetry this must equal the right hand-side. 

(iii) (E A F) A (G A H) = (FAE)AG)AH by (i) and (ii) 

= (FA(EAG)) AA by (ii) 
= (E AG)AF) AH by (i) 
= (E A G) A (F AH) by (ü). 

(iv) is obvious. 

(v) We have E — F S (E — G) U (G — F) and F — E © (F — G) U (G — E), so 
taking the union gives the result.. 

(vi) This follows from the more obvious inclusion 

n n n 
U E-U F; =J (E; — F). 


=1 i=1 
Example 2: Let E, 2 E, 2... DE, .... Show that (E, — E) =E; — ANE; 
=1 i=1 


Solution: fhis,is just an application of De Morgan’s laws with FE, as the whole 
space. 


Principle of Finite Induction. Let P(n) be the proposition that the positive integer 
n has the property P. If P(1) holds and the truth of P(n) implies that of P(n+1), 
then P(n) holds for all n € N. It is to this property of positive integers that we 
are appealing in our frequent ‘proofs by induction’ or in inductive constructions. 


Definition 1: An equivalence relation R on a set £ is a subset of E X E with the 
following properties: 
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(i) (x,x) ER for each x EE, 
(ii) Œy) ER >Q,x)ER, 
(üi) if œ, y) ER and (y,z) ER then (x,z) ER. 


We write x ~ y if (x,y) ER. Then R partitions £ into disjoint equivalence classes 
such that x and y are in the same class if, and only if, x ~ y. For, writing [x] = 
[z: z ~ x], we have x €E [x] by (i), so U[[x]: x EE] = E. Also by (ii) and (iii), 
for any x,y © E, either [x] = [y] or [x] N [y] = Q, so the sets [x] are the 
required equivalence classes. 

In Chapter 2 we will need the Axiom of Choice which states that if [Eg: a€ A] 
is a non-empty collection of non-empty disjoint subsets of a set X, then there 
exists a set V © X containing just one element from each set Ex. 


1.2 TOPOLOGICAL IDEAS 


A quite broad class of spaces in which we can consider the ideas of convergence 
and open sets is provided by metric spaces. 


Definition 2: A non-negative function p on the ordered pairs [(x,y) = x E X, 
y EX] isa metric on X if it satisfies 


(i) oxy) = Oif, and only if,x = y, 
(ii) py) = pQ,x), 
(iii) p(x,z) < p(x,y) + o(,2), for any x,y,z E X. 


The function p then defines a distance between points of X, and the pair 
[X,p] forms a metric space. If we relax the condition that the distance between 
distinct points be strictly positive so that (i) reads: p(x,y) = 0 if x = y, we ob- 
tain a pseudo-metric. We will be especially concerned with the space R and, 
briefly in Chapter 10, with R”. But the idea of convergence in a metric space is 
implied in many of the definitions of Chapters 6 and 7. 

A set A in a metric space [X,p]] is open if given x € A there exists € > 0 such 
that [y: p(y,x) <e] © A. Thatis: A contains an ‘e-neighbourhood’ of x, denoted 
N(x,€). So X and @ are open and it also follows that any union of open sets is 
open and that the intersection of two open sets is again open. The class of open 
sets of X forms a topology on X. We now define various other ideas which can 
be derived from that of the metric on X. The properties that follow immediately 
are assumed known. In the case of the real line we list various properties which 
will be needed, in Theorem 1 and in the later sections. 

A set A is closed if CA is open. The closure A of a set A is the intersection of 
all the closed sets containing A, and is closed. A point x is a limit point of A if 
given e > 0, there exists y E A, y #x, with p(y,x) < e. We say that A is a dense 
set, or A is dense in X if A = X. The set A is nowhere dense if A contains no 
non-empty open set, so that a nowhere dense set in R is one whose closure 
contains no open interval. A is said to be a perfect set if the set [x:x a limit 
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point of A] is A itself. If the set A may be written as A = ) G;, where the sets 
=1 


G; are open, A is said to be a Gg -set; if A = U F; where the sets F; are closed, 
El 


then A is an F,,-set. Clearly the complement of a G; -set is an Fg-set. 

In Chapter 10 we will refer to the relative topology on a subset A of R”, 
namely the class of sets G of the form H N A where H is an open set in R”. This 
class of sets forms a topology on A. 

We will assume the notion of supremum (or least upper bound) of a set A of 
real numbers, denoted usually by sup[x: x E A] or by sup[x: P(x)], where P is 
the property satisfied by x. In the cases where we use this notation the set in 
question will be non-empty. For a finite set we will write max x; for the supre- 


mum of the relevant set. Similarly we will write inf[x: x E A] for the infimum 
(or greatest lower bound) or min x; in the finite case. 
1<isn 


We will need the following important property of the real numbers. 


Theorem 1 (Heine-Borel Theorem): If A is a closed bounded set in Rand A S 
WJ Ga, where the sets Ga are open and J is some index set, then there exists a 
acl 


finite subcolleciion of the sets, say [G;, i = 1,...,m] whose union cortains A. 


Exercises 


1. (i) Let p be a pseudo-metric of a space E and write x ~ y if p(x,y) = 0. 
Show that this defines an equivalence relation on FE and describe the equi- 
valence classes to which it gives rise. 

(ii) In the notation of p.‘17,'let p* be defined by p*({x], [v]) = p(x,y); 
show that p* is a metric on the set of equivalence classes. 

2. Show that A is nowhere dense iff CA is dense. 

3. Show by examples that Gs- and F,-sets may be open, closed or neither 
open nor closed. 

4. Show that in a metric space each point is a closed G; -set. 

5. Show by examples that Theorem 1 can break down if either of the conditions 
A closed or A bounded is omitted. 


1.3 SEQUENCES AND LIMITS 


A numerical sequence {x,,} is a function from N to R. We define the upper 
limit of {x,,} to be lim sup x, =inf[ sup xm: n €N]. If there is no ambiguity 
n-> o mon 


possible we will write this as lim sup x,,. Similarly: lim inf x, = sup[ inf x,,:n € 
men 


N is the lower limit of {x,,}. If lim sup x, = lim inf x,,, we write their common 
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value as lim x, the limit of {x,,}. From the definitions we get easily lim sup x, = 
—lim inf (—x,). 

If we consider a function from R to R we get the analogous definition: the 
upper limit of x, at a is lim sup=inf[ sup %Xg:h>0].Similarly we define 


a> a 0<la—a,|<h 


lim inf x,; their common value, if it exists, is lim x,. In the more usual func- 
a-> Ay a-> Ao 


tional notation we may write lim sup x(a) and lim inf x(a), where x(a) is a real- 
a> Ao a> A» 

valued function. A property of upper and lower limits is given by the following 

example. 


Example 3: Prove that if lim y, exists, then lim n (xa t Ya) = lim sa Xa + 


a> aX 


lim Jorm (xa + Va) = Pe lim ae where all the limits are 


a> a, a> Ay 
supposed finite. 


Solution: We prove the first equation. Write 


= S (Xa + Ya), le = eae = lim ya. 
a-> A 

Given e > 0, there exists ô > 0 such that x, </, + € and yy < l} + e when 
0 < k — æo l <8. So xa + ¥q <lı +13 + 2e in this range, and as e is arbitrary 
li <l, + l}. Conversely: there exists 5’ > 0 such that x, + Ya <l, + € and 
Ya > l3 — e when 0 < la —a9/< 6’, so in this range x, = (Xa + Ya) — Ya < 
lı —13 + 2e and sol, <1, — l, giving the result. 

A similar result holds for sequences {xp} , {yp}. 

We will be particularly concerned with ‘one-sided’ upper and lower limits, 
and express these in functional notation: 


lim sup x(t) =inf[ sup x(@—u):h>O}, 
tra— O<u<h 

lim inf x(t) =sup[ inf x(&—u): h>0]. 
tra O0<u<h 


If these quantities are equal, we say that lim x(t) exists and we write this 
limit as x(a—). Note that x(a—) need it he detuned: although lim sup x(t) and 
lim inf x(t) always are. Replacing a — u by a + u in these definitions we get 
Der x(t), lim inf x(t) and, if it exists, x(a+). 

t->a + t>a+ 


The sequence (x,,} is monotone increasing, and we write x,,t, if for each 
NEN, Xn+1 2 Xp for each n; so if a sequence is both monotone increasing and 
monotone decreasing it is constant. We will assume the result that if {x,,} is a 
Monotone sequence and is bounded, then it has a limit, and we write x, t x or 
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X, + x as appropriate; if {x„} is monotone but not bounded, then x, > œ or 
Xn > —œ as the case may be. 

A sequence {x,,} is a Cauchy sequence if for any positive e there exists V such 
that Xn --Xm |< € for n,m > N. We will assume the result that a sequence con- 
verges if, and only if, it is a Cauchy sequence. We define a Cauchy sequence of 
elements of a metric space similarly, requiring that p(x, xm) <€ for nyn >N. 
Then the space is a complete metric space if every Cauchy sequence converges, 
so that the result assumed above is that R forms a complete metric space with 
p(x,y) = x —yl. 

We use the o- and O-notations; so that if {x,,} is a sequence of real numbers, 
then x, = o(n’) means that n? x, > 0 as n > ©, and x, = o(1) means that 
lim x, = 0. Similarly, x,, = O(n”) means that {nP x„} is bounded; x, = O(1) 
means that {x,} is bounded. For functions from R to R: f(x) = o(g(x)) as 
x > a means that given e > 0, there exists ô > O such that If(x)| < elg(x)! for 
0< lx — al< ô; f(x) = o(g(x)) as x > œ means that given e > 0, there exists 
K > 0 such that (f(x)| < elg(x)I for x > K. Similarly f(x) = O(g(x)) means that. 
there exists M > 0 such that |f(x)| < Mb(x)| as x >a or x > as the case may 
be. 

We also need some properties of double sequences {x,,,} which are func- 


tions on N X N, and we recall that lim x,,,, = x means that given e > 0 
n,m ->œ 


there exists N such that if nm >N, Ixy —xl|< e. We write lim x,,, = if 
nyn- œ 


given M > 0 there exists N such that Xam >M for al nm >N. 
If one index, m or n, is kept fixed, {x,,,,,} is an ordinary ‘single’ sequence and 
we have the usual notation of iterated limits lim lim x,,, and lim lim x,y. 


no m æ mæ n> æ 


Theorem 2: If {Xnyn} is increasing with respect to n and to m, then lim Xnpm 
nm 


exists and we have 
lim Xnm = lim lim Xnm = lim lim Xnyn (1.1) 


n m> mæ p> co næ m- 
and if any one is infinite, all three are. 
Proof: Write ym = lim xX, ,; this is clearly defined for each m. Since Xn < 
n-> oo 


Xnme. for each n, we have Ym <Vms,- S01, = lim Ym exists Gt may = o). 
Write 1 = sup[xy m. n, m © Nj], where we may have / = œ, Then it is obvious 


that lim x,,,, =/. In the case |! << °° we wish to show that l= l, . Since X, p S 
nyn-> oo 


l for each n and m, it is obvious that 7, </. Also, given e > 0 let N be such that 
IXnm —<e for n,m >N. As yy Sl, we have xy y <l and hence I <l, +e, 
and as e is arbitrary, l < l, , so Z = li. Similarly we may show that the third limit 
in (1.1) exists and equals /. The case / = © is considered similarly. O 
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In the eas of a series X a; we may consider the sequence {s,,\ of its partial 


sums, Sn = y a;, and in the case of a double series È a;;, the double sequence 
ee 


Snm = ay z a; ;. So to each property of sequences there corresponds one of 
j=1 i=l 
series. For instance, to Theorem 2 corresponds the following result. 


Theorem 3: If a; 72 Ofor alli, 7 EN, then > a; j exists and 


a= =f È a,j = 3 2 ii j» 
i, j=1 j=1i=1 i=1 j=1 
all three sums being infinite if any one is. 
We will also need the following elementary properties of series. 
Theorem 4: If È a; is absolutely convergent, that is, > lail < œ, then the series 
È a; is convergent to a finite sum. fe 


Theorem 5: If a; 4 0, then Z(—1)” an is a convergent series, with sum s, say, and 


n 
for each n, ls — > (—1)' ail Sansı- 
i=1 


Exercise 


6. Let @ be a monotone function defined on [a,b] . Show that ¢(a+) and $(b—) 
exist. 


1.4 FUNCTIONS AND MAPPINGS 


Functions considered will be real-valued (or, briefly, in Chapter 10, complex- 
valued) functions on some space X. In many cases the space ¥ will be R. If the 
function f is defined on X and takes its values in Y we will frequently use the 
notation f: X > Y. If g: X > Y and f: Y > Z, then the composite function 
fog: X >Z is defined by (f o g)(x) = fe&)). 

The domain of f is the set [x: f(x) is defined]. The range of f is the set 
Lv: y = f(x) for some x]. If f: X > Y and A © Y we write f! (A) = [x: x EX, 
f(x) € A], and if B © X we write (B) = [y: y = f(x), x © B] . The function f is 
a one-to-one mapping of X onto Y if the domain of f is X, the range of fis Y, 
and f(x,) = f(x) only if x; = x2. In this case f* is a well-defined function on 
Y. The identity mapping is denoted by 1 so 1 x =x. If a funct’on is a one-to-one 
mapping, then on the domain of f,f ! of = 1 and on the range of f, fof! = 1. 

The function f extends the function g or is an extension of g if the domain of 
f contains that of g, and on the domain of g, f =g. Frequently, in applications, 
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we will use this definition for set functions, that is, functions whose domains are 
classes of sets and which take values in R. 
If [f.: « E€ A] is a set of functions mapping X > R, we will write sup fa for 
the function f defined on X by f(x) = sup [f,(x): a E A]. The notations sup fi 
n 


and max(fg) have the obvious meanings, and we denote similarly infima and 
minima. 


Definition 3: Let f,,,2 = 1, 2, . . ., and f be real-valued functions on the space X. 
Then f,, > f uniformly if given e > 0, there exists no © N such that 


sup [lfa (x) —Ax)I: x EX] <eforn>ng. 


Elementary results concerning continuity and differentiation will be used as 
required, as will the definitions and more familiar properties of standard func- 
tions. A standard result on continuous functions which we will assume known is 
the following. 


Theorem 6: Let {f,,} be a sequence of continuous functions, fa: X > R and let 
Sn > f uniformly; then fis a continuous function. 

Statements about sets can be turned into ones about functions using the 
following notation. 


Definition 4: Let the set A be contained in the space X; then the characteristic 
function of A, written x4, is the function on X defined by: x4(x) = 1 for 
x GA, x4(x) = 0 for x ECA. 


n 
A step function on R isone of the form B li XIp where J;,i= 1,...,n denote 
i=1 


disjoint intervals. An example of such a function which will be used is sgn x 
which is defined as: sgn x = 1 for x > 0, sgn 0 = 0, sgn x = —1 for x <0. 


1.5 CARDINAL NUMBERS AND CARDINALITY 


Two sets A and B are said to be equipotent, and we write A ^ B, if there exists 
a one-to-one mapping with domain A and range B. Astandard result of set theory 
(cf. [11], p. 99) is that with every set A we may associate a well-defined object, 
Card A, such that A ^ B if, and only if, Card A = Card B. We say that Card A > 
Card B if for some A’ C A we have B ~ A’ but there is no set B’ C B such that 
A ~ B'. We assume the result: for any set A, Card A < Card ? (A). If Card A =a, 
we write Card ? (A) = 2°. 

If A is finite, we have Card A =n, the number of elements in A. If A ~ N 
we write Card A = No and describe A as an infinite countable set. If A ~ R we 
write Card A =c. It is easy to show that if J is any interval, open, closed, or half- 
open, and if J contains more than one point, then Card J = c. Another result is 


that if [A;: i E N] is a collectjon of countable sets, then Card UJ A; = No. Also 
i=1 
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Card Q = No. In Chapter 2, Exercise 45, we need the following result: Card 
[f: f: R> R] = 2°; for an explicit proof see [8] , p. 50. 


1.6 FURTHER PROPERTIES OF OPEN SETS 
Theorem 7 (Lindeléf’s Theorem): If § = [J,: a € A] is a collection of open 


intervals, then there exists a subcollection, say [/;; i = 1, 2,... ], at most 
countable in number, such that U = U Ia. 
i=1 acA 


Proof. Each x € I, is contained in an open interval J; with rational end-points, 
such that J; © Ia, for each a; since the rationals are countable the collection 


[J,] is at most countable. Also, it is clear that U J, = J J;. For each i choose 
acA i=1 


an interval J, of § such that/; 2 J;. Then U iI,=Us,S U I;, so we get the 
ae i=1 i=1 


identity and the result. 0 
If the subcollection obtained is finite, we make the obvious changes of 
notation. 


Theorem 8 (Lindeléf’s Theorem in R”): If § = [Ga: a E€ A] isa collection of 
open sets in R”, then there exists a subcollection of these, say [G;:i=1,2,...] 


? 


at most countable in number, such that U Gi= U Ga. 

i=1 aA 
Proof: Since [t: |It —x|<r] C Ga for some r > 0, there exists an open ‘cube’ 
Tą with the sides of length r//n such that x € Ta C Gg, and a ‘rectangle’ J; 
with rational coordinates for its vertices and containing x may be chosen within 
Ta. The proof then proceeds as in R. (We have written |x — y| for the usual 
distance between points x,y of R”.) O 


Theorem 9: Each non-empty open set G in R is the union of disjoint open inter- 
vals, at most countable in number. 


Proof: Following Definition 1, p. 16, write a ~ b if the closed interval [a,b] , or 
[ba] if b <a, lies in G. This is an equivalence relation, in particular a ^ a since 
[a] is itself a closed interval. G is therefore the union of disjoint equivalence 
classes. Let C(a) be the equivalence class containing a. Then C(@) is clearly an 
interval. Also C(a) is open, for if k E€ C@), then (k — e, k + e) & G for suffi- 
ciently small e. But then (k — e, k + e) S CG); so G is the union of disjoint 
intervals. These are at most countable in number by Theorem 7.0 


1.7 CANTOR-LIKE SETS 
We now describe the Cantor-like sets. These, and the functions defined on them, 
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are particularly useful for the construction of counter-examples. A special case — 
the Cantor ternary set or Cantor set — is sufficient for many purposes and will 
be described separately. 

The construction is inductive. From [0,1] remove an open interval J, , with 
centre at 1/2 and of length < 1. This leaves two ‘residual intervals’, J; 1, J1,2, 
each of length < 1/2. Suppose that the mth step has been completed, leaving 
closed intervals J, 1,..-,4n,2”, each of length < 1/2”. We carry out the (n + 1)st 
step by removing from each J,, , an open interval /,,,,~ with the same centre as 


2n i i i 
Jn,k and of length < 1/2". Let P, = U Jak and let P= (\ P,. Any set P 
k=1 n=1 


formed in this way isa Cantor-like set. 
In particular P contains the end-points of each Jn x Since [0,1] — P = 


a771 


Ú U Ink, an open set, P is closed. Since P contains no interval, indeed 
n=1 k=1 


each P,, contains no interval of length > 2”, it follows that Pis nowhere dense. 

The set P is perfect since if x € P, then for eachen, x EJn x, for some ky. So if 
for any positive e we choose n such that 1/2” < e, then the end-points of Jn, k, 

lie in (x — e, x + e). But these end-points belong to P, so x is a limit point of P. 

A particular case which will be useful is when IV; 1) = 1U1.2) = £ < 1/2, 
J21) = = IJ2,4) = ° , etc., where I(/) denotes the length of the interval Z. 
So at each stace residual interval is divided in the same proportions as the original 
interval [0,1]. Denote the resulting Cantor-like set, in this case, by P;. Slightly 
more generally, let 1(V, 1) = 1U12) = &1(< 1/2), Waa) =... =MWo4) = £12 
etc., so that at each stage the residual intervals are equal but the proportions are 
allowed to change from stage to stage. Denote the resulting set in this case by Pr, 
where & = (&,, &,.. .}. Note that &,,, < En/2 for each n. Use is made of Py 
and P in the next chapter: 

We may vary the construction by choosing the removed open intervals ‘off- 
centre’, with centres a fixed combination y, 1 — y of the end-points of the 
Jn,k, Where O < y <1. For a general construction of such perfect sets, including 
those given, see [7] , Chapter 1. 


The Cantor Set P 


From the interval [0,1] first remove (1/3, 2/3), then (1/9, 2/9) and (7/9, 8/9), 
etc., removing at each stage the open intervals constituting the ‘middle thirds’ 
of the closed intervals left at the previous stage. This gives a special case of the 
previous constructions, with the residual closed intervals at the nth stage, Janis 
Jno” each of length 1/3" the open intervals In, also being of length 1/3”. If 


as before, we write P,, = U Ja,k then P = N P,, is the Cantor ternary set or 
k=1 n=1 


more briefly the Cantor set. That P is uncountable follows from Example 4 
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below or can be seen directly as follows. It consists of those points x which can 
be given an expansion to the base 3 in the form x = 0.x,x, ...withx, =OQor2. 
Suppose that P is countable and let x, x®), . . ., be an enumeration of P. If 
x@ =0, let x, = 2; if xf = 2, let x, = 0. Then x =0.x,x, ... differs from 
each x”) | but x EP. So no enumeration exists. 


Example 4: Every non-empty perfect set E © R is uncountable. 


Solution: Suppose false, so E may be enumerated as a sequence {x,, }. Form the 
sequence {yp} in E inductively as follows. Let y, = x1, Y2 = x2, and choose 
€,,0 <€, < Ix, — x2 |. Since E is perfect we may choose y, E E, ya E N(x2,€1), 
in the notation of p. 17, y3 #x 3, and with a neighbourhood N(y3,€,) C N(x2,€; ). 
We may suppose that 0 < e, < €,/2 and that x,, x2, x3 are not in N(y3,€2). 
Now choose y4 E E, y4 E N(V3,€2 ), with a neighbourhood N(y4 ,€3) C N(Y 3,62), 
such that 0 < e3 < €,/2 and that x,,.. ., X4 € N(Y 4,63), etc., by induction. 
Then {y,,} is a Cauchy sequence in £ with limit yọ and yọ € E as any perfect 
set is closed. But for each n, Nn, En-; ) contains yọ but does not contain x,. 
So Yo #X,, for any n, and so no such enumeration of E exists. 
Clearly the result and its proof apply in any complete metric space. 


The Lebesgue function 


For each n, let L,, be the monotone increasing function on [0,1] which is linear 

and increasing by 1/2” on each J„,« and constant on the removed intervals 

Inx, Where the notations I» k, Jn, refer to the construction of the Cantor set 

P. So L, (0) = 0, La(1) = 1. It is easy to see, from a diagram, that for n > m, 

ILy(x) — Ly (x)1< 1/2" . Write L(x) = lim L,,(x). Then the Lebesgue function 
n> co 


L(x) is well defined for x € [0,1] since {L,,(x)} is a Cauchy sequence for each x. 
Also, letting n > ©, IL,,(x) — L(x)| < 1/2” , so the convergence is uniform and 
so L is continuous. Clearly L is a monotone increasing function, L(0) = 0, 
L(1) = 1, and L is constant on each removed ‘middle third’ J, x. 
The points of P are given by 
2 


x=r—e, + 


2 
: a at. t pet.. 


where each eg equals 0 or 1, and expansions of this form of the points of P are 


unique. Then, with the same notation, L on P is given by L(x)= >. at , since 
k=1 


by continuity, if x = > = Ekg, then 
k=1 


L(x) =tim L(Y e ex) = lim y Sk D $. (1.2) 
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We may similarly construct the Lebesgue function corresponding to the 
Cantor-like set P,. As before the function, again denoted by L is continuous and 
monotone increasing. The expression for L(x) corresponding to (1.2) is now 
more complicated. 


Example 5: Consider the special case of Cantor-like sets such that for some fixed 
a, 0 <a < 1, we have in an obvious notation, 10@),) = a/3", fork = 1, 

grt and for each n. Denote the Cantor-like set obtained in this way by po, the 
Cantor set P being obtained for a = 1. Show that there is a continuous increasing 
function F on [0,1] such that F(P©) = P. 


Solution: Let F, be the monotone increasing piecewise-linear function, Fp: 
[0,1] > [0,1], mapping the end-points of the JQ k onto those of Jax for 
k=1,...,2". Then for n > m, Fp and Fm differ only onJ@,,k=1,..., 2; 
in fact if, — Fm! S Wm) = 1/3. So for each x, (F,,(x)} ganverses and 
lim F,,(x) definesa function Fon [0,1]. Since IF,,, os lim iFa œ) — 
m > œ 


F,(x)| < 1/3”, {Fm} converges uniformly to F. So F is P KEAN and is 
clearly monotone increasing. We have F([0,1]) = [0,1] and FUG) = In, for 
each n and k, so FP) = P. We need only show that F is one-to-one. Suppose 
(x,y) C [0, 1]. If either x or y lies in a removed interval it is easy to see that 
F(y) > F(x). So suppose x and y lie in P®. ; than as P® is nowhere dense, there 
is an interval IO; S (x,y) for some n,k. But then F(v) — F(x) > 1/3”, so F is 
strictly increasing. 


Exercises 


7. Find the length of the intervals JO, of Example 5. 
8. Using the notation of the construction of the Lebesgue function, p. 25, show 
that the estimate of IL, —L|may be improved to IL —L|<1/3.2™. 


CHAPTER 2 


Measure on the Real Line 


We consider a class of sets (measurable sets) on the real line and the functions 
(measurable functions) arising from them. It is for this large class of functions 
that we will construct a theory of integration in the next chapter. On this class 
of sets, which includes the intervals, we show how to define Lebesgue measure 
which is a generalization of the idea of length, is suitably additive and is invariant 
under translations of the set. Apart from integration theory the methods are of 
independent interest as tools for studying sets on the real line. Indeed for sets 
which are ‘scanty’ we further refine the idea of measure in the last section §2.6 
and construct Hausdorff measures particularly appropriate for the Cantor-like 
sets constructed in the last chapter. Sections 2.5 and 2.6 will not be used in the 
integration theory of the next chapter. 


2.1 LEBESGUE OUTER MEASURE 


All the sets considered in this chapter are contained in R, the real line, unless 
stated otherwise. We will be concerned particularly with intervals J of the form 
I = [a,b), where a and b are finite, and unless otherwise specified, intervals may 
be supposed to be of this type. When a = b, I is the empty set @, We will write 
I(D for the length of J, namely b — a. 


Definition 1: The Lebesgue outer measure, or more briefly the outer measure, of 
a set is given by m*(A) = inf ZI(,,), where the infimum is taken over all finite 
or countable collections of intervals [/,,] such that A S UJ,,. 

For notational convenience we need only deal with countable coverings of 
A; the finite case is included since we may take J,, = @ except for a finite number 
of integers n. 


Theorem 1: (i) m*(A)20, 
(ii) m*(@) = 0, 
(iii) m*(A) <m*(B) if AS B, 
(iv) m*([x])=0 for any x E R. 
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Proof: (i), (ii) and (iii) are obvious. Since x E€ J,, = [x, x + (1/n)) for each n, 
and /(/,,) = 1/n, (iv) follows. O 


Example 1: Show that for any set A, m*(A) = m*(A + x) where A + x = 
[y +x: y EA], that is: outer measure is translation invariant. 


Solution: For each e > 0 there exists a collection [J,,] such that A © UJ, and 
m*(A) > Z1(,) — €. But clearly A + x © UC, + x). So, foreach e, m*(A +x) < 
È Id, + x)= E 1d,) <m*(A)+€.Som*(A +x) <m*(A). But A = (A + x)—x 
so we have m*(A)<m*(A + x). 


Theorem 2: The outer measure of an interval equals its length. 


Proof: Case 1. Suppose that J is a closed interval, [a,b], say. Then, for each 
e > 0, we have from Theorem 1 and Definition 1 that 


m*((a,b])<m*([a,b + €))<b—ate, 
sO m*(I)<b—a. (2.1) 
To obtain the opposite inequality: for each e > 0, J may be covered by a collec- 


tion uf intervals [Z„] such that m*()> >) Mpa) — e, where Ip = [an, bn) say. 
n=1 


For each n, let I} = (a, — €/2",b,) then U F, 2 J, so by the Heine-Borel 
n=1 


Theorem, p. 18, a finite subcollection of the J,,, say J,,...,Jy where Jg = 
(cx, dk), covers I. Then, as we may suppose that no J; is contained in any other, 
we have, supposing that c, <c, <...<ey, 


N N-1 N 
dyn—cı = ¥ (dk—ck)— L Gace) < } Wy). 
k=] k=1 k=1 


oo 


co N 
So we have m*(I) > > Id,)—€2 > Mi) —2e> Ù KJ.) — 2e 
n=1 n=1 k=1 

2 dn —¢, — 2e >b —a— 2e >I —2e. (2.2) 
Then (2.1) and (2.2) give the result. 


Case 2. Suppose that J = (a,b] , and a > —>. If a = b, Theorem 1(ii) gives the 
result. If a < b, suppose that O < e < b — a and write /' = [a + e, b]. Then 


m*(1) >m*(I’) = (1) —e. (2.3) 
But ¢ I" = [a,b + €), so 
m*N< il") = KD + e. (2.4) 


Since (2.3) and (2.4) are true for all small e, m*() = (I). We can consider 
similarly the cases J = (a,b) and I = [a,b). 


Case 3. Suppose that J is an infinite interval. Four types of interval occur. 
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Suppose that J = (—°, a], the other cases being similar. For any M > 0, there 
exists k such that the finite interval Zy, where In, = [k, k +M), is contained in J. 
So m*(I) > M and hence m*(I) = œ = I(r). O 

The next theorem asserts that m* has the property of countable subadditivity. 


Theorem 3: For any sequence of sets {E,}, m(U E) P m*(E;). 
i=1 i= 


Proof: For each i, and for any e > 0, there exists a sequence of eines {lijs 


j=1,2,...} such that E; © Un jand m*(E;) > >> GD) —e/2'. Then Ù E; & 
Ú Ú I; j, that is: the sets [/; ;] form a countable class covering Ù E;. So 
i=1j=1 
m(U E:) < y Ui; ;) < $ m*(E;) +e. 
i=1 i,j=1 i=1 


But € is arbitrary and the result follows. O 


Example 2: Show that, for any set A and any e> 0, there is an open set 0 con- 
taining A and such that m*(0)<m*(A) + e. 


Solution: Choose a sequence of intervals J, such that A & UJ In and » Mn) —- 
n=1 = 


n=1 


e/2<m*(A). If In = [@n, bn), let In = (an — €/2"*!, b,) 80 that AS U In 
n=1 


Hence if 0= J Ip, 0 is an open set and 
=] 


oo 


m*(0)< È I )= y IIn) + €/2 <m*(A) +. 
n=1 n=l 


Example 3: Suppose that in the definition of outer measure, m*(£) = inf > In) 
for sets E © R, we stipulate (i) J,, open, (ii) J, = [a,, bn), Gii) In = Gp, bnl, 
(iv) J,, closed, or (v) mixtures are allowed, for different n, of the various types of 
interval. Show that the same m* is obtained. 


Solution: In case (ii) we obtain the m* of Definition 1, p. 27. Write the corres- 
ponding m* as mē in case (i), m%, in case (ii), m* in case (iv), m%, in case (v). 
We show that each equals m¥*,. Consider mž, the proof in the other cases being 
Similar. From the definition, min (E) < m3(E). To prove the converse: for each 
€ >Q and each interval /, let 4, be an open interval containing I, with i(n) = 


(i + e)n). Suppose that the sequence {7p} is such that E g J Ia and mh (E) < 
n=) 


Z, Ki )— e. Then m (E)+e>(1+ey! } if). ButE c U I}. aunion of 
= n=1 n=1 
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open intervals, so m#(E) <(1 + €) mš, (E) + e(1 + e), for any e > 0, so mZ(E) < 
m* (E), as required. 


Exercises 


1. Show that if m*(4) = 0, then m*(A U B) = m*(B) for any set B. 

2. Show that every countable set has measure Zero. 

3. Let [J,,] be a finite set of intervals covering the rationals in [0,1]. Show that 
> (n) 1. 

4. Show that the intervals J, of Example 3 may be restricted so as to have 
endpoints in some set dense in R, for example the rationals, and again in 
each case the function m* obtained is unaltered. 


2.2 MEASURABLE SETS 


Definition 2: The set E is Lebesgue measurable or, more briefly, measurable if 
for each set A we have 


m*(A) = m*(4 NE) + m*(4 N CE). (2.5) 


As m* is subadditive, to prove £E is measurable we need only show, for each A, 
that 


m*(A)2>m*(A NE) + m*(4 N CE). (2.6) 
Example 4: Show that if m*(Z) = 0 then £ is measurable. 
Solution: By Theorem 1 (iii), p. 27, (2.6) is satisfied for each A. 


Definition 3: A class of subsets of an arbitrary space X is said to be a o-algebra 
(sigma algebra) or, by some authors, a o-field, if X belongs to the class and the 
class is closed under the formation of countable unions and of complements. 


Definition 4: If in Definition 3 we consider only finite unions we obtain an 
algebra (or a field). 
We will denote by M the class of Lebesgue measurable sets. 


Theorem 4: The class M is a o-algebra. 
Proof: From Definition 2, R © M and the symmetry in Definition 2 between 
E and CE implies that if E E M then, CE € M. So it remains to be shown that if 


{E;} is a sequence of setsin M then E = U EzE M. 
j=1 
Let A be an arbitrary set. By (2.5) (with £ replaced by £, ) we have 
m*(A)=m*(A NE,)+m*(4 N CE;), 
and by (2.5) again (with £ replaced by E, and A by A N CE, ) we have 
m*(A) = m*(A OE) + m*(A NE, N CE) + m*(A N CE, N CE3). 
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Continuing in this way we obtain, for n > 2, 
n n 
m*(A)=m*(ANE,)+  m*(ANE, OC NCE) +m*(4 NC) CE) 
i=2 j<i j=1 
n n 
= m*(ANE,)+ } mane, nce) + mane U E) 
i=2 j<i j=1 


i Š 
> m*(ANE,)+ > mane, nce) + m*a nc UE), 
i=2 j<i j=1 


by Theorem 1 (iii). 
Therefore 


m*(A)>m*(ANE,)+ > m(ANE, NCWJE)+ mta nc US) 
i=2 j<i j=1 
> m*(A nU E) +m*(AN cU E;) > m*(A), (2.7) 
=1 =1 . 


n 
using Theorem 3 twice, and using the fact that for any n, UJ (E; N cE) = 
n i=1 j<i 
UJ E;. Hence we have equality throughout in (2.7) and we have shown that 
i=1 


UE jis measurable. O 
j=1 


Example 5: Show that if F € M and m*(F A G) = 0, then G is measurable. 


Solution: By Example 4 we have that F A G is measurable and that its subsets 
F — G and G — F are measurable. So by Theorem 4, F N G = F — (F — G)is 
measurable. So G = (F NG) U (G — F) is measurable. 


Theorem 5: If {Z,} is any sequence of disjoint measurable sets then 


oo 


m*( U E,)= È m*(E;), (2.8) 


=1 


that is, m* is countably additive on disjoint sets of M. 


Proof: Take A = UJ E; in (2.7) which we have seen to be an equality, and note 
i=1 


that the expression simplifies since the sets Æ; are disjoint. O 

Note that since the sets Æ; in (2.8) may be replaced by É from a certain stage 
onward, the same result for finite unions follows as a special case. 

If E is a measurable set we will write m(E) in place of m*(E). Then the set 
function m is defined on the o-algebra M of measurable sets. Theorem 5 states 
that m is a countably additive set function, and m(E) is called the Lebesgue 
measure of £. 
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Theorem 6: Every interval is measurable. 


Proof: We may suppose the interval to be of the form [a,%), as Theorem 4 then 
gives the result for the other types of interval. For any set A we wish to show 
that 


m*(A) > m*(A N (~>, a)) + m*(4 N [a, ©). (2.9) 
Write A; = AN (-*, a) ae A, = AN [a, œ). Then for any e > 0 there exist 


intervals J, such that A € U I, and m*(A)> >) (Ipa) — e. Write Ip = 
=ı 
In N (—, a) and Ip = In n i, cc), so that U(/,,) = CE) + (In). Then 


So m*(A,)+m*(A,) < E IE) rli Ih) 


<)> M,)<m*(4)+e, 
n=1 
and (2.9) follows. O 


Theorem 7: Let -4 be a class of subsets of a space X. Then there exists a smallest 
o-algebra $ containing A. We say that $ is the o-algebra generated by A. 


Proof: Let [Sq] be any collection of o-algebras of subsets of X. Then from 
Definition 3, p. 30,N S, isa o-algebra. But there exists a o-algebra containing 
a 


eA , namely the class of all subsets of X. So taking the intersection of the o-algebras 
containing :4 we get a o-algebra, necessarily the smallest, containing -4. O 

This theorem holds with ‘a-algebra’ replaced by ‘algebra’, the class obtained 
being the generated algebra. The proof is the same. 


Definition 5: We denote by B the o-algebra generated by the class of intervals of 
the form [a,b); its members are called the Borel sets of R. 


Theorem 8: (i) B ¢ M , that is. every Borel set is measurable. 
(ii) B is the o-algebra generated by each of the following classes: 
the open intervals, the open sets, the Gs -sets, the F sets. 


Proof: (i) follows immediately from Theorem 4, p. 30, and Theorem 6, p. 32. 

(ü) Let B, be the o-algebra generated by the open intervals. Every open 
interval, since it is the union of a sequence of intervals of the form [a,b), is a 
Borel set. So B, S B. But every interval (a,b), is the intersection of a sequence 
of oper intervals and so B & Bı. So B = 8B,. Since every open set is the 
union of 2 sequence of open intervals the second resuit follows. Since Gg -sets 
and F,-sets are formed from open sets using only countable intersections and 
complements the result in these cases follows similarly. © 
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It will follow from a later result, Theorem 21, p. 47, that B C M, that is: 
there exist measurable sets which are not Borel sets. 


Example 6: For any set A there exists a measurable set £ containing A and such 
that m*(A) = m(E). 


Solution. In Example 2, p.29, let e = 1/n and write 0,, for the corresponding open 
set. Then the Gg -set £ = N 0, has the required properties, since for every n, 
mE) <m(0,) <m*(A) tie 

Definition 6: For any sequence of sets {£; } 


lim sup £; = N U E;, lim inf E; = U NQ E. 
n=1 izn n=1i2n 
It is easily seen from the definition that lim inf E; © lim sup &;. If they are 
equal, this set is denoted by lim £;. It also follows from the definition that 
lim sup Æ; is the set of points belonging to infinitely many of the sets E; and that 
lim inf E; is the set of points belonging to all but finitely many of the sets £;. It 


is also immediate that if E£; © E, ¢..., then lim £; = U E; and that if E, 2 


E, 2 ...,then lim £; = (\ E;, which is analogous to the result that monotone 
i=1 

sequences of numbers have limits. 

Theorem 9: Let {E;} be a sequence of measurable sets. Then 

(i) if E, © E S ..., we have m(lim £;) = lim m(E;), 


(ii) if E, > FE, > ..., and m(E;) < © for each i, then we have m(lim E;) = 


Proof: (i) Write F, = E,, F; = E; —Ej-, fori>1.Then U £; = U F; and the 
i=1 i=1 
sets F; are measurable and disjoint. 


So m(lim E,) = m(U E;) = 2 m(F;) = lim 2 m(F;) 


il 
5 
x 
, 
C= 
a 
ed 
Il 
5 
x 
X 


as required. 
(ii) We have EF, — E, SE, —E, S E, —E, S ... so by (i) 


m(lim (E, — £;)) = lim (m(E, — Ep) 
= m(E,)— lim m(E;). (2.10) 


But lim (E, — E) = U (E, — E) = E, —(C) £; = E, — lim E;. So taking the 
i=l i=1 
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measures of both sides the result follows from (2.10) since m(E,)<o. O 


Example 7: (i) Show that every non-empty open set has positive measure. 


(ii) The rationals Q are enumerated as q,,q2,..., and the set G 
is defined by 
ğ 1 1 
G= U (an- n sdn +4) 
n= 


Prove that, for any closed set F, m(G A F) > 0. 


Solution. (i) follows immediately from Theorem 9, p. 23, and Theorem 2, p. 28. 
(ii) if m(G — F) > 0 there is nothing to prove. If m(G — F) =-0, then since 
G — F is open we must, by (i), have G © F. But G contains Q whose closure 


is R, so F = R and m(F) = œ. But m(G)<2 >. 1/n? < œ, So m(F — G) =~, 
n=l 
and the result follows. 


Example 8: Show that there exist uncountable sets of zero measure. 


Solution: We show that the Cantor set P, p. 24,is measurable and m(P) = 0. From 


the construction the sets P,, are measurable for each n, so P = (Ñ P,, is measur- 


=1 
o0 ~ an- 1 " 
able. Also P* = [0,1] -P = U J In,r, a union of disjoint sets. So 
n=1 r=] 
oo qn-l 
m(P*)= >. z =l 
n=l 3 


giving the result. 


Exercises 


5. Obtain the interval (c,d) from intervals of the form [a,%) using the o-algebra 
operations of Definition 3. 

6. Show that Theorem 9(ii) will hold if m(E,) is finite for some i, and that the 
result will not hold generally in the absence of such a finiteness condition. 


7. Show that if {£;} is a sequence of measurable sets, m(U È,) <œæand lim £; 
i=i 


exists, then m(lim £;) = lim m(E)). 
8. Fork > 0 and A S R let kA = [x: Kx € A]. Show that (i) m*(kKA) = 
km*(A), (ti) A is measurable iff KA is measurable. 
9. For A © R let —A = [x: —x € A] . Show that (i) m*(A) = m*(—A), (ii) A 
is measurable iff —A is measurable. 
10. Let E © M where M is measurable and m(M) < œ. Show that E is measurable 
iff m(M) = m*(E) + m*(M — E). 
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11. Let {E,,} be a sequence of sets such that E, C EF, S .... Show that 
m*(lim E,,) = lim m*(£,,). 

12. Show that if E is a measurable set, 0 < m(E) <œ and 0 <a < 1, then there 
exists an open interval U such that m(U N E) >a (U). 

13. The density of a set E at a point x is defined to be 


. 1 

haw 35 mE NIs) 
where Js is the interval (x —5,x + 6), assuming this limit exists. Prove that 
the set [x: x #0, cos 1/x > 1/2] has density 1/3 at x = 0. 

14. Show that each Cantor-like set P; has measure zero. 

15. Show that the Cantor-like set pla) is measurable with measure 1 — a. 

16. Let G be the set of numbers which can be represented in the form 


Ci , &2 
goer en gn Pairs 
where c,, = 0 or 4 for each n. Show that m(G) = 0. 

17. Show that the set of numbers in [0,1] which possess decimal expansions 
not containing the digit 5 has measure zero. 

18. Let k be a positive integer and {n;} a finite sequence of positive integers, ail 
less than k. Show that the set of numbers in [0,1], in whose expansions to 
base k the sequence {n;} does not occur, has measure zero. 

19. Give an example of a set A c [0,1] such that m*(A)>0andm*(AND< 
I(T) for all open intervals 7 ¢ [0,1]. 

20. Show that [0,1] may be written as the union of a countable number of 
nowhere dense perfect sets and a set of measure zero. 

21. Find an upper bound for the number of sets in the o-algebra generated by 
n sets. 

22. Let F be a o-algebra containing an infinite number of distinct sets. Show 
that ¥ contains an uncountable number of sets. 

23. Let S be a bounded set. Show that every real number is the mid-point of 
an open interval such that S N J and S N CI have outer measure 4m*(S). 


2.3 REGULARITY 


The next results states that the measurable sets are those which can be approxi- 
mated closely, in terms of m*, by open or closed sets. A non-negative countably 
additive set function satisfying the conditions (ii) to (iii)* below is said to be a 
regular measure. For the terminology Gs , Fg, used in the theorem, see Chapter 1, 
p. 18. 


Theorem 10: The following statements regarding the set £ are equivalent: 
(i) E is measurable, 
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(ii) v e>0, 3 0, an open set, 0 2 E such that m*(0 — E) Se, 
(iii) 3 G,a Gs-set, G 2 E such that m*(G — E) = 0, 
(ii)* v e>0, 3 F,a closed set, F S E such that m*(E — F) Se, 
(üi)* 3 F, an Fg-set, F S E such that m*(E — F) = 0. 


Proof: (i) > (ii): suppose first that m(E) < œ. As in Example 2 there is an open 
set 0 > E such that m(0) < m(E) + e. So m(0 — E) = m(0)— m(E) S e. 


If m(E) = œ, write R= U I, a union of disjoint finite intervals. Then if 
n=1 
En = E A In, we have m(E,,) < œ so there is an open set 0,, > En such that 
m(0, — En) S €12” . Write 0 = U On, an open set. Then 
n=1 


0-E=U0,-Ue,¢ U ©, — En). 
n=1 n=l n=i 


So m(0—E)< È} m(0, —En)<e. 
1 


n= 
(ii) > (iii): for each n, let 0, be an open set, O, > E, m*(0, — E) < 1/n. 


Then if G= () 0n, G is a Gs-set, E © G and m*(G — E)<m*(0, —E)< 1/n 
n=1 


for each n, and the result follows. 

(iii) > (i): E = G — (G — E), the set G is measurable and by Example 4, p. 30, 
G — E is measurable. So E is measurable. 

(i) > (ii)*: CE is measurable and so from above there exists an open set 0 
such that 0 > CE and m(0 — CE) < e. But 0 — CE = E — CO, so taking F = CO 
gives the result. 

(ii)* => (iii)*: for each n, let F„ be a closed set, Fa © E and m*(E —F,)< 


1/n. Then if F = U Fn, F is an Fy-set, F © E, and, for each n, m*(E — F) < 
n=l 


m*(E — Fn) < 1/n, and the result follows. 
(iii)* > (i): since E = F U (E — F), we find E measurable as before. 0 


Theorem 11: If m*(Z) < œ then E is measurable if, and only if, Y e >0, 3 dis- 
n 
joint finite intervals /,,..., 7, such that m*(E A (UJ I;) < e. We may stipulate 
i=1 
that the intervals J; be open, closed or half-open. 


Proof: Suppose that E is measurable. Then by the last theorem v e > 0, 3 an 

open set 0 containing E with m(0 — E) < e. As m(E) is finite so is m(0). But by 

Theorem 9, p. 23. 0 is the union of disjoint open intervals J;,i = 1, 2,.... So 
9 n 


by Theorem 5,p. 31. 3n such that » I(;)<e.Write U= J;. Then E A U= 
i=nt+1 i=1 
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(E — U)U (U — E) € (0 — U) U (0 — E). So m*(E A U) < 2e. 

If we wish the intervals to be, say, half-open, we first obtain open intervals 
I,,-.-+ , In as above and then for each i choose a half-open interval J; C I; such 
that m(; — Ji) < e/n. Then the intervals J; are disjoint and we have by Example 
1, p. 16, 


n 


i=1 i=] i=1 i=1 


so the construction goes through for the intervals J;. 
We prove the converse. By Example 2, p. 29, y e >0, 30 open, 0 2 E such 
that 
m(0)<m*(E) +e. (2.11) 
If we can show that m*(0 — E) can be made arbitrarily small, then Æ is measur- 


n 
able by the last theorem. Write J = UJ J, and U = 0 N J. Then by Example 1, 
i=1 


p. 16, and subadditivity 

m*(0 AE)<m*(0 AU) + m*(U AE). (2.12) 
Since U c J we have U— E © J —E and since E c OwehaveE —U=E —J, 
SoUAEC JAE andm*(UUAE)<e. But E S UU (UAE), so m*(E) < m(U) 


+ e. So by (2.11), m(0 A U) = m(0 — U) = m(0) — m(U) < m*(E) — m(U) + 
e < 2e. Then, by (2.12), m*(0 — E) = m*(0 AE) < 3e, as required. O 


Exercises 


24. Show that if m*(E) < œ and there exist intervals /,, ... , Z„ such that 
n 
m*(E A (J Li) < œ, then each of the intervals J; is finite. 
i=1 


25. Show that the condition m*(E) < œ is necessary in Theorem 11, even if the 
condition /(I;) < œ% is removed. 

26. Show that in Theorem 11,7 will in general depend on e and give an example 
where n > œ as e >Q. ; 

27. In Theorem 11 take for E the Cantor set P and for a given e find a corres- 
ponding n. 


2.4 MEASURABLE FUNCTIONS 


Sets of infinite measure and functiohs taking the values œ or —°° occur in a 
natural way, in for example Theorem 7 of Chapter 3, p. 59. To avoid inconvenient 
restrictions we use the extended real-number system, that is we add œ and —°o 
to the real number system with the conventions that 


a +œ = œ (areal, ora = œ), 
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a’ œ =œ (>0), 
—oo (a < 0), 00 + 00 = o0, 
Q+ œ= 0 


q's œ 


and similarly for —°°. We do not define c+ (—°°). Of these conventions only the 
important one 0 + œ = Q is at all special to measure theory, and with them 
functions or measures with infinite values can be handled in a consistent way. 


Definition 7: Let f be an extended real-valued function defined on a measurable 
set E. Then f is a Lebesgue-measurable function or, more briefly, a measurable 
function if, for each a € R, the set [x: f(x) >a] is measurable. 

In practice the domain of definition of f will usually be either R or R — F 
where m(F) = 0. 


Theorem 12: The following statements are equivalent: 
(i) fis a measurable function, 
(ii) v a, [x: f(x) >a] is measurable, 
(iii) v a, [x: f(x) <a] is measurable, 
(iv) va, [x: f(x) <a] is measurable. 


Proof: Let f be measurable. Then 


[x: f(x) 2a] = N [x: f(x) >a — 1] is measurable; 
n=l 


so (i) = (ii). Let [x: fx) =a] be measurable. Then [x: f(x) <a] = C[x: f(x) 2a] 
is measurable and (ii) > (iii). If (iii) holds, then 


[x: f(x) <a] = A [x: fx) <a + 1] is measurable; 


so (iii) > (iv). Finally, if [x: f(x) <a] is measurable, then its complement 
[x: f(x) >a] is measurable; so (iv) > (i) and the theorem is proved. O 


Example 9: Show that if f is measurable, then [x: f(x) = a] is measurable for 
each extended real number a. 


Solution: For finite a, [x: f(x) =a] = [x: f(x) > a] N [x: f&<) <a] and so is 
measurable. For a =< : 


k: f&) =—] = AN [x: fx) >n), 


n=1 
a measurable set. Similarly for a = —°, 
Example 10: The constant functions are measurable. 


Solution: Depending on the choice of a, the set [x: f(x) >a], where f is con- 
stant, is the whole real line or the empty set. 
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Example 11: The characteristic function x4 of the set A, is measurable iff A is 
measurable. 


Solution: Depending on a, the set [x: xa (x) >a] =A, R or Ø, and the result 
follows. 


Example 12: Continuous functions are measurable. 
Solution: If f is continuous, [x: f(x) >a] is open and therefore measurable. 


Theorem 13: Let c be any real number and let f and g be real-valued measurable 
functions defined on the same measurable set E. Then f+c, cf, f+g,f—g and 
fg are also measurable. 


Proof: For each a, [x: f(x) + c >a] = [x: f(x) >a —c], a measurable set. So 
f +c is measurable. If c = 0, cf is measurable as in Example 10 above; otherwise, 
if c > 0, [x: cf(x) > a] = [x: f(x) > ca], a measurable set, and similarly for 
c < Q. So cf is always measurable. To show that f + g is measurable, observe that 
x GA = [x: f(x) + g(x) >a] only if f(x) > a — g(x), that is, only if there exists 
a rational r; such that f(x) >r; > a —g(x), where {7;,i = 1, 2,...} is an enumera- 
tion of Q. But then g(x) >a —7r; and sox E [x: f(x) > ri] A [x: g(x) >a—7,]. 


Hence A € B= U ([x: fix) > rj) O [x: g(x) > a — r;]), a measurable set. 
i=1 


Since A clearly contains B we have A = B and so f + g is measurable. Then 
f—g =f + (2) is also measurable. 

Finally: fg'= 4( + g}? — (f — g} ), so it is sufficient to show that f? is 
measurable whenever f is. If a < 0, [x: f? (x) >a] = R is measurable. If a> 0, 
[x: f? (x) >a] = [x: f(x) > Va] A [x: f(x) <— [Va], a measurable set. O 


Corollary: The results hold for extended real-valued measurable functions except 
that f + g is not defined whenever f = œ and g = —~ or vice versa, and similarly 


for f —g. For [x: f(x) + g(x) >a] -U (ix: fœ) > rd NA [x: gx) >a —r7;]) VU 
([x: fx) = =] — [x: g(x) = —]) U ([x: gx) = œ] — [x: fx) = —]), a 


measurable set. The case of f —g is similar. 0 


Theorem 14: Let {f,,} be a sequence of measurable functions defined on the 
same measurable set. Then 


(i) sup f;is measurable for each n, 
1<i<n 


(ii) inf f; is measurable for each n, 
1<isn 


(iii) sup fn is measurable, 
(iv) inf fn is measurable, 
(v) lim sup f,, is measurable, 
(vi) lim inf fa is measurable. 
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Proof: a 
(i) Since [x: sup f(x) >a] =U [x:fi(x)>a], we have sup f 
1<i<n i=1 1<i<n 
measurable. 
(ii) inf f;=— sup (—/;) and so is measurable. 
1<i<n 1<i<n 


(iii) [x: sup f,(x) >a] = U [x: fa (x) >a, so sup În is measurable. 
n=1 
(iv) inf fa =—sup (—fn) and so is measurable. 
(v) lim sup f, = inf(sup f;), a measurable function by (iii) and (iv). 
izn 
(vi) lim inf f, = — lim sup (—fn), and so is measurable. O 


Definition 8: In line with Definition 5, we say that the function f is Borel 
measurable or a Borel function if v a, [x: f(x) >a] is a Borel set. 

Theorems 12, 13, 14 and their proofs, apply also to Borel functions when 
‘measurable function’ and ‘measurable set’ are replaced throughout by ‘Borel 
measurable function’ and ‘Borel set’ respectively. The next theorem cannot be 
adapted in this way: see Exercise 43, p. 45. 


Definition 9: If a property holds except on a set of measure zero, we say that it 
holds almost everwhere, usually abbreviated to a.e. 


Theorem 15: Let f be a measurable function and let f = g a.e. Then g is measur- 
able. 


Proof: [x: f(x) >a] A [x: g&) >a] c [x: f(x) #2g(x)] and the result follows 
immediately from Example 4, p. 30, and Example 5, p. 31. O 


Example 13: Let {f;} be a sequence of measurable functions converging a.e. to 
f; then f is measurable, since f = lim sup fj, a.e. 


Example 14: If f is a measurable function, then so are f* = max (f, 0) and. 


f =—min Ç, 0). 
Solution: Example 10 and Theorem 14, (i) and (ii), give the result. 


Example 15: The set of points on which a sequence of measurable functions 
{fn} converges, is measurable. 


Solution: The set in question is [x: lim sup fa (x) — lim inf fp (x) = 0] which is 
measurable by Theorem 14, (v) and (vi), and Example 9, p. 38. 


Definition 10: Let f be a measurable function; then inf[a: f < a a.e.] is called 
the essential supremum of f, denoted by ess sup f. 


Example 16: Show that f < ess sup f, a.e. 


Solution: If ess sup f = œ, the result is obvious. Suppose’ ess sup f = —æ, Then 
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vn &Z,f <n ae. from Definition 10. So f = —, a.e., as required. So suppose 
that ess sup fis finite. Write E, = [x: f(x) > 1/n + ess sup f] and E = [x: f(x) > 


ess sup f] , so E = U En. But from its definition m(E,,) = 0, so m(E) = 0. 
n=1 


Example 17: Show that for any measurable functions f and g 
ess sup (f + g) < ess sup f + ess sup g, 

and give an example of strict inequality. 

Solution: From the last example 
f +g <ess sup f + ess sup g, a.e., 


implying the result. For inequality take f = X{—1,0) — X[o,1] and g = —f. Then 
the left-hand side is O and the right-hand side 2. 


Definition 11: Let f be a measurable function; then sup [a: f> a a.e.] is called 
the essential infimum of f, denoted by ess inf f. 


Example 18: Ess sup f = —ess inf (—f). 


Solution: Ess sup f = inf[a: f<aae.] =inf[a: —f > —a a.e.] 

= — sup[—a: —f > —a a.e.] = — ess inf (—/f). 
So results analogous to those holding for ess sup f, for example those of Examples 
16 and 17, hold also for ess inf f, with the obvious alterations. 


Definition 12: If f is a measurable function and ess sup |fl< ©, then f is said to 
be essentially bounded. 


Example 19: Let f be a measurable function and B a Borel set; then f~! (B) is a 
measurable set. 


Solution: We have f ! (U Ai} -Ü f(A) and f'(CA) = Cf? (4), so the 


class of sets whose inverse images under f are measurable forms a o-algebra. But 
this class contains the intervals. So it must contain all Borel sets. 


Exercises 


28. Let f be defined on [0,1] by (0) = 0, f(x) = x sin 1/x for x > 0. Find the 
measure of the set [x: x) > 0]. 
29. Show that monotone functions are measurable. 
30. Let f =g a.e. where f is a continuous function. Show that 
ess sup f = ess sup g = sup f. 
31. Show that for any measurable function f, ess sup f < sup f. 
32. Let f and g be measurable functions and g > 0. Show that 
fz < (ess sup fK a.e. 


42 Measure on the Real Line [Ch. 2 


33. Let f be a measurable function not almost everywhere infinite. Show that 
there exists a set of positive measure on which f is bounded. 

34. Let f be a measurable function on [a,b] and let f be differentiable a.e. Show 
that there is a function, measurable on [a,b] , which equals f’ a.e. 

35. Let f be a continuous function and g a measurable function. Show that the 
composite function f o g is measurable. 

36. Let x € [0,1] have the expansion to the base l, x = 0 * x1X2...Xn ... for 
some integer /, the non-terrninating expansion being used in cases of ambi- 
guity. Show that fa (x) = Xn isa measurable function of x for each n. 


2.5 BOREL AND LEBESGUE MEASURABILITY 


This section considers the relation between the class B of Borel sets, the class 
M of Lebesgue-measurable sets and the class P(R) of all subsets of R. The 
section may be omitted without loss of logical continuity, but it provides distinc- 
tions between these classes without which the theory, though still valid, would 
be rather artificial. 

From Theorem 8, p. 32, we have that B & M € P(R). Using Theorem 16 
we show in Theorem 17 that M + P(R) and in Theorem 18 that B # M. 
Since the characteristic function x4 is measurable or Borel measurable if, and 
only if, A is measurable or is a Borel set, respectively (Example 11, p. 39), we 
have corresponding relations between the two classes of measurable functions 
and the class of all real-valued functions. 


Theorem 16: Let E be a measurable set. Then for each y the set E + y = [x + y: 
x E€ E] is measurable and the measures are the same. 


Proof: By Theorem 10, p. 36, w e >0, 3 an open set 0, 0 2 E and m(0 — E) < 
e. Then the set 0+ y is open and 0 + y Ə E + y. But(O+y)—(Et+y)= 
(0 — E) + y. By Example 1, p. 28, m((0 — E) + y) <e and the measurability of 
E + y follows, using Theorem 10 again. That the measutes are equal follows on 
using Example 1 again. O 


Theorem 17: There exists a non-measurable set. 


Proof: If x, y € [0,1], let x Vy ify —x EQ, = QN [—1, 1]. Then ‘ is easily 
seen to be an equivalence relation on [0,1] and so by Chapter 1, p.17, [0,1] = 
UEa, Ea disjoint sets such that x and y are in the same £x if, and only if,x vy. 
Since Q, is countable, each E, is a countable set. Since [0,1] is uncountable 
there are uncountable many sets Ea. Using the Axiom of Choice, p. 17, we 
consider a set V in [0,1] containing just one element x, from each E£,. Let 
{r;} be an enumeration of Q, , and for each n write Vp = V + rp. If y E Vpn AV 
there exist xa, xg E V such that y =x, +7, and y = Xg + rm. But then xg — 
Xa E Qı, SO Xg = Xa by definition of V and we have n = m. So Va OV,, =9 
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oo 


forn +m. Also [0,1] E U Va S [—1,2], since V x € [0,1] ,x €E, for some 
1 


n= 
œ and then x =x, + rp giving x E V,,; the second inclusion is obvious. 
If V is measurable, then by the last theorem so is each V,, and m(V) = m(V n). 
Then using the measurability of the sets V,, we have 


i = m({0,1]) <E mV) = m(V) + m(V) + <3. 


But this sum can only be 0 or œ. So V is not measurable, QO 
Theorem 18: Not every measurable set is a Borel set. 


Proof: Write each x € [0,1] in binary form 


with e, = 0 or 1, choosing a non-terminating expansion for each x > 0. Define 
the function f by 


Then the values of f, which is known as Cantor’s function, lie entirely in the 
Cantor set P, p. 24. Since ep is a measurable function of x (Exercise 36), f is 
measurable. Also f is a one-to-one mapping from [0,1] onto its range, since the 


value f(x) defines the sequence {en} in the expansion ) “on uniquely, so x is 
n=] 


determined uniquely. 

If B and M were the same, then by Example 19, p. 41, f~! (B) would be 
measurable for any measurable set B and any measurable function f. Let f be the 
Cantor function and V a non-measurable set in [0,1]. Then B = f(V) lies in P 
and so has measure zero. So B is measurable. But since fis one-to-one, f~! (B) = 
V which is non-measurable. We conclude that B is strictly contained in M. O 

We now give two examples showing unexpected implications of measurability. 


Example 20: Let T be a measurable set of positive measure and let T* = [x — y: 
x €T,y €T]. Show that 7* contains an interval (—a,«) for some a > 0. 


Solution: By Theorem 10, p. 36, T contains a closed set C of positive measure. 
Since m(C) = lim m(C N [—n,n]) we may assume that C is a bounded set. By 
Theorem 10, again, there exists an open set U, U > C, such that m(U — C) < 
m(C). Define the distance between two sets A and B to be d(4 B) = inf[|x — y l: 
x E A, y E B]. Since |x — yl is a continuous function of x and y, the distance 
between A and B is positive if A and B are disjoint closed sets one of which is 


44 Measure on the Real Line [Ch. 2 


bounded. Let œ be the distance between the closed sets C and CU, so that a > 0. 
Let x be any point of (—a,a). We wish to show that CN (C — x) #9. For then, 
since C—x = [y: y + x E C], we have that v x E (-a,a), 3 z E€ C such that 
z=z+x€Cand sox =z —zET™. 

Since Ix|<a we have C—x C U from the definition of a. So 


m(C —(C—x)) < mU —(C—x)) 


= m(U) —m(C —x) 
= m(U)— m(C) (by Theorem 16) 
< m(C). 


Hence m(C N (C — x)) > 0 and so we must have CN (C — x) + Q, as required. 


Example 21: Suppose that f is any extended real-valued function which for 
every x and y satisfies 


f(x) + flv) = fx +y). (2.13) 
(i) Show that fis either everywhere finite or everywhere infinite. 
(ii) Show that if fis measurable and finite, then f(x) = xf(1) for each x. 


Solution: (i) f cannot take both values œ, — for then (2.13) would be meaning- 
less for some pair x,y. Suppose that f(x) = œ for some x. Then f(x + y) = 
oo + f(y) = œ for all y, and so f = œ everywhere. Similarly if f(x) = —° for some 
x. 

(ii) By induction (2.13) gives f(nx) = nf(x) for each x and each positive 
integer n, so f(x/n) = n™ f(x); and hence f(mx/n) = m n f(x). In particular 
f(r) = rf(1) for each r € Q. Since f is finite there exists a measurable set E such 
that m(E) > 0 and |f| < M, say, on E (cf. Exercise 34). Let z E€ E*, in the nota- 
tion of the last example,so that z = x — y where x,y EE. Then If(z)!= Ifx — y)! 
= If) — f(v)| < 2M. But by the last example £* contains an interval (—a,a) 
with a> 0. So if Ix|<a/n we have |f(nx)|< 2M, and so If(x)|< 2M/n, for each 
n. Let x be real and let r be a rational such that Ir — x! < a/n. Then, since 
f(r) = rf(1), we have 


f(x) -—xf)l = lf)—-fr)+¢—x) A)! 
= If(fx-—r)+(r—x) fa) 
< te ay 


for each n. So f(x) = xf(1). 
[Note: Equation (2.13) has in fact non-measurable solutions, cf [6] , p. 96. The 
method given above is based on [9].] 


Exercises 


37. Show that sup [fa: a E€ A] is not necessarily measurable even if each f, is. 
38. Give an example of a function such that |flis measurable but f is not. 
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39. Let f be Cantor’s function defined in Theorem 18. Show that the range of f 
does not cover the Cantor set P. 

40. Show that a nowhere dense perfect set can contain a non-measurable set. 

41. Show that a measurable function of a continuous function is not necessarily 
measurable. 

42. Show that there exist sets of zero measure which are not Borel sets. 

43. Show that the result of Theorem 15 does not hold for Borel measurable 
functions. 

44. Find the cardinality of the class of measurable sets. 

45. Find the cardinality of the class of measurable functions. 


2.6 HAUSDORFF MEASURES ON THE REAL LINE 


We have found in Example 8, p. 34, that there exist sets of zero Lebesgue 
measure which are in some sense large. Using Hausdorff measure, and, especially, 
Hausdorff dimension we may discriminate between these sets of zero Lebesgue 
measure. We replace /{/) in Definition 1 by its p-th power, ((/)?, where p > 0, or 
more generally by A(I(1)), where the Hausdorff measure function h is monotone 
increasing on [0, œ), A(x) > 0 for x > 0 and A(0+) = h(0) = 0. For simplicity, 
we set out the main properties of Hausdorff measures for the special case h(x) = 
x? , though the results in the main apply to the general case. We return to the 
measure obtained from more general Hausdorff measure functions in Theorem 
28. Further results are given in Chapter 9, but otherwise the section is not essen- 
tial for the following chapters. The methods generalize to higher dimensions and 
give there a definition of the dimension of an arbitrary set. For a general account 
see [7] or the full account in [10] which has a large bibliography. 
We continue to suppose that all sets are contained in the real line. 


Definition 13: The ‘approximating measure’ H$ 5 of the set A is given by Hf 5(A) 
= inf È (I where the infimum is taken over all coverings of A by open 
intervals, [/,,|, with Ip) <ô. 


Definition 14: The Hausdorff outer measure H$ of the set A is given by Hf(A) = 
lim H$ 5 (A). 
6-0 

This limit must exist (though it may be infinite) since HJ 5(A) can only 


increase as ô decreases. For a general Hausdorff measure function we have 
inf © A(I(Ix)) in Definition 13. 


Theorem 19: 
(i) HS(A)>0, 
(ii) H$@)=0, 
(ii) H%(A)<H8(B)if A £ B, 
Gv) H¥([x]) = 0 for anyx ER. 
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Proof: (i), (ii) and (iii) are obvious from the definition. To prove (iv) note that 
[x] C œ — 6/2, x + 5/2) for each ô > 0. So H¥ 5 ((x]) < 5?. Let 5 > 0 to get 
H$({x]) = 0. O 


Example 22: Hausdorff outer measure is invariant under translation, that is 
H$(4) = HB(A + x). 


Solution: Each covering of A by intervals [/,,] of length at most ê corresponds 
to a cover [/,, + x] of A + x and En,’ = Lil, + x). Taking the infimum 
over such covers [/,] gives Hp 5(A) = Hp.5(A + x) and when 5 > O the result 
follows. 


Example 23: H§(KA) = k? H§(A) for any positive k. 


Solution: Each covering of A by intervals {/,,] of length at most ô corresponds 
under the mapping x > kx to a cover of KA by intervals [k/,,] of length at most 
kô and TM(kI,) = K? Ella}. Taking the infimum over all such covers [Z„] 
gives H$ xs (A) = kP H¥ 5(A). Letting 5 > 0 gives the result. 


Example 24: H}(A) is the same whether we stipulate that the intervals J, in 
Definition 13 are open, closed or half-open. 


Solution: We show that closed intervals give the same outer measure, the other 
case being similar. Write HE (4) and H*(A) for the corresponding set functions 
obtained from closed intervals, p being kept fixed. Write 7’ for the closure of the 
open interval J. Then 


HZ (4) = inf DIU; , Wd) <5, A = U Ik 

inf EP 

inf EIJ kY IJK) <8, A E U Jp, Jy closed intervals, 
HY (A). 


So H$(4) > H™ (A). In the opposite direction: every closed interval J of length 
e(e > 0) is contained in an open interval J” of length e(1 + 6). Then 
HY (4) inf LV, Wk) <5, Jk closed, A = U Jk 
(1+ 6)? inf PIJP 
a + 8y? inf DIUK’, (Ik) <6 + 5? Ir open, A & U Ik, 
(1 +8y? H$s +8? (4). 
Let ô > 0 to get H* (4) > H&(A), as required. 
Theorem 20: Let Hp(A) < œ and let q >p. Then H#(A) = 0. 


Proof: Let 5 > 0 and let [/,] be a covering of A by intervals with Id) <6 for 
each k. Then 


VV il 


lt V il 


li) = IP < AIP 
Mn? II <6 
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So H3 s (4) <= Ik) < 867? FU, . Taking the infimum of the last term over 
all such coverings we get 

H7, (4) <6*” Hp s (4) <5?” H(A). 
Letting 5 > 0, the result follows. O 
Corollary: If 0 < Hp(A) < %, then H@(A) = œ for q <p. 


The result of this theorem would apply to general Hausdorff measure func- 
tions provided we have 


hı <h, and lim h(t) _ 0, 
o A(t) 
but the functions h cannot be ordered in this way in general. We now show that 
Hausdorff outer measure has an essential property of outer measures. 


oo 


Theorem 21: For any sequence of sets {E;} we have H3( UI F;) < <2 H5(E;). 
i=1 i=l 


Proof: For each e > 0 there exists a family of intervals [/; ;], with I(l; j) <6 
such that E; S U I, ; for each i, and 
j=l 


H* (E) > z Ul, — ~ 


Then U E; € Ü U hp so 
i=1 i=1 j=1 
mY Fi) < 2G 
< Lips (E;) + € 
< 2 HEED + e, for all 5 > 0. 


So mU E, )< 2 H4p(E;) + € and the result follows. O 
i=1 i 


We now show that Hausdorff measure includes Lebesgue measure as a special 
case. 


Theorem 22: For any set A, H{(A) = m*(A). 


Proof: From their definitions we have m*(A) <H7 5 (A) forall ô > 0,so m*(A) < 
H¥(A). So we wish to show that H¥(A) < m *(4) and clearly we may assume 
m*(A) < %. Then for any given e > 0 we have for some family of intervals [Zn] 


oo 


that 4 ¢ J In and m*(4)> 3 Id,) — e. Now if I is any finite interval and 
n= n=l 
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e' >0 then 
(D> Hi) —e’. (2.14) 


m 
For let 5 > Oand choose open intervals J;,i=1,...,m with IJ;) S8, I S U Ji 
i=l 


m 
and $, 10;)<i() +e’. Then H? s @) <I) + e' forall 5 > 0, and, letting ô > 0 
-i21 
(2.14) follows. Now put J = Iņ, €' = €/2” in (2.14) to get 


m*(A) > 2 Hid) -2 e/2” —e 


> È H(n)- 2 


> HÝ(A)— 2e, 
by the last theorem, giving the result. O 


Corollary 1: Let / be an interval of positive or infinite length. Then H(I) = œ% 
for 0 <p <1, HY (D) =/@ and H50) = 0 for p > 1. 


Proof: Suppose that J is a finite interval. Then the result follows from Theorem 
20 and its Corollary, and Theorem 21. So suppose that J is an infinite interval 
and p > 1. Since I C Ulx, I, finite intervals, we have H>(I) < £ Hp (Ix) = 0. So 
the result is true for p > 1 and Theorem 20 ensures that Hp>(J) = œ forO<p< 
1.0 


Corollary 2: Hp(R) = œ for0<p <1, Hp(R) =0 forp>1. 


Corollary 3: Every non-empty open set G has Hp(G) = ~ forp <1. 
So the result of Example 2, p. 29, will not extend to Hausdorff measures. 


Corollary 4: Considering Hp(A) as a function of p (p > 0), either Hp(A) = 0 for 
all p > 0, or for some po (0 < po < 1) we have Hp(A) = œ for 0 <p <po and 
Hp(A) = 0 for p > po. 


Proof: By Corollary 2, Hp(A) = 0 for p > 1. Now the result follows immediately 
from Theorem 20 and its Corollary. O 


Examples showing the possibilities are given later. Measurability is defined for 
Hp as for m* in Definition 2, p. 30. 


Theorem 23: The Hj-measurable sets form a o-algebra. 
The proof is as for Theorem 4, for Lebesgue outer measure. O 
Theorem 24: Hp is countably additive on the o-algebra of Hf-measurable sets. 


The proof is completely analogous to that of Theorem 5, p. 31. O 
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Theorem 235: Hp is a metric outer measure; that is, if A and B are non-empty 
disjoint sets in R with d(A, B) > 0 then H}(A U B) = HF(A) + AFB). 


Proof: It is sufficient to show that the same identity holds for Hs for all small 
ô. But the identity is immediate for Hp,5 provided 6 < d(A, B), for then any 
covering of A U B by intervals of length at most ê decomposes into two general 
coverings of A and of B. O 

In particular, of course, Lebesgue outer measure is a metric outer measure. 
We now show that the Hj-measurable sets include the Borel sets. 


Theorem 26: Let J be the interval (—°°, a] . Then J is H5-measurable. 
Proof: We need to show that for any set A 

H(A) > Hp(A O D) + H5(A — I). (2.15) 
We may suppose that H5(A) is finite; otherwise (2.15) is trivial. Let A, = 
AN [a+ 1/n,œ). Then A, © A,,, and U A, =A —I. Also lim Hp (An) exists 
and is finite. By Theorem 25 we have = " 

H3(A) > H5(4 ND + Hn). 
So if we show that lim H}(4,) = Hp(A —J), the result follows by (2.15). Write 
Dn = Ans, — An. Then 


A-I=A,,U U Dk 
k=2n 
=A,,U U D U U Doras 
k=n k=n 


So Hp(A — D <H5(42n) + 2 H5(D2x) + 2 H5(D2k+1ı) (2.16) 


and all these outer measures are finite. Suppose that both series in (2.16) con- 

verge. Then letting n > œ we get H(A — 1) < lim H5(A2,,) = lim Hp(A,). But 

since A, © A — I we must have equality and (2.15) follows. Suppose that the 
n—i 


first series, say, diverges. We have Aan 2 UJ Dag. Also d(D2k, Dox.) > 0. So 
k=1 


Theorem 25 gives Ai 


Hp(Aon) > 2 HD2) > © 
k= 
contradicting the finiteness of H(A). Similarly the second series in (2.16) must 
converge and the result follows. O 


Corollary: All Borel sets are Hp-measurable. 
For a Borel set A we will use the notations H,(A) and Hp 5 (A). 
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Definition 15: The Hausdorff dimension of £ is inf[p: Hp(E) = 0]. 

By Corollary 4 to Theorem 22 Hausdorff dimension is a well defined number 
in the interval [0,1] for any set A in the real line. Also, except for the trivial case 
of sets E with HX(E) = 0 for all p, we have that Hausdorff dimension equals 
sup[p: H&(E) = =]. 


Theorem 27: The Hausdorff dimension of the Cantor-like set P; is — log 2/log &. 


Proof. We refer to the construction of P; given in p. 24. The first residual 
intervals J, ı and J, 2 are translates of multiples of [0,1] and contain subsets, 
say P) and pe) of Pg. Since, to get PO) we dissect J 1,1 in the same way that 
[0,1] was dissected, we have that P) (and P@)) is a translate of a multiple (by 
£) of Ps. Then, by Theorem 25, Hp (Pg) = Hp(P) + Hp) = 2? Hp (P), using 
Examples 22 and 23. So either H,(P;) = 0 or ~, or 2£? = 1 giving p = —log 2/ 
log £ = po. say. We will show that 0 < Hp, (P;) < œ% and it will follow that Pg 
has Hausdorff dimension —log 2/log é. 

(i) To show Hp, (Py) < œ. Let [J;] be a covering of P by open intervals of 
length at most 5. The set P; is mapped as above onto the sets PY (j= 1, 2) by 
similarity transformations and the same mappings applies to the intervals [/;] 
provide a cover [J;;] of PO) for j = 1, 2. But 1U,Po = 2&?0 1(1;P° (by the 
definition of Do) 


= VUR + Ii 2° ‘ (2.17) 


Taking the infimum over all such coverings [J;] of Pg, we get Hp, s(t) > 
Hp, 26 Pr), as IU; j) < £ ô. Since Hp does not decrease as ô decreases, and 
O <Ẹ¢ < 1, it follows that Hp, is independent of ô, and since we may take as a 
cover an open interval of length just greater than 1 and containing P; we have 
Hp (Pz) <1. 

0 

(ii) To show Hp, @¢) > 0. The distance between the sets P) and P@) is at 
least 1 — 2&. Let ô < 1 — 2&. Then as in Theorem 25, any cover [J;] of P; by 


intervals of length at most ô may be decomposed into covers [J, ;],/ = 1, 2, of 
the sets PO) PO) and 


LIP. = X Iiae + XG”. (2.18) 
I l i 
Suppose the first sum of the right of (2.18) is the lesser. Since P) is a translate 
of P) the same translation applied to the intervals [Ji1] gives a cover [J; ,], 
say of PC), Then as for (2.17), but in reverse, we may map the intervals [Z ; | 


onto intervals [/;], say, covering P; and with £ I(;) = II; 1) for each i. So 
LI; Po =E C; Ye +E; PP as for (2.17) 
i i i 


< È (LF? , by construction. (2.19) 
i 


So if any one of the intervals /; is of length > 1 — 2¢ we have È (I° > 
i 
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Re Ga 2P. 

Now since P; is compact we may suppose, by the Heine Borel Theorem, p. 18, 
that all the coverings considered are finite, so min /(/;,,) > 0. Since the intervals 
[7;] are multiples (by 1/4) of a subset of the intervals [/;,] we have 

min /([;) >£} min I([,). (2.20) 


If each interval J; is of length less than 1 — 2£ we apply the same process to the 
cover [7/1] which was applied to the cover [J;] , and we must obtain after a finite 
number of steps, a cover [Z9] with max (If) > 1 — 2£ and > (RP. < X I,)P° 


as in (2.19). So in any case we have E (I; ° >(1 — Po. So Hp E >0,as 
required. O 


Corollary: For each a, O <a < 1, there exists a set Q © R with Hausdorff 
dimension &. 


Proof: The case a = 1 is covered by Corollary 1, p. 48. ForO<a< 1 take £ = 
exp[—(log 2)/a] in the last theorem. For a = 0 take Q = [x], for example. O 

The example A = R shows that H,(A) may equal œ for 0 < p <p,, Hp(A) = 0 
for p > pı (Pı = 1 in this case). The example A = P; shows that H,(A) may 
equal œ for 0 <p <po,0<Hp, (A) < œ and Hp(A) = 0 for p > po. The follow- 
ing example shows that H,(A) may be ~ for p < p, , H,(A) = 0 for p > p, . 


Example 25: For each q, O <q < 1 there existsa set A in R such that H,(A) = 
forO<p <q, Hp(4) = 0 for p >q. 
Solution: Let py, T q where 0 < Pa <q. Choose An such that Hp, (A,) = 1 (a 


suitable multiple of a set P;, for an appropriate £, will suffice). Let A = U An- 
n=l 


Since q > pn we have Hg (An) = 0 by Theorem 20. So H,(A) < >. H,(A,) =0 
q=1 


giving H,(A) = 0 for p >q. But if py <q we have pa >Po for some n and then 
Hp, (A) > Hp, (An) = 1. So Hp, (A) = ©. 


Example 26: For each q, 0 <q < 1 there exists a set A in R such that Hp (4) = 
œ for 0 <p <q, and H,(A) =0 for p >q. 


Solution: The case q = 1 has been dealt with above (4 = R). For0 <q < 1 con- 

struct the set P; with H,(P;) finite and positive. Let A = U (P; +n), a union of 

disjoint translates of Pg. Then H(A) = ©, and for oo q we have H,(A) = 
H,(P; + n) = 0 as required. 

n= 


Finally we show that, with a slight restriction on the measure function h, 
there will always exist sets whose corresponding Hausdorff measure is positive 
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and finite. First we define the modulus of continuity of a continuous function 
and apply this definition to the Lebesgue function. 


Definition 16: Let f(x) be a function continuous on the closed bounded interval 
[a,b]. Then the function wy given by wt) = sup[I f(x) — fy): Ix —yI< t; 
x.y € [a,b] ] is the modulus of continuity of f. 

Clearly w(t) increases with ¢, and since f is uniformly continuous on the 
compact set [a,b] we have that w,(r) is bounded and tends to zero as t > 0 
through positive values. 

Let L be the Lebesgue function corresponding to the Cantor-like set P, of 
Chapter 1, p. 24. Let b; be the length of the residual intervals at thé jth stage in 
the construction of Pz, so that b; = &,& ...&. Now L increases by 27 on each 
such interval. Also any interval in [0,1] of length b; meets at most two of these 
residual intervals, and L is constant on the removed intervals. So wz (b;) < 2.27. 


Definition 17: The function f(x) is strictly concave on (a,b) if for any x,y in 
(a,b) we have 


fitx + (1 — ty] >tfx)+ 1 —df0),0<t<1; 


that is: the graph of f lies strictly above the segment joining any two points on 
the graph. 

Note that x? (0 <p < 1) is strictly concave on (0,-°) as its second derivative 
is negative, so the Hausdorff measure functions so far considered have been, in 
the main, strictly concave. Many of the results obtained hold for general Haus- 
dorff measure functions; in particular Theorem 19, Example 22, Theorems 21, 
23, 24, 25, 26. Also Example 24 holds for a concave measure function A. The 
first part of the proof is the same and the second half follows from the fact that 
h[n(i + 8)] <(1 + &)k(m) for n, 5 > 0, as can be seen from a diagram. 


Theorem 28: Let h be any strictly concave Hausdorff measure function and H 
the corresponding Hausdorff measure. Then there exists a Borel set A, contained 
in [0,1], such that O < H(A) < œ. 


Proof: The Hausdorff measure is changed by a factor J if h is, so we may suppose 
that h(1) = 1. Now choose the sequence {b;} such that A(b;) = 27, and construct 
the Cantor-like set Pg with b; equal to the length of the residual interval at the 
jth stage. This is possible since 2h(t) > h(2t) and so bj, <4b; for each j. Then 
wz (;) 204 < 4h(b;,1). So for t € URE b;] we have wy (t) < wg (b;) < 
4h(b;,,) < 4h(t), as h is monotone increasing. Write A for the set Pg constructed 
to correspond in this way to h. Suppose that A is covered by the family of open 
intervals (u;, v;). As A is compact this family may be supposed finite. Then as in 
Theorem 2, p. 28, 


Lh; — u) > 4! E wz; —u;) 
> 4" E [Lo )— LUD] >84! [L1)— LO] = 4. 
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So H(A) is positive. 

Write Hs(A) for the approximating measure when the intervals are of length 
at most 6. Since at the jth stage of the construction A is covered by X intervals 
of length b;, we have Hs (A) < 2/h(b;) = 1, if ô > b;. (These intervals are closed 
but the extension of Example 24 shows that the measure H is unaffected.) 
Letting 5 > 0 we get H(A) <1, proving the theorem. O 


Exercises 


46. Show that every countable set has Hausdorff dimension zero. 
47. Let h(t) = sin z (0 <t < 7/2). Show that, for any Borel set A, H(A) = m(A). 
48. Let {An} be Borel sets and let a, be the Hausdorff dimension of A,,. Find 


the Hausdorff dimension of A = U An- 


n=1 
49. Show that, for O <ô <1, H$ (4) is a monotone decreasing function of p. 
50. Show that, for 0 <q < 1, we may construct a set A as in Example 26, but 
which is compact, so that H,(A) = œ (0 <p <q), H (4) =0 (p >q). 
51. Find w(t) for f(x) = cos x, on [0, 27]. 
52. The class of Hausdorff measure functions may be extended by assuming 
only that 
(i) lim inf h()>0 and h(x) > 0 for x >0, 
yrx 


(ii) (0) = h(O+) = 0. 

Show that the Hausdorff measure so defined satisfies the theorems given. 
53. Show that if we now replace the function h of the last exercise by g where 

g(x) = inf[h(v): xS y < 1] and g(x) = A(1) for x > 1, then g is a mono- 

tone increasing function satisfying (i) and (ii) of the last exercise and giving 

the same Hausdorff measure as A. 


CHAPTER 3 


Integration of Functions of a Real Variable 


In analysis it is often convenient to replace an expression of the form f2f,, dx 
by Eff, dx, or flim fa dx by lim ff, dx,or f lim fa dx by lim ffa dx. In this 


ar Ay a> Ay 

chapter we give a definition of an integral which applies to a large class of 
Lebesgue measurable functions and which allows the interchange of integral and 
sum or limit in very general circumstances. The results justify the choice of the 
class of measurable functions in the last chapter. Our results on approximation 
to measurable sets by intervals or by open sets lead to results on approximation 
to the integral of a measurable function. In the last section we compare the 
Lebesgue and Riemann integrals. 


3.1 INTEGRATION OF NON-NEGATIVE FUNCTIONS 


We consider first the class of non-negative measurable functions, define the 
integral of such a function and examine the properties of the integral. For the 
present we will suppose these functions to be defined for all real x. 

A non-negative finite-valued function y(x), taking only a finite number of 
different values, is called a simple function. If a,, a@,,..., a, are the distinct 
values taken by y and A; = [x: y(x) = a;l , then clearly 


n 
p(x) = 2 a; Xa (x). (3.1) 
(= 
The sets 4; are measurable if p is a measurable function, by Example 9, p. 38. 


The convention 0 + co = 0, introduced in Chapter 2, p. 37, is to be understood in 
the following definition. 


Definition 1: Let v be a measurable simple function. 
n 
Then Spdx= ) am(4;), 
i=1 
where a;,A;,i=1,...,m are asin (3.1), is called the integral of y. 
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Example 1: Let the sets A; be defined as above. Then A; N A; = 9,i #j, and 
UAR. 

i=l 

Definition 2: For any non-negative measurable function f, the integral of f, 


f f dx, is given by f f dx = sup f p dx, where the supremum is taken over all 
measurable simple functions y, y <f. 


Definition 3: For any measurable set E, and any non-negative measurable func- 
tion f, f fdx = f. f xe dx is the integral of f over E. 
E 
If the set E in Definition 3 is an interval, such as [a,b], then in place of 


; b b 
| f dx we write f f dx; if a > b we use the usual convention: f f dx = 
E a a 


a 
a i. f dx. When a distinction is necessary, the integral defined above will be 
b 
referred to as the Lebesgue integral; to avoid confusion with the Riemann 
b 
integral, the latter will be denoted by R f f dx. The relationship of the integrals 
a 


will be considered later in Section 3.4. 


Example 2: If y is a measurable simple function, Definition 1 and Definition 2 
both give a value for its integral. Show that these values are the same. 


Solution: Write f y dx = sup | Ww dx, Ų any measurable simple function, 
+ 
Y < yọ, that is: write | y dx for the value given by Definition 2, and write 


| y dx for that given by Definition 1. From the definition, f y dx < f " y dx. 
Also, if y (< ọ) isa measurable simple function with distinct values b; (= 1,.,., 
m)and y => bj XB; then | y dx -5 b;m(B;) -5 È bym(B; N Aj) (cf. 
Example 1), where b; < a; if m(B; A A;) > 0. So 


fy dx < 3 3 aym(B; N A;) = y am(4;)= fv dx. 
j=1 i=1 i=1 


So Í g dx < fy dx, which completes the proof. 
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Theorem 1: If y is a measurable simple function, then in the notation of (3.1) 


n 
(i) f y dx = > a;m(A; NE) for any measurable set E, 
E i=1 
(ii) | y dx = | y dx + | y dx for any disjoint measurable sets A and B, 
AUB A B 


(iii) ap dx =a fọ dx ifa >0. 
Proof: (i) is immediate from Definitions 1 and 3. For (ii): 


[ eat f| pax =¥ amAnay+ È amBna) 
A B i=1 i=] 


n 
= È ajm(A UB)NA)) = f y dx. 
i=1 ‘AUB 
For (iii): As y takes the values a;, ap takes the distinct values aaj, so that 
n 

Joo dx = 2 aa;m(A;) = aly dx. O 
Example 3: Show that if f is a non-negative measurable function, then f = 0 a.e. 
if, and only if, f f dx =0. 


Solution: If f = 0 a.e. and y is a measurable simple function, y < f, then clearly 
S p dx = 0, so Definition 2 gives f f dx = 0. Conversely, if f f dx = 0 and E, = 
[x: f(x) > 1/n], then f f dx > fn! Xp dx = n! m(En). So m(E,) = 0. But 


[x: f(x)>0] = U E,,sof=Oae. 
n=1 
Theorem 2: Let f and g be non-negative measurable functions. 
(i) Iff<g, then ff dx < fg dx. 
(ii) If A is a measurable set and f < g on A, then | fax < fe dx. 
A A 
(iii) Ifa > 0, then faf dx = a f f dx. 
(iv) IfA and B are measurable sets and A D B, then f f dx > f fax. 
A B 
Proof: (i) and (ii) are immediate from Definitions 2 and 3 (p. 55) respectively. 
(iii) is obvious if a = 0. If a > 0, y is a measurable simple function with y < af 
if, and only if, p = ay, where y is simple, y < f, and then fy dx =a f y dx 


(Theorem: 1(iii), above). So f af dx = sup f y dx = a sup f y dx = a f f dx. 
(iv): Note that x4 f > xpf and apply (i). O 


The following result will be basic in proving convergence theorems. 
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Theorem 3 (Fatou’s Lemma): Let {f,, n = 1, 2, ...} be a sequence of non- 
negative measurable functions. Then 


lim inf ff, dx > f lim inf f, dx. (3.2) 


Proof: Let f = lim inf fa. Then f is a non-negative measurable function. From 
Definition 2, p. 55, the result follows if, for each measurable simple function y 
with y <f, we have 


Sy dx < lim inf f fn dx. (3.3) 


Case 1. f y dx = œ. Then from Definition 1, p. 54, for some measurable set 
A, we have m(A) = œ and y>a>0 on A. Write g(x) = inf f(x), and A, = 
j>k 


[x: 8x) > a, all k >n], a measurable set. Then An © Anı, each n. But, for 
each x, {g,(x)} is monotone increasing and on 1 k(x) = f(x) > y(x). SOA SC 


U An. Hence lim m(A,,) = ©. But, for each n, 


n=1 


ffn dx > fgn dx >a m(A,). 
So lim inf f fa dx = œ, and (3.3) holds. 
Case 2. f y dx < œ. Write B = [x: y(x) > 0]. Then m(B) < œ. Let M be 
the largest value of y, and if 0 < e < 1, write B, = [x: g(x) > (1 — eyo), 
k > n], where gx is as defined above. Then the sets B,, are measurable, B, S 


Bret for each n, and U By, 2 B. So (B—B,,} is a decreasing sequence of sets, 
ñ (B —B,) = @. As m(B) < œ, by Theorem 9, p. 33, there exists N such that 
ai= Bn) <e for all n >N. So if n >N, 


fend > | gndxaci—e) f yax 
Bn Bn 


= a-o(/ pax — f pax) (by Theorem 1) 
B B—Bn 
> (l—e dx — dx 
(1 —e) f p J. e p 
> | pdx —e fy dx- eM. 
Since e is arbitrary, lim inf f g, dx > f y dx, and since f, > 8p, (3.3) follows. O 
Theorem 4 (Lebesgue’s Monotone Convergence Theorem): Let {fa n =1,2,...} 


be a sequence of non-negative measurable functions such that {f,,(x)} is mono- 
tone increasing for each x. Let f = lim f,,. Then f f dx = lim f fa dx 
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Proof: Fatou’s Lemma gives 


Sfdx =f lim inf f, dx <lim inf f fa dx. (3.4) 
But f > fa by hypothesis, so by Theorem 2(i), p. 56, f f dx > f fa dx, and hence 
S f dx > lim sup f fn dx. (3.5) 


Relations (3.4) and (3.5) give the result. O 


Theorem 5: Let f be a non-negative measurable function. Then there exists a 
sequence {y, } of measurable simple functions such that, for each x, y,,(x) t f(x). 


Proof: By construction. Write, for each n, Epp = [x: (k — 1)/2” < f(x) <k/2"], 
kK=1,2, ..,n2",andF, = [x: x) > n]. Put 
n2” pi 


s5 l ap 
Pn 7 =, 27 XEnk 7 OXF n: 


Then the functions y, are measurable simple functions. Also, since the dissection 
of the range of f giving y,4, is a refinement of that giving pn, it is easily seen 
that y+, (x) > vp, (x) for each x. If f(x) is finite, x € CF, for all large n, and then 


If(x) — gy, (x) <2. So v(x) t f(x). If fc) = œ, then x € AN Fn, SO gax) =n 
n=l 
for all n, and again y,,(x) t f(x). O 


Corollary: lim f yp dx = f f dx, where y, and fare as in Theorem 5. 
This application of Theorem 5, with Theorem 4, gives us a method of evaluat- 
ing f f dx alternative to that of Definition 2, p. 55. 


Theorem 6: Let f and g be non-negative measurable functions. Then 
ffdxt+fedx=f(ftg) dx. (3.6) 


Proof: Consider (3.6) for measurable simple functions y and y. Let the values 
of ybea,,...,a, taken onsets A,,...,A,, and let the values of y be b,,..., 
bm taken on sets B,,..., Bm. Then the simple function y + y has the value 
a; + bj on the measurable set A; N B;, so from Theorem 1(i), p. 56, we obtain 


| @tWe=f pdt f ya (3.7) 
A jOB; Aj Bj Aj OB; 


But the union of the nm disjoint sets A; N B; is R, so Theorem 1(ii) applied to 
both sides of (3.7) gives 


S+ y)dx=fydx +f y dx. (3.8) 


Let f and g be any non-negative measurable functions. Let {y,}, {Wn} be 
sequences of measurable simple functions, y, ft f, Yn tg. Then yn + Yn tft+g. 
But, by (3.8), f (9n + Wn) dx = f Yn dx + f Yn dx. So, letting n tend to infinity, 
Theorem 4 gives the result. 0 
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Theorem 7: Let { f,, } be a sequence of non-negative measurable functions. Then 


JE fadas È ff d. 
n=1 n=1 
n 
Proof: By induction, (3.6) applies to a sum of n functions. So if S, = }, f;, then 
i= 


n oo 

fS,dax= ) ff, dx. But S, tf= } fi, so the result follows from Theorem 
i=1 i=1 ; 

4.0 


Example 4: Give an example where strict inequality occurs in (3.2) (Fatou’s 
Lemma). 


Solution: Let fzn-1 = X{0,1] Son = Xa,2) 7 = 1, 2, . . . . Then lim inf fax) = 0, 
for all x, but f fax) dx = 1, for all n. 

Such an example is helpful in remembering the ‘direction of the inequality’ 
in (3.2). 


Example 5: Show that | dx /x = œ, 
1 


Solution: x"! is a continuous function for x > 0, and so is measurable. It is 
oo n 
positive, so the integral is defined. Also f x! dx > f x! dx. But x! >K’ 
1 1 
n n n n 
on [k — 1,k), so | x! dax> È Í K! X{k—1,K) dx > $ K! +00asn >o, 
1 k=2°1 k=2 
Example 6: f(x), 0 <x < 1, is defined by: f(x) = 0 for x rational, if x is irrational, 


f(x) = n, where n is the number of zeros immediately after the decimal point, 
in the representation of x on the decimal scale. Show that f is measurable and 


find J fax 


Solution: For x € (0,1] let g(x) = n if 10@*)) <x <10",n=0,1,...,and 
g(1) = 0. Then f <g,f = g a.e., so fis measurable and by Example 3, 


1 1 
dx = dx. 
Is r 
1 co 
z Aak, 
m f'ras Eo ah) 


= 9n _ 1 
ae 10%! 9 ` 


n=1 
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Exercises 


1. Prove (3.8) directly from Definition 1 without reference to Theorem 1. 
(Note that the numbers a; + b; are not necessarily distinct.) 

2. Let f, g > O be measurable, with f >g, f g dx < œ. Show that f f dx — 
Sgdx=f(f—g)d&. 

3. Let fa > O be measurable, lim f, = f and fn < f for each n. Show that 
Sf dx = lim ff, dx. 

4. Let fa (x) = min(fx),n) where f> 0 is measurable. Show that f fa dx t f fdx. 

5. Let f > 0, measurable. Construct a sequence Yy of measurable simple func- 
tions, such that Y„ t fand m[x: Y„ (x) > 0] < for each n. 

6. Show that Fatou’s Lemma and Theorem 4 can be obtained from one another 
using only the properties of the integral given in Theorems 1 and 2. 

7. Fatou’s Lemma is sometimes written in the form: if {fn} is a sequence 
of non-negative measurable functions, and lim f, = f a.e., then f f dx < 
lim inf f fa dx. Show that this version is equivalent to that given. 

8. Let {fn} be a sequence of non-negative finite-valued measurable functions, 
f, + f. Show that if f fg dx < œ for some k, then lim f fa dx = f f dx, and 
that f fg dx = œ for all k does not imply f f dx =. 

9. Let f(x) = 0 at each point x € P, the Cantor set in [0,1], f(x) =p in each 
complementary interval of length 3P. Show that f is measurable and that 


1 
J f dx =3. 


10. Let {f,,} be a sequence of non-negative measurable functions such that 
lim f, = f a.e. and lim f fa dx = f f dx < ©, Show that for each measurable 
set E, lim f fn dx = f f dx. 
E E 


11. Show that to every measurable function f there corresponds a Borel-measur- 
able function g such that f =g a.e. 
12. The function f is defined on (0,1) by 


0, x rational 
w= | 


[1/x]“!, x irrational, 


1 
where [x] = integer part of x. Show that f fdx =œ, 
0 


3.2 THE GENERA" INTEGRAL 


The definition of the integral will now be extended to a wide class of real-valued 
measurable functions, not necessarily non-negative. The strength of the two 
main convergence theoreoms (Theorems 10 and 11) shows that the definition 
is the appropriate one. 
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Definition 4: If f(x) is any real function, 

fœ) = max(f(x),0), F(x) = max(—f(), 0), 
are said to be the positive and negative parts of f, respectively. 
Theorem 8: (i) f=f" —f sIAl=f7 + Fifi f 20. 


(ii) f is measurable if, and only if, f* and f~ are both measurable. 


Proof: (i) is clear from Definition 4. (ii) follows from (i) and Example 14, p. 40. O 


Definition 5: If f is a measurable function and f f* dx <, f f7 dx <œ, we say 
that f is integrable, and its integral is given by 

Sfdx=Sfi de—fSf dx. 
Clearly, a measurable function f is integrable if, and only if, |f] is, and then 
Slfldx =f fi dx + ff dx. 


Definition 6: If E is a measurable set, f is a measurable function, and xgf is 

integrable, we say that f is integrable over E, and its integral is given by | fdx= 
E 

f fxe dx. The notation f E L(E) is then sometimes used. 


Definition 7: If f is a measurable function such that at least one of f f* dx, 
f f~ dx is finite, then f f dx = ff" dx — f f7 dx. 


Under Definition 7, integrals are allowed to take infinite values, so this defini- 
tion is an extension of Definition 2. But f is said to be integrable only if the 
conditions of Definition 5 are satisfied, that is if |f| has a finite integral. 
Theorem 9: Let f and g be integrable functions. 


(i) af is integrable, and f af dx =a f f dx. 
(ii) {+g isintegrable, and f (f + g) dx = f f dx + f g dx. 
Gü) Iff=Oae., then ff dx = 0. 
(iv) Iff<gae., then ff dx < fg dx. 
(v) IfA and B are disjoint measurable sets, then J fdx+ f f àx = / f dx. 
A B AUB 


Proof: (i): Suppose that a > 0. Then (aff = af*, (af) = af ` So f (aff dx < œ 
and f (af) dx < œ. So af is integrable and 
f af àx = f af* dx — f af dx = a f f dx. 
Suppose that a = —1. Then (ff = f~, (fY =f". So -f is integrable and 
S Cdx =f f dx — f f* dx=- f f dx. 
But for a <0, af = — lal f, so 
S af dx =—f lal f dx = — lal f f dx =a f f dx, 
and (i) follows. 
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(ii): (+8) <t +g, +y <f +8 .softg isintegrable. Also(f+g) — 
(+s) =f+g=f*+g -f —g,so 
Gfteytftg =H + +. (3.9) 
Apply Theorem 6, p. 58, to both sides of (3.9) and rearrange the terms to get 
ii). 
i on ft = 0a.e. and f7 = 0a.e.,so by Example 3, p. 56, f f* dx =f f dx =0. 
(iv): g =f + (g — f), so 
S g dx =f f dx + f -f$ dx — f -fY dx. 
But (g — fY = 0 a.e., so the result follows by (iii). 
(v): Xaus = Xa + Xp, so Definition 6 and (ii) give the result. O 


From Theorem 9, if f =g a.e. and f and g are integrable, then f f dx = f g dx. 
We can extend our results to the case where f is measurable and f is defined 


except on a set E such that m(E) = 0 and f ifi dx < co, Then we define f 
CE 


arbitrarily on E to get a function g which clearly is necessarily integrable. We 
have f =g a.e., and so define f f dx to be f g dx. This will be relevant in Theorem 
11, p. 64 below, for example, where integrals of functions which are defined 
only a.e. arise naturally. 


Example 7: Show that if f and g are measurable, |f < |g| a.e., and g is integrable, 
then f is integrable. 


Solution: Redefining f, if necessary, on a set of measure zero, we may suppose 
that | f] < lgl. Then f* < |g| so that f f* dx < f |g| dx < œ, and similarly for f~. 


Example 8: Show that if f is an integrable function, then | f f dx| < f Ifl dx. 
When does equality occur? 


Solution: | —f > 0,so f |f dx > f f dx. Also, | +f > Oso f If dx >— ff dx. 
Hence f |f| dx > | f f dx|. Necessary condition for equality: If f f dx > 0, then 
S Ifi dx = f f dx, that is f (IA — f) dx = 0. So by Example 3, p. 56, | =f a.e.. 
If f f dx <0, then f |f| dx = f (~f) dx, that is f (IN + f) dx = 0, so |f = —f a.e. 
Hence f > 0 a.e. or f <0 a.e. is a necessary condition. 

Clearly this is also a sufficient condition. 


Example 9: If f is measurable and g integrable and a, B are real numbers such 
thata < f <B a.e., then there exists y, a < y <$ such that f fig| dx = y f |g| dx. 


Solution. \fg\| < (lai + |6l)lgia.e., so, by Example 7, fg is integrable. Also 
aigi <flgl <Blgl a.e, so 
afigidx<f figl dx <B f igl dx. 


If f |g| dx = 0, then g = 0 a.e. and the result is trivial. If f |g| dx #0, take y = 
Cf figl dx). (f lg| dx)! and the result follows. 
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Example 10: Extend Theorem 9, p. 61, to any functions such that the integrals 
involved are defined in the sense of Definition 7. 


Solution: We consider, for example, the extension of (ii): 
If ff +g) dx, f f dx and fg dx are defined, then 


ff +g) dx = f f dx + fg dx, (3.10) 
whenever the right hand side is defined. To prove this, suppose for example that 
f f dx =~ = f g dx. Then ff dx <œ and fg dx < œ, sof(ftg) dxr<a, 
and integrating the identity (3.9) gives œ = œ in (3.10). The same argument 
works if, say, f f dx = œ and |f g dx| <œ. 


Example 11: Show that if f is integrable, then f is finite-valued a.e. 


Solution: If |f| = œ on a set E with m(E) > 0, then f |f] dx > n m(E) for all n, 
giving a contradiction. 


Example 12: If f is measurable, m(E) < œ and A < f <B on E, then A m(E) < 


i f dx <B m(E). 
E 


Solution: Axg, Bxg are integrable, so Theorem 9(iv) applies. 
We now have the main result of this section. 


Theorem 10 (Lebesgue’s Dominated Convergence Theorem): Let {fp} be a 
sequence of measurable functions such that |f,,| < g, where g is integrable, and 
let lim f,, = f a.e. Then f is integrable and 


lim ff, dx = ff dx. (3.11) 
Proof: Since, for each n, |f,,| Sg, we have |f] <g a.e., so by Example 7, fn and 


fare integrable. Also, {g +f,,} is a sequence of non-negative measurable func- 
tions, so by Fatou’s Lemma 


lim inf f (g + fa) dx = f lim inf (g + fn) dx. 
So f g dx + lim inf f fan dx > f g dx + f f dx. But f g dx is finite so 

lim inf f fn dx > f f dx. (3.12) 
Again, {g — fa } is also a sequence of non-negative measurable functions, so 

lim inf f (€ — fn) dx = f lim inf (£ — fn) dx. 
So f g dx — lim sup f Jn dx > f g dx — f f dx. So lim sup f fa dx < fS f dx < 
lim inf f fa dx by (3.12), and (3.11) follows. O 
Example 13: With the same hypotheses as Theorem 10, show that 

lim f Ifa —fl dx = 0. 


Solution: \f, — fl < 2g, for each n, and Theorem 10 applied to {fn — f } gives 
the result. 
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The next result is of considerable value in applications. 


Theorem 11: Let {/,,} be a sequence of integrable functions such that 


YS fal dx <2. (3.13) 
n=1 
Then the series ), f,(x) converges a.e., its sum f(x) is integrable and 
n=1 
Sfdx= i Shy de. (3.14) 
n=l A) 


Proof: Let p(x) = y` Ifni. Then by Theorem 7 and (3.13), f pdx <™, so ọ is 
finite-valued a.e. ease l1. 
It follows that 5 fn(x) is absolutely convergent a.e., its sum f(x) is defined 
a.e., and [f|<y. Sof is integrable (see the remarks after Theorem 9, p. 62). 
Write g,,(x) = 3 fx). Then |g,(x)| < g(x) and lim gp, Œ) = f(x) a.e., 86 by 
Theorem 10, lim fE. dx = f f dx and (3.14) follows. O 


Example 14: In Theorems 10 and 11 we may suppose that the hypotheses hold 
only on a measurable set £. Then (3.11) and (3.14), with interals taken over Æ, 
follow on replacing throughout fn, f etc., DY fn XE, f XE, ete. 


Example 15: Theorem 10 deals with a sequence of functions {f,,}. State and 
prove a ‘continuous parameter’ version of the theorem. 


Solution: Theorem: for each — € [a,b], — < a < b <œ, let fẹ be a measurable 
function, |fg@œ)\<g(x) where g is an integrable function, and let tr fœ) = f(x) 
a.e., where žo € [a,b]. Then f is integrable and 


im Sf de = Sf dx. (3.15) 


Proof: Let {&,} be any sequence in [a,b], lim &, = £o . Then the sequence {f} 
satisfies the conditions of Theorem 10, and we deduce that f is integrable. 
Suppose that (3.15) does not hold. Then 3 6 > 0 and a sequence {6,,}, with 
lim By, = &, such that for all n, | f fg, dx — S f dx| > ê. But, applying Theorem 
10 to the sequence { fg, }, we get a contradiction. 


Example 16: (i) If f is integrable, then 


-a 


iie lim lim [fae lim lim | fax. (3.16) 


aœ b->—oo b——æ goo “pb 
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(ii) If f is integrable on [a,b] and O < e <b — a, then 


[ ra= üm [ fax. 


e>0 “ate 


a a 
Solution: f yf dx = J X[b,=)f dx. But by Example 15, 
b —oo 


pin J woti [fee 


A second application of Example 15 gives the first equation of (3.16) and the 
second follows in the same way; (ii) is proved similarly. 

The following theorem, which will be generalized in Theorem 9, p. 87, allows 
us to calculate integrals in many cases of importance. 


Theorem 12: If f is continuous on the finite interval [a,b] , then fis integrable, 


x 
and F(x) = f f(t) dt (a < x < b) isa differentiable function such that F'(x) = 
a 
fix). 


Proof: As f is continuous, it is measurable and |f] is bounded. So f is integrable 
on [a,b]. Ifa <x <b we have x + h € (a, b) for all small h, and 


x+h 
F(x +h) — F(x) = f(é) dt. 


But using Example 12 and the continuity of f we have 


“Xx+h 
i f(t) dt = hf(t), =x + 04,0 <0 <1. 


So, supposing  # 0, dividing by h and letting h > 0, we get the result. O 


Corollary 1: Integrals of elementary continuous functions over finite intervals 
can be calculated in the usual way using indefinite integrals. 


Corollary 2: From Example 16 it follows that the integral of an integrable 
Continuous function over an infinite interval can be obtained if its indefinite 
integral is known. 


Corollary 3: Techniques involving integration by parts and by substitution can 
be employed if all the functions involved are continuous and integrable. Infinite 
intervals can be dealt with in this case as in Example 16. 


Corollary 4: In the case of piecewise-continuous functions, if we split the domain 
appropriately, we can calculate the separate integrals as in Corollary 1. 
Using Theorem 12 and its corollaries we can now give specific examples 
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which show some ways in which Lebesgue’s Dominated Convergence Theorem 
(Theorem 10) may be used. 


Example 17: Show that ifa> 1, 
a x sin x 


> 1+ (mF dx = o(n™')asn >œ. 


Solution: We wish to show that 


Clearly lim eS 0, so we wish to show that Theorem 10 applies to the 
n>o 1 + (nx) 


sequence 


We consider h(x) = 1 + (nx) — nx”. So h(0) = 1, h(1) = 1 + n% — n. For 
1 < æ < 3/2, h has no stationary point in [0,1], for all large n; for a > 3/2 it has 
a stationary point at which its value is easily seen to approach 1 for large n. It 
follows that for large n, h(x) > 0 on [0,1] and so 


nx sin x <L 
1+(mx)* a’ 


lx 
and the result follows. 


Example 18: Show that 


. g dx N 
im f (1+x/ny' x" 
Solution: For n > 1,x >0, 


= 2 2 
Arahi ED, 


So if we define g(x) = 4/x? (x > 1), g(x) =x! (0 <x < 1) we have 
(1 +x/ny"” <" <g(x), (n>1,x>0). 
But g is integrable over (0,°°), so 


tim / (+ xn” x ax = f e~ dx = 1. 
0 0 
Example 19: Show that 


n?e"? 
tim f l +x? dx =0, 
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for a > 0, but not fora = 0. 


Solution: If a > 0, substitute u = nx to = 


and the last aoa is less A ue” an T function. But, as a > 0, 
lim X(na,»)(1 + u?/n?)* ue“ = 0. So Theorem 10 gives the result. 
q4- œ 


If a = 0, the same substitution gives 


oo 


A f,(x) dx = l ue (1 +u? fn? y} du >f u e? du = 1/2, 
0 
using ee 10. 


Example 20: Let f be a non-negative integrable function on [0,1]. Then there 
exists a measurable function y(x) such that yf is integrable on [0,1] and y(0+) 


a 
Solution: It follows easily from Example 15 that lim f f dx =0.S0 Vn, 3x, 
a>0 0 
r Xn 
(0 < x, < 1), such that J f dx < n°? , and we may suppose that x, + 0 as 
0 


oo Xk-1 
n>, Define yfx)= L (E — 1) Xerpary-s 1-80 90+) =>, But [gee 


Xk-1 1 
| Tæ- fd <k- 1y?.so f fa< D 1m <o, 
Xk 0 n 


Exercises 


13. Show by a counterexample that (3.2) need not hold if, instead of f, > 0, we 
are given f,, integrable. 

14. Let {f,,} be a sequence of integrable functions such that fa t f. Show that 
Sf àx = lim f fn dx 

15. Let {fp} be a sequence of integrable functions and let g be an integrable 
function such that f,, >g a.e., each n. Then lim inf f fa dx > f lim inf fa dx 


1 
16. Show that lim | fa (x) dx = 0, where f,(x) is 
(i) oge + n) -x (ii) nx log x (ii) - nv/x 


COS xX, 1+ n2 x = + nx? ; 
> n Ny 
M pant O Tia. 


(vi) ERE > 0,0<p<min (2,1 +7) 
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17. 


18. 
19. 


20. 


21. 
22. 


23. 


24. 
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Findlim | (1+ Žy” sin Ž dx. 
ð n n 
1 + nx 


(1 +x)" ay: 
Show that if 8 > 0, then 


Find lim X 


n 
Show that if f,,() -( 242) , then fax) > fine (x) for x > O andn =1, 


2, ... Find whether the limit of the integral equals the integral of the limit 
in the following cases, and evaluate the limits involved. 


Of mere? ax, f ” foal) EP dx. 


n 
Find lim f (1 +x/nf e?* dx. 
0 
Show that if a > 0, then 
n co 

lim f (1 —x/n} x%"! dx = | e* xal dx. 

n>æ Q0 0 
Show that 


lim f Vn et dx = f lim Jne™ dx, 
for a> 0 but not for a =0. 
Find the range of values of a for which 
1 1 
| lim n*(1 —x)x" dx = lim f n*(1 —x)x” dx. 
0 n>œ n>æ "0 
Find also the range of values of œ for which the conditions of Theorem 10 
are satisfied. 


3.3 INTEGRATION OF SERIES 


In the following examples we wish to write f f(x) dx as a series. We expand 
fx) = = falx) and get f f(x) dx = E f f,(x) dx, provided we can justify the 
interchange of È and f. If the functions f,,(x) are of constant sign for each n and 
x we can appeal to Theorem 7, p. 59. If X f,,(x) is an alternating series, Theorem 
10, p. 63, may apply. If È f |f,,(x)| dx can be shown to converge, Theorem 11, 
p. 64, applies. In many cases more than one method is available. 
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l 
Example 21: Show that [v2 —log = dx =9 x | Gntiy ` 
, xe 1 A 1 ae 

Solution: log — = x! log — L x” (0<x<1), and Theorem 7,p. 59, 

1—x x X n=0 

1 13 oo i 

. x 1 Zo n+1/3 =. ae Jaen 
gives | Er log z dx i x log + dx = D o Gnt4y i 

l [3 sint A x” ae 
Example 22: Show that ; = Heel? —-1<x<l. 


Solution: The integrand = lim L x" sin te @*))? But for t >O, 
N—>æ n=0 
4 1—xNri N +1)t ot 


7 x” sinte Ot < te r ae 


n=0 


an integrable function, so Theorem 10 applies to the sequence of partial sums 
giving 
? sint oe ds ; ae x” 
J Sidi) x” | et sn tat = L ——~——.. 
0 et —X n=0 0 n=0 1 + (n + 1)? 


1 J” 
eo Cl 
Example 23: Show that i sin x log x dx = 1 Cnn)! ` 


2N+1 


Solution: sin x log x = 3 C1 


nzo (2n+1)! logx= U fafs), say. But 


1 1 
J RA aE GT - 


and an application of Theorem 11 gives the result. 


Exercises 


In the following exercises, an identity displayed without comment is to be 
proved. 


25. Show that ifa>1, | s -( f7 E \ L 
o = 0 


/ n=1 n? 
1 
log x \? 
26. Lis) dx = n? /3. 


36. 


37. 


38. 


39. 
40. 


1 P 
. Show that ifp>—1, | 2% 18* ax =— 
0 


. Given that O <b <a, evaluate f 
0 


i, cosx x= Des 
0 


. Show that if p, q > 0, then | 
0 
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n? +n+1 
Ti (œ —1)(logx + +) dx = = Go Din Fae + np 
_ ot Pree 
. Prove tat t= J = “aha ———— dx, then for ¢? #1, 
= l 


M)=4 U Gaeit ey Ar 


: 4t _ 
Show that im lio = aint = 3/4. 


= 1 
1—x n=] (ptny l 
” sinh bx 
sinh ax 


d sech x? dx = yr a AU 


(2n + = 


e* +1 i 
1 


b œ oo 
. Show that lim J D D ip a= Le ar. 


b>1— 0 n=i 


. Show that if x > 1 „then | cos"! —— dt = L Cpr nt +2 
0 


1 +xe* x” n(n? + 4) © 
Show that Joe * cos yx dx = Py (-1 Pon , 
If m is an integer, m > 0, let Jm (x) = p? E (x/2)"*2" | (This is the 


Bessel function of order m.) 


(i) Show that if a is a constant, 2 f J m(2ax) x™*! e% dx =a" e”. 
0 


Gi) Show that if@>1, J I)E” dx = (1 +a y. 


—1%y-1 
Show that | Gloew ay = 2 T 1)" 


a= Gn tly 
Show that if a > 1, then i b n? sin nx ane dx = 2a v ; 
0 n=1 gt (a? 1) 


If f is integrable over (a, b) and |r| <1, 
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ES l dx = D A oE 
a n=0 a 


1 — 2r cosx +r? 


3.4 RIEMANN AND LEBESGUE INTEGRALS 


We consider the Riemann integral of a bounded function f over a finite interval 
[a,b]. Leta =o <&, <...<&, = b be a partition, D, of [a, b] . Write 


Sp = u ME; — Łi-1), 


where M; = sup f in [é;_,, &;],i= 1, ..., n. Similarly on replacing M; by mi 
n 
equal to inf f over the corresponding interval, we obtain sp = ), mi: — &-,)- 
i=1 
Then f is said to be Riemann integrable over [a,b] if given e> 0, there exists D 
such that Sp —Sp <e. In this case we have inf Sp = sup sp, where the infimum 
and supremum are taken over all partitions D of [a, b] , and we write the common 


b 
value asR J f dx. 
a 


Theorem 13: If f is Riemann integrable and bounded over the finite interval 


b b 
[a, b], then fis integrable and R | fax = f f dx. 
a a 


Proof: Let {Da} be a sequence of partitions such that, for each n, Sp, —sp, < 
l/n. It is easily seen that 


-b b 
Son =) un dx and spp = | ln dx, 


where u,, and J,, are step functions, u, > f > l,. Indeed we may, for example, 
define u,, = M; on (&;_,, £j), and at a partition point let u„ be the average of the 
values M; corresponding to the intervals ending at that point. 
Write U = inf u„ and L = sup lp. Now 
n n 


[x: U(x) — L(x)>0] = U [x: U(x) — L(x) > 1/k]. 
=] 
But if U — L > 1/k, then u,, — 1, > 1/k for each n. So if m[x: U(x) — L(x) > 
1/k] =a,then f (un —1,) dx > a@/k, and so a/k < 1/n for each n. So a = 0. Hence 
U -— L< 1/k a.e. for each k, so U = L a.e. 
But ün, lIn and hence U, L are measurable. Also L <f < U, so f is measurable 
and, being bounded, is integrable. Clearly 
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Prides] fass | un ds, 
and letting n > œ, we get 
Rf fas f fa O 


Note: the converse does not hold. Consider for example the function f on 
[0,1]: 
0, x rational 


r= | 


1, x irrational. 


1 
Then f is measurable, indeed f = 1 a.e. So f f dx = 1. But each Sp = 1 and 
0 


each sp = 0, sof is not Riemann integrable. 

That the function f of this example is not Riemann integrable can be seen 
also from the next theorem, since f is discontinuous at each x in [0,1]. The 
theorem shows that the class of Riemann-integrable functions is quite restricted. 


Theorem 14: Let f be a bounded function defined on the finite interval [a, b], 
then f is Riemann integrable over [a, b] if, and only if, it is continuous a.e. 


Proof: Suppose that f is Riemann integrable over [a, b]. Using the notation of 
the last theorem, suppose that U(x) = f(x) = L(x), where x is not a partition 
point of any D,,, the D, being chosen as before. Then f is continuous at x; for 
otherwise there would exist € > 0 and a sequence {xx} , lim x; = x, such that for 
each k, |f(x,) —f(x)| > e. But then U(x) > L(x) + e. Now, the set of all partition 
points of the D,, is countable and so has measure zero, and the set [x: U(x) + 
L(x)| has measure zero by the proof of the last theorem. So fis continuous a.e. 

Conversely , suppose that f is continuous a.e. Choose a sequence {D,,} of parti- ` 
tions of [a, b] such that, for each n, D,,,, contains the partition points of D,, 
and such that the length of the largest interval of D, tends to zero as n > ©, 
Then if u,, J, are the corresponding step functions as in the last theorem, we 
have un,, <u, and /,,, > ln for each n. Write U = lim u, and L = lim I,,. Now 
suppose that f is continuous at x. Then, given e > 0, there exists 5 > 0 such that 
sup f — inf f < e, where the supremum and infimum are taken over (x — 5, x + 8). 
For all n sufficiently large, an interval of D,, containing x will lie in (x — 5, x + 5), 
and so u,,(x) — lnx) < e. But e is arbitrary so U(x) = L(x). So U = L a.e. But 
then, by Theorem 10, p. 63, 


lim fu, dx = f U dx = f L dx = lim f l, dx, 
and so fis Riemann integrable. 0 


Definition 8: If, for each a and b, f is bounded and Riemann integrable on [a, b} 
and 
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b 
lim dx 
a? 
b— co 


exists, then f is said to be Riemann integrable on (—~°, œ), and the integral is 


written R f f dx. 


Theorem 15: Let f be bounded and let f and |f] be Riemann integrable on 
(—~, œ). Then f is integrable and 


f fa=Rf fa. 
Proof: From Theorem 13, 


b b o0 
J inaæ=RJ ina<rf Ifd 
a a — oo 
b 
for all a and b. So f is integrable. Theorem 13, applied again, gives f f dx = 
a 


b 
R | f dx and Example 16, p. 64, gives the result. O 
a 


The next result may be used to reduce problems involving integrals of measur- 
able functions to more amenable classes of functions. 


Theorem 16: Let f be bounded and measurable on a finite interval [a, b] and let 
e > 0. Then there exist 


b 
(i) a step function h such that f lf—h| dx <e, 
a 


(ii) a continuous function g such that g vanishes outside a finite interval and 


b 
I \f-elax<e. (3.17) 


b 
Proof: (i) As f = f* — f`, we may assume throughout that f > 0.Now | fd = 
a 


b 
sup f y dx, where y <f, y simple and measurable. So we may assume that f is 
a 
a simple measurable function, with f = 0 outside [a, b]. So 
n 
f= bi i XE; (3.18) 


n 
with UJ E; = [a, b]. Let e' = e/nM where M = sup f on [a, b], and M may 
i=1 


obviously be supposed positive. For each of the measurable sets Æ; there exist 
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k 
open intervals /,,..., Ix such that, if G = U J,, then m(E; A G) < e'. But xg 
r=1 


is a step function such that f |xg; — xel dx = m(E; A G) < e'. Construct such 
step functions h;, say, for each E; appearing in (3.18). Then 


b n n 
J If— }, ahil dx <)> aye'<nMe' =e. 
a i=1 i=1 


n 
But ), @,h, is a step function. 
i=1 


(ii) From (i) there exists a step function A vanishing outside a finite interval 
(note that this interval need not be identical with [a, b] ), such that 


b 
f if-hdx<en. 


a 


The proof is completed by constructing a continuous function g such that 
n 
f ih — g| dx < e/2 and such that g(x) = 0 whenever h(x) = 0. Leth = }; a; XE; 
i=1 


where £; is the finite interval (c;, dọ), i= 1,...,n. As in (i), it is sufficient to 
show that each xg, may be approximated in the sense of (3.17). We may suppose 
that e < 2(d; — c,) and define g by: g = 1 on (c; + e/4, di — €/4), g = 0 on 
C(c;, di). Extend g by linearity to (c;, c; + €/4) and (d; — €/4, di), as in Fig. 3.1, 
to get a continuous function. Clearly f Xg, —g| dx < €/2, and (ii) follows. 


y 
1 
y=g (xX) 
O 
CG Gt ri dj-} d; x 
Figure 3.1 


Corollary: The resi lts of Theorem 16 hold if f is integrable over [a, b], using 
Exercise 4, p. 60, since, as in the proof, we may assume f > 0. 


Example 24: Let f be a bounded measurable function defined on the finite inter- 


b 
val (a, b). Show that lim | f(x) sin Bx dx = 0. 
bœ a 
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n b 
Solution: By Theorem 16, ve >0, 3h = L & X(qj,b)> Say, With f if —h]| dx 
i=1 a 
<e. Then 


f fsin g ax | < f f-hsingl dx + | f” sin ax a 


<et 


Now 


s b Bb; 
J X(a;,bi) sin Bx dx | = KAN sin y ay | < 2/68 < e/nM for B> Bo, 
a i 
b 
say, where M = max [ëp i= 1, ...,n]. So | | f sin x dx | < 2e, for B > fo 
a 


Example 25: Show that if f E L(a + h, b + h) and f,(x) =f + h), then fa € 
bth b 
L(a, pana J _ fax J fn dx 
a 


Solution: Clearly (f;,)° = Fns Gr) = F )n, so it is sufficient to prove the 
result for f > 0. By the corollary to Theorem 5, p. 58, there exists a sequence of 
measurable simple functions {y,} such that y, < f and f yn dx t f f dx. But 
then (Yn)n T fh, and so by monotone convergence 


J pax tim { gn x= tim f oan x= J fad 


Exercises 


41. Let S be a measurable set, m(S) <œ. Show that 
lim Berar: aaa ae m(S)//3. 


42. Let f be an Genie function, Show that w e > 0, 3 g continuous, such 
that g = 0 outside a finite interval and such that f |f — g| dx < e. 
43. Let f be an integrable function. Show that lim f | f(x +h) —f(x)| dx =0. 
h>0 


44. (Riemann—Lebesgue Lemma). Let f be integrable, p bounded and measur- 
able and suppose that there exists 6 such that yœ + 6) = —y&), Vx ER. 
Then lim f f(x) (kx) dx = 0. 

kœ 


45. Show that the function x~} sin x is Riemann integrable on (—%, ~) but that 
its Lebesgue integral does not exist. 


Miscellaneous Exercises 


46. Let f be a finite-valued non-negative function such that m[x: f(x) >n] >0, 
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47. 


48. 


49. 


50. 


31. 


52. 


53. 
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for each integer n. Show that there exists an integrable function g such that 


fg is not integrable. 
Let f,,(x) denote the distance from x to the nearest number of he form 


k + 10” where k is an integer, and let f(x) = 3 f,(x). Show that i fdx 
= 1/36. 

Let f(x) = 0, x rational, f(x) = 1/a if x is irrational and a is the first non- 
zero integer in the decimal representation of x. Show that f is measurable 


1 
andfind | f dx. 
0 


—1 
(i) Let fh) = Glog + INT wa TEn) Show that an fr) = 


(0 <x <1), but that im f hæ dx = 1/2. 
(ii) Let h (x) = nx”. Show that lim h,(x) = 0 (0 < x < 1), but that 


n-> oo 


im f h (x) dx = 1. 


on f(t) dt 
Let Fc) = = f Eea ay 
tinuous at x. (It may be assumed that the integrals displayed exist.) 
For each ż, let f(x, t) be an integrable function of x. Let ðf/ðt exist for each 
x and — [of/dt| < yx), an integrable function. Show that 


L ax 
i Sfx t) dx = f a 
Let x”f(x) be integrable over (0, œ) for y = a, y = B, where a < 8. Show 


. Show that lim F,,(x) = f(x), if f is con- 
n— œ 


that for each y €E (a, 8), f xYf(x) dx exists and is a continuous function 
of y. 
Let {fn} be a sequence of measurable functions such that, for each n, 
|fn| Sg, an integrable function. Show that 

f lim inf fn dx < lim inf f fa dx < lim sup S fa dx < f lim sup fa dx 
Give an example where all the inequalities are strict. 


CHAPTER 4 


Differentiation 


Differentiation and integration are closely connected. It is important to examine 
questions such as whether a Lebesgue integral may be differentiated with respect 
to the upper limit to obtain, in some sense, the integrand. In order to do this we 
first examine differentiation carefully. As one result we find in Section 4.4 that 
monotone functions are differentiable a.e., as are the functions of bounded 
variation which we consider in Section 4.3. The importance of these functions in 
connection with measure and integration will be more evident later, in Chapter 9. 


4.1 THE FOUR DERIVATES 


The condition of differentiability at each point is too restrictive for many 
purposes, and in this chapter we obtain properties of functions under slightly 
weaker conditions. For this purpose it is useful to have quantities related to 
derivatives which are defined even at points where the function is not differenti- 
able. 


Definition 1: If f is an extended real-valued function, finite at x and defined in 
an open interval containing x, then the following four quantities, not necessarily 
finite, are called respectively the upper right derivate, the lower right derivate, 
the upper left derivate and the lower left derivate: 


D‘f(x) = lim sup fat hse) D, f(x) = lim inf fern fe) 
h>0+ 


h>0— i h>0— 


D f(x) = lim sup rti x D f(x) = vn Hf) 


Clearly D*f(x) > D,f(x) and D'f(x) > D_f(x). The function f is differentiable at 
x if, and only if, the four derivates have a finité common value which we then 
write as usual f'(x). 


Example 1: Let f(x) = |x|, then atx = 0, D* = D, =1,D =D_=-1. 
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Example 2: D*(—f) = —D,(f), D (—f) = —D_(/) follow from the corresponding 
properties of lim sup and lim inf, p. 18. 


Example 3: Evaluate at x = 0 the four derivates of the continuous function 
ax sin? Ey bx cos? =, x>0 
x x 


fx)= 0 se =O 
a'x sin? re rts a x<0 
x x 
where a < b,a' <b’. 
Solution: We have D* f = lim sup (a sin? ++ b cos? >) But sin 1/x and cos 1/x 
h>0+ 


take all their values in any interval 1/(2n + 2)r <x < 1/2nm, and so in intervals 
arbitrarily close to 0. So D* f = sup (a sin?@ + b cos?0) = b. Similarly D,f = 
7 


inf (a sin?0 + b cos?0) =a, Df=a',Df=b'. 
9 


Example 4: Let L(x) be Lebesgue’s function as in Chapter 1, p. 25. Show that 
for x € P, DL = œ or DL = œ if x is respectively, a right-hand or a left-hand 
end-point of a deleted interval J, ,. Show that if x €P is not an end-point of an 
Inr, then DL = DL = œ, 


Solution: L,, (x) = 1—L,( — x) for each n, so L(x) = 1 — L(1 — x). So 
Lœ +h)—L(x) _LO —x —h)—- LO —x) 
h —h 
and taking suprema as h > O+ we get 
D'L(x)=D LO —x). (4.1) 


mg 
Let x be the right-hand end-point of J,,, so x = S 2.3% eg. Take m >n and 
let k=l 


L(*m)— L(x) PE 
m+l 
So = 


m 
——— = —— =| -| >% —> co 
Xm —X 1/3” & sa 


So D*L(x) = ©. But 1 — x is a left-hand end-point if x is a right-hand end-point 
so (4.1) gives the first result. 


If x EP, but is not an end-point, then x = ), 2.3" €, where an infinite sequ- 
k=1 
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n 
ence of €,’s equal 1. Let xp, = ), 2.3" ex, so {xn} isa sequence of right-hand 
k=1 


end-points, and x,, t x. Then 


LÆ) Ln) Ls [2* 
ee E 
X—Xn 2 © elh" 

n+l 


Suppose ey is the first non-zero ex with k >n + 1. Then the right-hand side 
N N-1 
> E Cam = 3 -> œ0 aS N > oo, 


= oo 


2)51/3* = 2 
N 


So D'L(x) = œ. But x € P if, and only if, 1 — x € P, so using (4.1) again, we get 
D*L(x) = œ. 


Exercises 


1. Let f be defined by: f(x) = x sin (1/x) for x # 0, f(0) = 0. Find the four 
derivates at x = 0. 

2. Let f be defined on [0,1] by f(x) = 0 if x E€ Q, f(x) = 1,x $Q. Find the four 
derivates at any x. 

3. Show that the derivates of a continuous function are measurable. 

4. Show that if f'(x) exists then D’(f + g)(x) = f'(x) + D*g(x), and similarly for 
the other derivates. 

5. Give an example where D*(f + 2) + D'f + D*g. 

6. In the notation of Example 4 show that for each right-hand end-point of an 
Inr, D,L = ©, and at each left-hand end-point D_L =~, 


4.2 CONTINUOUS NON-DIFFERENTIABLE FUNCTIONS 


We now give two examples. The first is of a continuous function nowhere 
differentiable and the second of a continuous function non-differentiable on a 
given set of measure zero. We will not use the examples explicitly below, but the 
fact that continuous functions can be nowhere differentiable gives an extra 
significance to the results of Section 4.4 where we find conditions under which a 
function is differentiable, at least almost everywhere. 


Example 5: Let f,,(x) denote the distance from the real number x to the nearest 
number of the form m/10” where m, n are non-negative integers and x € (0,1). 


Show thatf= }, fnis continuous and is differentiable nowhere on (0,1). 
n=1 


80 Differentiation [Ch. 4 


Solution: f, has a ‘saw-tooth’ graph with zeros at k/10",k =1,2,... It is con- 
tinuous and max fa = X! + 10”. So E fa is uniformly convergent and so f is 
continuous. 

Let x = 0° x; x2... be the decimal expansion of x where we use the ter- 


minating expansion in cases of ambiguity, so x = > Xm/10™. Let k be some 


— 
— 


fixed integer. If x, = 4 or 9 write x’ =x — 1/10". If x, #4 or 9 write x' =x + 
1/10". Then for n > k, fa (x) = f,(x'). If n <k, then 


fre) fn) =œ- x’), 
since the choice of x’ ensures that (x, fx- (x)) and (x', fx- &')) lie on the same 
monotone segment of the graph of f,_, and therefore of each f,, for n < k. So 
fe) fe’) = Le Fn) — nD) 
= Ð +(x —x’) (k — 1 terms) 
= p(x —x’), say. 
For any combination of +1 it is easily seen that p is even if k — 1 is even, odd if 
k — 1 is odd. But fey fe) = p and on letting k > œ we have x > x’, but p 
does not tend to a limit. 


Example 6: Let E be a set of measure zero. Show that there exists a function 
defined on R, which is continuous and increasing everywhere and for which each 
derivate is infinite at each point of F. 


Solution: Let {U,,} be a sequence of open sets such that m(U,,) < 1/2" and E S 
U,, for each n (see Theorem 10, p. 36). Write fax) = m((—œ, x) N Un) and 


f)= L f(x). Then f has the desired properties. Indeed each fẹ is continuous 
n=1 


as | fan) — fan) < Ix — yl. Also max f,,(x) < 1/2”, so È fna is uniformly con- 

vergent and f is continuous. Each f,, is an increasing function, so f is increasing. 

Let x E€ E and let 5x > 0. Suppose (x, x + 5x) & Un for Nintegersn,,...,ny- 
N 


Then f(x + 6x) —f(x) > L nlx + 5x) — fx) > Nbx, where N depends on 
co i=1 
5x, and since x E(-) Un, N > as ôx > 0+. So D* f(x) = D f(x) = æ. Similarly 
n=1 
D f(x) = D_f(x) ==. 
Exercise 


7. Let E and f be as in Example 6 and let g be a continuous function on [0,1] 
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such that g'(x) > 0 for x ¢ E and D, g(x) > —>, D_g(x) > —@ for all x. Show 
that g(1) + f(1) > 2(0) + f0). 


4.3 FUNCTIONS OF BOUNDED VARIATION 


We wish now to examine those functions which do not behave too erratically 
over an interval. Our definition will provide functions differentiable a.e., as will 
be shown in the next section. We suppose that the function f is defined and 
finite-valued on the finite interval [a, b]. Leta =x9 <x, <...<x,=bbea 
partition of [a, b]. Write 


k k 
p= E MeD- n= E Oe), 


k 
t=p+n= D fæ) — fi- ), 


where as usual we use the notation A* = max (A, 0), A = max (—A, 0). So 
t,p,n=Oand f(b) —f@)=p—n. 


Definition 2: P = sup p, N = sup n, T = sup t where the suprema are taken over 
all partitions of [a,b] are respectively the positive, negative, and total variations 
of f on [a, b]. If we wish to emphasize the dependence on f we will denote the 
variations by Ty etc., and if we wish to indicate the interval, by T;[a, b], etc. 
Note that T, P, N are non-negative. 


Definition 3: If T;[a, b] < œ, f is said to be of bounded variation on [a, b] ; we 
denote the class of functions with this property by BV[a, b]. A function is said 
to belong to BV(—-, œ) if it belongs to BV[a, b] for all finite a and b, and we 
then put T,{—©, °°) = sup Trla, b]. 

a, 


Theorem 1: Let f E BV[a, b]; then f(b) — fa) =P—N ani T=P +N, all 
variations being on the finite interval [a, b]. 


Proof: For any partition, f(b) — f(a) = p —n.Sop=n+t+fb)-f@<Nt+ 
f(b) — f(a). laking the supremum over all partitions gives P < N + f(b) —f(@). 
Similarly n = p + f(a)—f(b) gives N <P + f(a) — f(b). But then P — N < f(b) — 
f(a) < P — N, giving the first result. Also T > p + n = 2p — f(b) + f@) = 2p + 
N — P. Taking the supremum gives T > P+ N. Butt =n+p<WN +P which 
similarly gives T < N + P and the second result. O 


Example 7: Ifa <c <b, then T;[a,b] = T;[a,c] + Ty[c,] , with corresponding 
results for P and N 


Solution: We prove the result for T; the results for P and N follow similarly. 
Consider any partition of [a, b} and, in an obvious notation, let ż[a, b] be the 
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corresponding sum. Add the point c to the partition. Then ¢ increases to t’, say, 
and 


tla, b] <t' [a,c] + t'[c, b] <T[a,c] + T[c, bd]. 


So we have T[a, b] < T[a, c] + T[c, b]. Now take any partition of [a,c] and 
[c, b] giving sums t[2, c} and t[c, b]. These partitions give a partition of [a, b] 
and we see that t[a, c] + t[c, b] < T[a, b]. Taking suprema over all such pairs 
of partitions gives T [e, c] + T[c, b] <7 [a, b] , and the result follows. 

As a corollary we have that the variations are increasing functions of the right- 
hand end-points of the intervals. The next theorem characterizes the functions 
of bounded variation. 


Theorem 2: A function f E€ BV[a, b] if, and only if, f is the difference of two 
finite-valued monotone increasing functions on [a, b} , where a and b are finite. 


Proof: Suppose thats’ is of bounded variation. Write g(x) = Pr[a,x] + f(a) and 
h(x) = Nyla, x]. Then g and h are monotone increasing functions by Example 7, 
and 0 <Py[a, x] < Ty[a, x] < T;[a, b]. So g, and similarly h, is finite; but by 
Theorem 1,f =g — h on [a,b]. 

Conversely, let f = g — h where g and h are finite-valued monotone increasing 
functions, then for any partition @=x 9 <x,<...<x, = b we have 

DISE — S) < E E) 8i) + E h) — hi )) 
< (b) —8(@) + h) — hla) . 

So Trla bÌ <% as required. O 
Theorem 3: Let f be a finite-valued monotone increasing function on [a, b]; 
then f is continuous except on a set of points which is at most countable. 


Proof: For each x € [a, b] write f(x) = inf fx +h)— sup fœ — h), where 
h>0 h>0 


we may suppose that f is constant on [a — 1, a] and on [b, b + 1], so that 
f(x) is the ‘jump’ of the function at x. Clearly 5f > 0 and f is continuous at 
x if, and only if, ô fx) = 0. Also the set E, = [x: 5f() > 1/n] can contain at 
most n(f(b) — f{a)) points. But the set of points at which f is discontinuous is 


just UE n» a set which is at most countable. O 
n=1 


Corollary: If f E BV[a, b] , then f is continuous except on a set which is at most 
countable. In particular, f is measurable. 


Notation: We will write I(x) for the length of the polygon r. 


Theorem 4: f E BV[a, b], where a and b are finite, if, and only if, the graph of 
f is a rectifiable curve. 


Proof: Let a = xo <x, <...<x, = b bea partition of [a, b] and let 7 be the 
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polygon with vertices (x;, f(x;)),i=0,1,...,k. Then 
fi) — Fer I< Vi — xi) + Fs) —f-1))”) 
< x — xia tIS) — fæ ). 
So adding for i = 1, 2, .. k gives £ < I(r) <b —a + t. Taking suprema over all 
partitions we get that T;[a, b] is finite if, and only if, sup (r) is finite, which is 
the result. O 


Example 8: Let f E BV[a, b] and let f = fı — fz where fı and f, are monotone 
increasing functions; show that Ts, > Py and Ty, 2 Ny, so that the decomposi- 
tion of Theorem 2, p. 82, into monotone functions g and h, was such that 
Tg + Tn had the minimum possible value. 


Solution: Consider any partition a =x 9 <x, <...<x, = b. Then 
10) —fi@ir) — Ge) iat VETED) = 
= fi) — fei) = Fe) — fr- — CO) — fi). (4.2) 


But A = A* — A” = B — C where B, C > 0 implies A* < B, A” < C. Applying 
this to (4.2) and adding we get 


k k 
be Fie) —fi E- > 2 (F(x) — fi- Y. 
Taking suprema over all partitions gives the result for f, . The result for f, follows 
similarly. 

Since g is monotone increasing, Tg [a, b] = g(b) — g(a) = Pela, b]. So we 
always have Ts > Tg and similarly Ts, > Tn, giving the last result. 


Example 9: BV [a, b] is a vector space over the real numbers. 


Solution: Let f, g E BV[a, b]. For any partition, tf+g Stf ttg ST; + Tg, 80 
f+g EBV [a,b]. Ifc ER, to = leite < |clTy, so cf EBV [a,b]. 


Exercises 


8. Define f on [0,1] by f(0) = 0, f(x) = sin (n/x) for x > 0. Show that f ¢ 
Bv(0,1]. 
9. Define g on [0,1] by g(0) = 0, g(x) = x sin (q/x) for x > 0. Show that 
g is continuous but that g ¢ BV[0,1]. 
10. Show that if f’ exists and is bounded on [a, b] , then f € BV[a, b]. 
11. Show that if f E€ BV [a, b] , then f is bounded on fa, b]. 
12. Show that if f,g E BV[a, b] , then fg E BV [a,b]. 
13. Show that if f E BV [a, b] and x € (a, b), then the limits fœ —) and f(x +) 
exist. 
14. Define f on [0,1] by A0) = 0, f(x) = xP sin 1/x for x > 0, where p > 2. 
Show that f € BV [0,1]. 
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4.4 LEBESGUE’S DIFFERENTIATION THEOREM 


We show in Theorem 8 that a function of bounded variation is differentiable 
a.e. First we obtain some preliminary results. 


Theorem 5: Let § be a finite collection of intervals [Z]. Then there exists a sub- 
collection § 9 of disjoint intervals of § , § o = [/x,] say, such that m(U Ix;) > 


Proof: Let Ix © § be an interval of maximal length. Remove from § any 
intervals meeting I, . The measure of the union of these intervals (including Zx, ) 
is not greater than 3/(;,, ), as JZ, ) is maximal. This leaves a smaller class S 
from which Jy, is similarly chosen and the measure of the union of the intervals 
meeting J, is not greater than lx, ), etc. Continue until § is exhausted to 
get intervals Zx, dk,» ©- + o Lip» which are disjoint from the construction. Every 
interval of § meets some les SO 


m(U Ik)<S E 3I) = 3m Ini) 0 
i=1 i=1 


Theorem 6: If [/,| is a collection of open intervals such that m(U Ia) < œ, then 
there exists a finite sub-collection /,,...,/,, of these intervals such that 


m( U I) >$m(U l). 


Proof: By Lindelöfs Theorem, p. 23, we may choose a countable subcollection 
[Z] of the [Z4] with the same union. Then 


n 
lim m( Ù Ix) =m(UI,)<%, 
k=1 
so n exists with the desired property. O 


Notation. If c <d and f is any function, write f(c, d) for f(d) — f(c))/(d —c). 


Theorem 7: (i) Let a(x) be linear on [a, b], n(a) < a(b). Let q be a polygon, 
with the same end-points as m, of which n sides, the total length of whose 
projections on the x-axis is d, have a slope less than —¢ (£ > 0). Then (q) > 
Kn) + dQ/(i + £?) — 1). 

(ii) If m and q are as in (i) but with 1(@) > n(b) and with n sides of q having 
a slope greater than &, then the same conclusion holds. 


Proof: (i) Starting with q, replace adjacent sides, where necessary, by moving 
them parallel to themselves until, after a finite number of steps, there is obtained 
a new polygon q, with sides congruent to those of q and whose first n sides have 
slope < —£. As each replacement leaves the length unchanged, (q) = l(q,). 
Clearly q,(@,a+d)<—é. 
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In Fig. 4.1 B is the point (a + d, n(@)); C is the point (a + d,q,@ + d)). 
Now AC = AB sec LBAC > ABV(1 + &?). So I(t) = AD < AB + BD < AB + 
CD < AB + CD + AC — ABV(1 + £). But AB = d and CD + AC <1q,) = Iq). 
So Un) <1(q) — d(V(G + &)— 1). 

To obtain (ii) replace 7 by —7,q by —q and apply (i). O 


m(b) 


Figure 4.1 


Theorem 8 (Lebesgue’s Differentiation Theorem): If f E BV [a, b] where a and b 
are finite, then we have: (i) f is differentiable a.e., (ii) the derivative is finite a.e. 


Proof (cf. [1]): (i) It is sufficient to show Dtf < D_f a.e., since —f E BV[a, b] so 
by Example 2, p. 78, Df > Df a.e. This gives, a.e., Df >D,f>Df2>Df> 
D*f and equality a.e. follows. So we suppose that D*f > D_f ona set of positive 
measure and obtain a contradiction. For by the Corollary to Theorem 3, p. 82, 
f is continuous a.e. and so as in Exercise 3 the derivates are measurable. Also 
there exists ¢ > 0 and a set F © [a,b] with m(F) > 0 and such that D*f — D_f > 
2¢ on F. But 
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[x: D*f(x) — D_f(x) > 2] = U [x: D'f(x) > rp +E, D_flx) <r, — E] 
‘i 
where {r,,} is an enumeration of the rationals, so at least one set of this union 
has positive measure. We can therefore find numbers &, n with £ > 0, and a set £ 
in [a, b] with m(E) > 0 and on which f is continuous, such that D*f >n + £, 
Df<n—& on E. Now f — nx EBV [a, b] and D’(f — nx) > D_(f — nx) if, and 
only if, D*f > D_f, as in Exercise 4, above. So we may suppose that n = 0. 

Let 7 be any polygon drawn, as in Theorem 4, p. 82, to approximate f, and 
let P be tHe set of points of the corresponding partition of [a,b]. Let x EE — P 
and suppose that 7'(x) < 0. Since D*f(x) > £, there exists by > x such that 
fŒ, bx) > £. Then as f is continuous at x and hence f(x, 8) is a continuous func- 
tion of x, we can find a, <x such that f(a,, bx) > £, and clearly we may choose 
a, and b, so that r is linear on (ay, b,). Similarly, if 1‘(x) > 0 we use the fact 
that D_f < —& and choose an interval (ax, by) on which v is linear and Kax, by) 
<E. 

Then (J (a,b) D E — P, so by Theorem 6, p. 84, there exists a finite sub- 

x 


collection of these intervals, say /,,...,J,,, such that 


m (Ù In) >4m(U (ax, bx) >$m(E — P) =4m(E). 


By Theorem 5, p. 84, we may extract a subcollection of disjoint intervals Ik 
...,J,, from these, such that 


m(U In) >4m(U I) >4m(E). 


We now consider the polygon q determined by the partition consisting of the 
set P and the end-points of Ik, >- -- , Ik, Applying Theorem 7 to each interval 
on which 7 is linear and adding we get 


q) > Um) + u k) VO + £7) — 1) > U(r) + 4m) VA + €?)— 1). 


But & is independent of 7 so, since (r) can always be increased by a constant 
amount, sup /(7) = œ, taking the supremum over all polygons 7 approximating 
f. Hence by Theorem 4, p. 82, f¢ BV[a, b] and this contradiction gives (i). 

(ii) Suppose this result is false. Then, replacing f by —f if necessary, we may 
suppose that there exists a set E on which f is continuous, E S [a, b] , m(E) > 
0 and D*f = œ on E. Then for any M > 0 choose, as in (i), a collection of intervals 
[(@x, bx)] covering E such that f(a,, bx) >M. Pick the disjoint intervals / koeri 

r 


Ik, as before, such that R2 ld kj) >4m(E). Let q be the polygon, approximating 
=1 
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f, determined by the end-points of the intervals /,,. The length of q in the inter- 
val Zx is greater than I(/;,,)/(1 + M°) since the slope of f is greater than M. So 


Ka) > 2 Mg WC + M2) > RME + M). 


But M is abritrary and E is independent of M so taking the supremum over all 
approximating polygons m we get sup I(r) = ©, and (ii) follows. O 

Note: Since any infinite interval may be written as the union of a sequence of 
finite intervals, this result extends to any interval. 


Exercises 


15. Show that the continuous function f of Example 5, p. 79, is not of bounded 
variation. 

16. Construct a monotone function with a discontinuity at each rational in 
[0,1]. 


4.5 DIFFERENTIATION AND INTEGRATION 


x 
Definition 4: Let f E€ L(a, b), then F(x) = | f(t) dt is the indefinite integral of 
a 


f. So F(a) = 0. If b = œ anda = - œ, F(b) = f f dt. 

We know from Chapter 3, Theorem 12, that if f is continuous, then F is 
differentiable and F’ = f. We wish to improve on this result and consider the 
following questions (in the same notation): 


(i) For which functions f € L(a, b) does F’ exist or exist a.e.? 
(ii) When is F’ =fae.? 


Question (i) is answered by the corollary to Theorem 9, question (ii) by 
Theorem 12. The more difficult question: for which measurable functions F 
does there exist an integrable function f such that F is the indefinite integral of 
f, is answered in Chapter 9. 


x 
Theorem 9: If f E L(a, b), then: (i) F(x) = | f(t) dt is a continuous function 
a 
on [a,b], (ii) FE BV[a, db]. 


x b 
Proof: (i) Let x» E [a,b], then if x >x, we have J fdt = f Xix, 5x] fdt>0 
a 


Xo 
as x > xo, by Example 15, p. 64, since f E L(a, b). Similarly if x <x 9; so F is 
continuous at X9. Similarly for continuity at b, if b is finite. 
(ii) Leta =xo <x, <...<x, = b be a partition of [a, b]. Then 
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ok x k x b 
É Fe) — Fee = È |J fa< fo ina= f indr<e. 
i=1 = xX j-1 a 


i=1 “xp 
So FEBV [a,b]. O 
Corollary: The indefinite integral of an integrable function is differentiable a.e. 
Theorem 10: If f is a finite-valued monotone increasing function defined on the 
finite interval [a, b], then f’ is measurable and J Í f' dx <f(b)- fla). 
Proof: By Theorem 8, p. 85, f” exists a.e. Define g(x) to be f'(x) when f' 
exists, g = 0 otherwise. For x € (a, b) let g,,(x) = n(f(x + 1/n) — f(x)), where 


we may suppose for convenience that f = f(b) on (b, b + 1). Then each g,, is 
defined on (a, b) and is non-negative and measurable. Also, g(x) = lim g,,(x), a.e., 
n œ 


so clearly g is non-negative and measurable. By Fatou’s Lemma 


f ea < timing | oor 
< imint(a | + (Lim) ax —n f° fox) 


< lim inf(n [oo a-n J sya), 


jn a 


using Example 25, p. 75, so 
b at+ijn 
f g dx < im inf (A) —n J fax) < f(b) — fla), 
a a 


as f(x) > f(a) in (a,a + 1/n). But f’ = g a.e., so the result follows. O 


We cannot hope to get equality in Theorem 10 without further restrictions, 
for let f be any monotone increasing step function such that f(b) > f(a), then 


b 
o= fax <f) -fo 


x 
Theorem 11: If f € L(a, b) and f f dt = 0 for all x E (a, b) then f = 0 a.e. in 
(a,b). d 


n n J 
Proof: Let (¢, n) & (a, b) so J. fax= | fax— fax. So the integral of 


f is zero over any open interval and so over any open set 0 C (a, b). Suppose the 
result of the theorem if false. Then we may suppose that there exists a set 
E C (a, b), m(E) > 0, such that f > 0 on £; or else consider —f. Now by Theorem 
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10, p. 36, we can find a closed set F C E such that m(F) > 0. Let 0 = (a, b) — 
F. The clearly f fax = J ra- J fax = 0. But f > 0 on F, giving a contra- 
diction. O 


Theorem 12: Let [a, b] be a finite interval and let f € L(a, b) with indefinite 
integral F, then F’ = f a.e. in [a,b]. 


Proof: Suppose first that ‘f is bounded, |f} < K, say. Define f to be zero on 
(b,b + 1] so that F is constant on [b, b + 1], and define G,,(x) = n(F& + 1/n) 
x+ijn 
— F(x)). Then G,,) = nf f dt, so |G,,| < K. But by the corollary to 
x 


Theorem 9, p. 87, F' exists a.e. Hence lim G, = F’ a.e. and IF'|<K a.e. So by 
Theorem 10, p. 63, for each c € (a, b), 


[Pax =tim [Gy dx =tim (n f FG + 1)n) ae—n J Fea) dr) 


ct+ijn c 
= tim(n f Fdx—n | Fax), 
at+ijn a 


by Example 25, p. 75. So 


f F' ax =iim(n fon Firn f Fa) = FOFO, 


¢ a 


¢ 
since F is continuous by Theorem 9. Hence | (F' — f) dx = 0 for eachc € 
a 


a, b], so F’ =f a.e. by Theorem 11. 
Now consider the general case. Since we may consider f* and f~ separately, 
we may suppose f > 0. Let f,,(x) = min (fœ), n) and write 


x 
H,,(«) = C— fn) dt. 
a 
Then, for each n, H„ is a non-negative monotone increasing function. By the 


corollary to Theorem 9, H,, exists a.e. in [a, b] and when defined, H,, > 0. Since 
În is bounded 


< f f, dt = fa (x) a.e. in [a,b]. 
So, a.e. in [a,b] and for each n, 
F'Q)= Ot, Ma dt > fu) 


So F’ >fa.e. in [a,b]. Hence 
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b b 
f F'ax>f fer=Fe)— FO). 


b b 
But by Theorem 10, applied to F, f F' dx < F(b) — F(a). So f F' dx = 
a 


a 


b 
f f dx. But F' >f a.e. and so F' =f a.e. in [a,b]. O 
a 
Corollary: Let f be integrable with indefinite integral F, then F’ = f a.e. 


Exercises 


17. Show that if f is a finite-valued step function on [a, b] with indefinite 
integral F, then whenever F’ exists, F' = f. 

18. Give an example where F' = f does not hold even when F’ exists. 

19. Show that Theorem 10 need not hold if f is not monotone increasing. 

20. Find analogues of Theorem 10 for the cases (i) f monotone decreasing on 
[a,b], (ii) f EBV la, b]. 

21. Show that Theorem 9 does not characterize indefinite integrals, that is: 
there exist continuous functions of bounded variation which are not in- 
definite integrals. 

22. Let X be a measurable set of positive finite measure. Show that 


lim MEAE- AEEA yas, 


h>0+ 


4.6 THE LEBESGUE SET 


In this section we obtain, in Theorem 14, an interesting property of integrable 
functions which although it will not be used in this book is of importance in 
applications (see [3] ). 


Theorem 13: If f € L(a, b) where (a, b) is a finite interval, then there exists a set 
E © (a,b) such that m([a, b] — E) = 0 and 


Lee 
tim] I) El dr = If) 


for all real £ and all x EE. 


Proof: The last theorem gives the result immediately for a single value of £, but 
then considering all values of £ would give an uncountable number of exceptional 
sets of measure zero. To avoid the difficulty we suppose that {6,,} is any sequence 
dense in R, for example: the rationals in some order. For each n, g,, is defined 
by 
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En (t) = IJE) — Bnl, (4.3) 


so that g, © L(a, b). By Theorem 12, there exists Ep S (a, b) such that m((a, b) 
— En) = 0 and 


1 x+h 
an hd, &,(t) dt =g,,(x), for x E En. 


Let E = A E„, then m((a,b)—E)< } m((a, b) — Ey) = 0. For e > 0 and 
n=1 n=1 
£ E R choose n so that |B, — £| < e/3. Then for all t € [a, b] 
NAC) — El — IAE) — Ba < Ibn — EI < €/3. 


x+h 
solil vo-ta- " 10) — bal ae < 


Hence, from (4.3), we have 


x+h x+h 
ES IÐ — El at — -_ Ife) — El dt — 


x+h x+h 
ma If) — Bnl dt| + i. 8n(t) dt — g,(x) + lbn — $< 


€,€,€_ 

< 3 + 3 + 3 7 € 
for x EE and |h| < ê(e,n). But n depends only on e and ¢, so the result follows. O 
Theorem 14: Let f€ L(a, b) where (a, b) is a finite interval; then 


h 
lim a Lf + t) — f(x)| dt = 0 a.e. in [a, b]. 
h>0 


Proof: By Example 25, p. 75, this is equivalent to 
l x+h 
lim — f IKO —f(x)| dt = 0 a.e. in [a, b]. 
h>0 h x 


But the last theorem, with £ = f(x), gives the result if x € £ where m([a, b] — E) 
= 0, as required. O 


Definition 5: If f € L(a, b), the set of points x € [a, b] such that 


lir im tf Ife + 1)— f(a) dt = 0 


is called the Lebesgue set of f. 


Example 10: Show that the Lebesgue set of a function f E€ L(a, b) contains any 
point at which f is continuous. 


92 Differentiation [Ch. 4 


Solution: Let f be continuous at x. Then V e> 0, 36 >0 such that | f(x + r) — 
fæ) <e for |t| <5. So for 0 < |h| <ô 


h 
> J [f(x + t) — f(x) dt<e. 


So the limit as h > 0 exists and equals zero. 


CHAPTER 5 


Abstract Measure Spaces 


In this chapter definitions of measurable as applied to sets and functions are 
provided for abstract spaces and we present in this general setting the main 
results of Chapters 2 and 3. We show in Sections 5.1—5.3 how a measure on a 
ring of sets can be extended to one on a generated o-ring. The work of Chapter 2 
where we went from a measure on finite unions of intervals to Lebesgue measure 
is an example of such an extension. The use of a ring of sets, which generalizes 
the notion of an algebra of sets, is necessary if the work of Chapter 2 is to be 
fitted into the general theory. The theory will be essential later in Chapters 9 
and 10. The notions of measure and integration on abstract spaces arise also in 
applications, especially in the theory of probability which may be regarded as 
concerned with special results on classes of measurable functions on spaces of 
total measure one. 


5.1 MEASURES AND OUTER MEASURES 


We consider general spaces and generalize many of the results of Chapter 2. 
Those results, for example Theorem 10, p. 36 of Chapter 2, which depend on 
the idea of open sets are more difficult to extend and will not be examined in 
the general case. 


Definition 1: A class of sets 'R , of some fixed space is called a ring if whenever 
EER andFE R then£ UF and E —F belong to R. 


Example 1: The class of finite unions of intervals of the form [a, b) forms a ring. 


Definition 2: A ring is called a o-ring if it is closed under the formation of 
countable unions. 


Example 2: Show that every algebra is a ring and every o-algebra a o-ring but 
that the converse is not true. 


Solution: The first part follows from Definitions 3 and 4, p. 30, as E — F = 
C(CE U F). For the second, consider the o-ring of all subsets of [0,1] which are 
at most countable. 
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If UA, E $ where the A, are the sets of the o-ring S,then S may be 
regarded as a o-algebra on the space UA,. The o-ring considered in Example 2 
shows that this need not occur. 


Theorem 1: There exist a smallest ring and a smallest o-ring containing a given 
class of subsets of a space; we refer to these as the generated ring and the generated 
o-ring respectively. 


Proof: The proof of Theorem 7, p. 32, with the appropriate replacements for 
‘algebra’ and ‘o-algebra’ applies. D 


Notation: We will write S(R) for the o-ring S generated by the ring R ; we 
write X (R ) for the class consisting of S (R ) together with all subsets of the sets 
of S(R). A class of sets with this property, namely that every subset of one of 
its members belongs to the class, is said to be hereditary. 

Clearly JE (R) is a o-ring and is the smallest hereditary o-ring containing 7? . 
Indeed 1€(R) = IE SCR Y) = HCHCR Y), the proof following as in Theorem 7, 
p. 32, as the intersection of hereditary o-rings is again an hereditary o-ring. 


Definition 3: A set function u defined on a ring R is a measure if (i) p is non- 
negative, (ii) u(@) = 0, (iii) for any sequence {A,,} of disjoint sets of R such that 


U A, € 2, we have 


n=1 
u (Ù An ) = = u(An). 


If R isa o-ring, the condition (J An © R is clearly redundant. 


n=1 
Definition 4: A measure u on R is complete if whenever E E R, F © E and 
M(E)=0, then FER. 
Definition 5: A measure p on ® is o-finite if, for every set E E€ R , we have E = 


U E,, for some sequence {Ep} such that Ep E R and u(E,,) < œ for each n. 
n=1 


Example 3: Show that Lebesgue measure m defined on M , the class of measur- 
able sets of R, is o-finite and complete. 


Solution: Mis a o-algebra (Theorem 4, p. 30) and so is a ring, on which m is 
defined. Take E,, = E N (~n, n) to get o-finiteness. Completeness follows from 
Example 4, p. 30. 


Definition 6: If R is a ring, a set function u* defined on the class K(®) is 
an outer measure if (i) u* is non-negative, (ii) if A © B, then u*(4) < u*(B), 
(iii) u*(G) = 0, (iv) for any sequence {A,,) of sets of H(R), 
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u( U An) <}; un), 
n=l n=1 
that is, u* is countably subadditive. 


Example 4: Lebesgue outer measure m* as defined in Chapter 2 is an outer 
measure in the sense of Definition 6. 

We easily obtain from Definition 3 that a measure is finitely additive and 
from Definition 6 that an outer measure is finitely subadditive. 


Example 5: Show that if A, BE R and A © B then u(A) < (8). 


Solution: B = A U (B — A) and as the measure p is finitely additive the result 
follows. 


Exercises 


1. Describe the ring generated by the finite open intervals. 

2. Let S be the class of subsets of R such that E € S if either E or CE is at 
most countable. Show that 5 is a o-ring. 

3. Let A, B be subsets of a set C, let A,B, CER and let u be a measure on R . 
Show that if u(4) = u(C) < œ, then u(4 N B) = p(B). 

4, Show that if u is a non-negative set function on a ring and is countably addi- 
tive and is finite on some set, then u is a measure. 

5. Let u be a measure on a ring Ș , then p defined by p(A, B) = (4 AB)isa 
pseudometric on  . 


5.2 EXTENSION OF A MEASURE 


In this section we generalize the procedure by which the outer measure m* and 
the measure m were obtained in Chapter 2. 


_ 


Theorem 2: Let {4;) be a sequence in a ring ® , then there is a sequence {B;} of 
N 


N 
disjoint sets of R such that B; © A, for each i and JA; = U B; for each N, so 
i=1 


that LJ 4; = U B;. 
i=] i=1 


i=1 


n-i 


Proof: Define (B;) inductively by B, = A; , Bp = An — (J B; for n > 1. Clearly 
a 
as i 
B,E R and B; S A; for each i. Also, as B, and U B; are disjoint we have B, N 
i=1 


k k 
Bm = @ for n >m. Finally, we have B, = A, andif U B; = UJ A;, it follows that 
i=1 i=1 
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k k k 
Brat (U B, )H( Ares = Y B )U Y B; 
i= i= i= 


k k 
=Ák U Y B; = Akn U U A; 
i= i= 


as required. O 


Example 6: Show that H(R) = [E:ES  £,,£,€R). 
n=] 


Solution: It is easily checked that the right-hand side defines 4 class of sets 
which is hereditary, contains R, and is a o-ring. So it contains #(R). But if 


E,, € ® for each n, we have U E, E€ S(®) and so each subset belongs to 
n=l 


H(R ). So we get equality. 

The result of Example 6 ensures that the function u* appearing in the next 
theorem is well defined. The definition of u* extends that of Lebesgue outer 
measure m* rather than the quite different method used to define the Hausdorff 
outer measure in Section 2.6. 


Theorem 3: If u is a measure on a ring ® and if the set function u* is defined on 


HR) by 


u*(E) = ntl 3 ME,,): En ER, n=1,2,...,ES U En), (5.1) 
n=1 n=1 
then (i) for E € R , u*(E) = (E), (ü) u* is an outer measure on H(R). 
Proof: (i) If E € ®, (5.1) gives u*(E) < u(E). Suppose that EER and £E S 
U En where En € R . By Theorem 2 we may replace the sequence {£; N E} by 
n=l 


a sequence {F;} of disjoint sets of ® , such that F; © E; N E and U F; = E. Then, 
i=1 
by Example 5, u(F;) < u(E;) for each i. So 


u(E) =U F,)= uF) < ys u(E;). 
i=1 i=1 i=1 


It follows that (E) < u*(E) and so (i) is true. 

To prove (ii): 1 *(Q) = u(Q) by (i); the only other property of an outer measure 
which is not immediate, namely countable subadditivity, is shown as for m* in 
Chapter 2. We suppose that {E;} is a sequence of sets in H(R). From the defini- 
tion of u*, for each e > 0, we can find for each i a sequence [(£; ;} of sets of R 


such that E; © U E; ; and ME; ;) < u*(Œ;) + e/2'. The sets E;j form a 
j=1 j=1 i 
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oo 
countable class covering UJ E4, sO 
i=1 


w(U z) D Ens H wed +e. 


gut e is arbitrary, so the result follows. 0 
We define measurability as in Definition 2, p. 30. 


Definition 7: Let u* be an outer measure on (R). Then E E H(R) is u*- 
measurable if for each A E H(R) 


u*(A) = u*(4 NE) + u*(A N CE). (5.2) 


Theorem 4: Let u* be an outer measure on (R) and let $ * denote the class 
of u*-measurable sets. Then S * is a o-ring and u* restricted to § * is a complete 
measure. 


Proof: That S * is closed under countable unions follows precisely as in Theorem 
4, p. 30. It remains to be shown that if E, F E $* then E — FE §*. Let A E€ 
H(R) and write A as the union of the four disjoint sets A, = A — (E U F), 
A, =ANENF,A3=AN(F-—E), Ag =ANCE — F). Since F is measurable, 
(5.2) gives 


u*(A)=u*(A; U A4) + u*(4, U A3). (5.3) 
Replacing A in (5.2) by A, UA, and using the fact that E is measurable gives 
u*(Ay U A4)= y*(41) + u*(A4). (5.4) 


Replacing A in (5.2) by A, UA, U Az and using the fact that F is measurable 
gives 
u*(A, UA, U A3) = u*(4:) + u*(A2 U A3). (5.5) 
Then (5.3), (5.4) and (5.5) give 
u*(4) = u*(44) + u*(A; UA, U A3), 
which is the condition for E — F to be measurable. 
Suppose that {£,} is a sequence of disjoint sets in $ *. Then exactly as in 


Theorem 5, p. 31, we have u* J F, )= >, u*(E,). So u* is a measure on the 
i=1 1 


sting $ * 
Also every set E E€ H(R) such that u*(E) = 0 is u*-measurable, for if A € 
HCR), 
uX(A) < u*(4 NE) + u*(A NCE) 
< u~`(E) + u*(4) = u*(A). 
So equality holds and £ is u*-measurable. In particular if E € S * and u*(E) = 0 
and FE E then it follows that F € S$ *, so u* is a complete measure on § *. O 
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Theorem 4 has been proved for an arbitrary outer measure u* on H(%). If 
u* has been obtained from a measure u on & as in Theorem 3, p. 96, we will 
denote the measure obtained by restricting u* to S *, by ñ. Theorem 3(i) shows 
that fi is an extension of u. 


Theorem 5: Let u* be the outer measure on H(R) defined by u on R, then S* 
contains & (R ), the o-ring generated by &R . 


Proof: Since $ * is a o-ring it is sufficient to show that R E S*. FEER, 
A E€ HR) and e > 0, then by the definition of u* in (5.1) there exists a sequence 


{E,,} of setsof R such that A © U E,, and 


oo 


u*(4)+ e> L wEn)= a WE, NE) + 2 ME, N CE) 


n=1 
as u is a measure. So 
u*(A) + e > u*(A N E) + u*(A N CE). 
But ¢ is arbitrary so 
u*(4)> u*(4 OE) + u*(4 N CE). 
The opposite inequality is obvious, so E € S *, giving the result. O 


Example 7: Show that if u is a o-finite measure on % , then the extension fi of 
u to §* is also o-finite. 


Solution: Let E € S *. Then by the definition of fi there is a sequence {Ep} of 
sets of R such that @(F) < D u(En). But each Ep is, by hypothesis, the union 
n=1 - 


of a sequence {En ;,i=1,2,...}| of setsof R such that (En, i) < œ for each n 
and i. So 


iv 


L U Eni) 


and so £ is the union of a countable collection of sets of finite ñ-measure. 


Example 8: In Chapter 2, when Lebesgue measure was constructed, R was the 

ring of finite unions of intervals [a, b), § (R) was the o-algebra of Borel sets, 

5 * the o-algebra of (Lebesgue) measurable sets and S* was greater than § (R). 
N N 


uon ® was given by (U In)= D Iln), where Z, . .., Jy were disjoint in- 
n=l n=l 
tervals; Æ was denoted by m. 


Solution: It is easily seen that y as defined is in fact a measure on R (see Chap- 


ter 9, p. 155, for details). That $* D S (R) follows from Theorem 18, p. 43. 
The remaining statements follow from the definitions. 
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Exercise 


6. Show that the Hausdorff measures of Section 2.6 are complete. 


5.3 UNIQUENESS OF THE EXTENSION 


Using the definition of u* given in Theorem 3, p. 96, we have extended the 
original measure uon R to a complete measure fi on S§ *, a o-ring containing R. 
The same procedure may be applied to ā on S *, but, in fact, the same measure 
and o-ring are obtained, that is: (@) = A and ( $ *)* = 5S *. This follows from the 
next theorem. 


Theorem 6: The outer measure u* on H(R) defined by won R as in Theorem 
3, and the corresponding outer measure defined by ā on S(#) and fon S * are 
the same. 


Proof: We first observe that the outer measure B* defined by a measure 6 on a 
a-ring J satisfies, for E E€ (7) 


6*(E) =-inf[B(F): E € FE J]. (5.6) 


This is the case since 
B*(E) = nf U BE,): ES U En, En € a|, 
n=1 n=l 


and replacing the sets E„ by disjoint sets F, € J, such that F, © En and 


U En = UJ Fn, we get 
n=1 n=l 


H PEDS Ly send U Fn J> B*E) 
n=1 n=1 n=1 
so (5.6) follows. 


Since H(R) = F(S(R)) = H(S*), the outer measures to be considered 
have the same domain of definition. Asu = fon R, 


u*(E) in| D uE) ES U En Ene r | 
n=l n=l 


V 


nt] 2 aF,): EE U Fa, Fp E s)| 
, Ln= n=1 

inf[a(F): E E FE S(R)] by (5.6) 
inf[fa(F): ES FES*)asS* > S(R) 


u*(E). 
So equality holds throughout and so by (5.6) the outer measures are equal. O 


V WV I 


Corollary: Since the outer measure on (R) determines the measurable sets and 
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their measures, the measure and measurable sets obtained by extending, as in 
Theorem 3, on R,fon S(R) and pon S * are the same, namely ñ on § *. 

Without some restrictions on A its extension to S(%) need not be unique, 
but we have: 


Theorem 7: If u is a o-finite measure on a ring ® , then it has a unique extension 
to the o-ring §(R). 


Proof: By Theorem 3, p. 96, ñ on S (%) is an extension of u. Suppose that v is 
a measure on $ (R) such that u =v on R ; we wish to show that f =v on S(R). 


If EE S(R) and e>0, 3 En), En ERLE S VU En such that AŒ) + e > 
n=1 


D u(E,,). But A = U En may, by Theorem 2, p. 95, may be written as the 
n=1 n=l 


union of disjoint sets Fy, Fn E En, Fn E ® ; so we get 


oo 


aE) +e> Di wFn)= Lis vn) = H(A) > E), 


So P(E) > v(E). 
Suppose that EE S(R), @(E) < and e> 0, then as above there exists A 2 E 


such that 2(A) < A(E) + e where 4 = U F,,, the sets F„ being disjoint sets of 
n=1 
R , so that f(A) = v(A). So 


A(E) < B(A) = v(E) + (A — E). 


But, by the first part, v(4 — £)< f(A — E), also since f(E) < œ we have f(A — E) 
< e. So P(E) <v(E) + e. Hence A(F) = v(F) if @(E) < œ. But by Example 6, and 


as u is o-finite, for each E E S(R) we have E © VU E,, where, for each n, Ep € 
n=l 


R and (Ep) < œ. Then we may write E = U F,, where the Fp are disjoint sets 
n=l 
of R and (F) < œ. So 
pE)= O wFn)= G Fa) =E). D 
n= n= 


Exercise 


7. Give an example of a non-unique extension of a non o-finite measure. 


5.4 COMPLETION OF A MEASURE 


We show in the next theorem how a measure which is not complete may be 
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extended to one which is by adjoining to the original ring the subsets of the sets 
of measure zero. This could, for instance, be used to construct Lebesgue measure 
given the measure m on the Borel sets. It will also be relevant in the study of 
product measures in Chapter 10 where non-complete measures arise in a natural 
way. 


Theorem 8: If u is a measure on a o-ring § , then the class Sof sets of the form 
E AN for any sets E£, N such that E E S while N is contained in some set in S 
of zero measure, is a o-ring, and the set function f defined by A(E A N) = (EF) 
is a complete measure on S. 


Proof: It is convenient to have two different descriptions of the sets of S$ so we 
prove the set-theoretic identity 


EAN=(E—M)U(MN(EAN)) (5.7) 


for any sets E£, M, N such that M > N. Letx E E AN, then if x € M we have 
x EMN (E AN), while if x € CM we have x € CN sox € E — N and hence 
x E E — M. To get the opposite inclusion in (5.7), suppose that x belongs to the 
right-hand side. If x E M N (E AN), thenx E E AN; if x € E — M, we have 
xEE—-NS EAN. 

Let D € §, D = E AN, as above, with N E ME S where p(M) = 0. Then, by 
(5.7) D=FUA where FAA =ẸQand FE § andA E ME S withu(M)=0, 
and since for F, A disjoint we have F U A = F A A the two characterizations of 
the sets of Sare equivalent. Now if D; E€ §,i = 1,2, . . . , on writing D; = F; UA; 


we see that U D; € §. If D, =E, AN, and D, = E, AN, belong to S we 
i=1 


have, using Example 1, p. 16, 
D, AD, =(E, AE,)A(N, A N3). 


So D, AD, €§,and so D, —D, = (Di UD,) AD, €5. So is a o-ring. 

Also D, AD, = Ẹ only if E, AE, = N, AN,.So,ifE, AN, =E, AN,, 
we have u(E, A E2) = Oand hence u(E, ) = u(E2). Sofi is unambiguously defined. 
Also A is a measure; for clearly fi(@) = 0, and if {D;} is a sequence of disjoint 
sets of S, D; = F; U Aj, say, in the notation used above, so that F; N A j= 9 for 
all i and j, then 

A(UD;) = A(UF; U VA;) = A(UF; A UA;) = u(UF;) = È pF) = 
= 2 A(F, U Aj) = = A(D;). 
So fis countably additive. 

Finally u is complete, for let D C Do € 5 where (Do) = 0. So Dy = Ey A 
No where No E Mo, Eo, Mo © S,u(Eo) = u(Mo ) = 0, and so Dy © Mo = Eo U 
Mo € § and (Mo) = 0. Then D = E AN with E = 9,N =D S E, UM, and so 
DES. O 
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Example 9: Show that the extension ñ of Theorem 8 is unique in the sense that 
if u’ is a complete measure on a o-ring $' 2 $ andy’ =yon S then u’ =fon 
3. 
Solution: Since u’ is complete it is easily seen that $ ' 2 §. For D € Swe have 
as above D = FU A; F, A disjoint sets with FE S,A E ME § with (M) = 0. 
So 


u'(D) = u'(F) + u'(4) = (F) = BO). 
We call ā on S the completion of uon § 
Theorem 9: The completion of a o-finite measure is o-finite. 


Proof: Let D € &. As in Theorem 8, D =F UA where FE § and f(A) = 0. So 
F= U F; where u(F;) < œ, and hence D = A U U F; is a countable union of 
i=1 i=1 


sets of finite fi-measure. O 


Exercise 


8. Let & on § be the completion of u on S. Show that, if D € S, there exists 
BE § such that f(D A B)=0. 


5.5 MEASURE SPACES 


In Chapter 2 we started with the ring of finite unions of intervals of the form 
[a, b) and obtained the o-ring of measurable sets. In that case the o-ring obtained 
was a o-algebra. Since a o-algebra is the most frequently occurring case we 
restrict ourselves to these in what follows. Some definitions are somewhat simpler 
for o-algebras, for example that of measurability of functions. For an account 
covering the general case see for example [5]. 


Definition 8: A pair [X, S] where § is a o-algebra of subsets of a space X, is 
called a measurable space. The sets of 5 are called measurable sets. 


Definition 9: A triple [X, S , u] is called a measure space if [X, S ] is a measur- 
able space and u is a measure on $ 


Example 10: [R, M, m] and [R, B, m] are measure spaces, where B denotes 
the Borel sets, and where in the second example m is restricted to B. 
In the latter case m is called Borel measure on the real line. 


Example 11: Let [X, $] be a measurable space and let Y E S. Then if §'= 
[BO Y: BE $] we have that [Y, S'] isa measurable space. 

In the remainder of this chapter, unless stated otherwise, we will deal with a 
fixed measure space [X, S, u]. Many of the definitions and results of Chapter 2 
apply in general, with only changes of notation. We quote these for reference. 
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Theorem 10: Let {£;} be a sequence of measurable sets. We have 


(i) if E, c E, c ses eS then (U En )= lim u(En). 
=1 


(ii) iff, 2 E, >...and u(E,) <, then {N En)= lim y(E,, ). 
n=) 


Proof: See Theorem 9, p. 33.0 


Definition 10: Let f be an extended real-valued function defined on X. Then f is 
said to be measurable if Va, [x: f(x) >a] ES. 

Measurability of functions is usually associated with a measure though, 
strictly, only X and $ are involved. 


s 
-r 


Example 12: Let [X, 8$ ] be a measurable space and let X = U Xn where, for 


n=1 
each n, X, E § and X, N Xm = @ for n+ m. Write §, = [BO X,: BES]. 
Show that f is measurable with respect to LX, $ ] only if, for each n, its restric- 
tion fa to X,, is measurable with respect to [X,,, $n], and conversely if, for 
each n, the functions f,, are measurable with respect to [X,,, Sn] and f is defined- 
by f(x) = fn (x) when x € X,,, then f is measurable with respect to [X, S ]. 


Solution: For each a, [x: f,,(x) >a] = [x: fx) >a] N Xn so fn is measurable 
with respect to the measurable space [X,, $p]. The converse follows from: 


[x: f(x) >a] = U [x: fax) >a]. 


Theorem 11: The measurability of f is equivalent to 


(i) Va, [f(x)2za] € S, 
(ii) Va, [x: fx)<al ES, 
(iii) Va, [x:fx)<aJeES. 


Proof: See Theorem 12, p. 38. 0 


Example 13: (i) If f is measurable, then [x: f(x) =a] is measurable for each ex- 
tended real number a; (ii) the constant functions are measurable; (iii) the charac- 
teristic function x4 is measurable if, and only if, A € S; (iv) a continuous 
function of a measurable function is measurable (cf. Exercise 35, p. 42). 


Theorem 12: If c is a real number and f, g measurable functions, then f + c, cf, 
f+g,g—f and fg are also measurable. 


Proof: See Theorem 13, p. 39.0 


Theorem 13: If f; is measurable,i=1,2,...,then sup f, inf fi, sup fns 
isin 1<i<n 


inf fn, lim sup fn and lim inf În are also measurable. 
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Proof: See Theorem 14, p. 39.0 


Definition 11: If a property holds except on a measurable set £ such that u(E) = 
0, we say that it holds almost everywhere with respect to u, written a.e. (u). 
Reference to u may be omitted if it is obvious which measure is being considered. 


Example 14: The limit of a pointwise conyergent sequence of measurable 
functions is measurable. 


Example 15: Let f = g a.e.(u), where u is a complete measure. Show that if f is 
measurable, so is g. 
Solution: Write E = [x: g(x) >a], FE, = [x: f(x) > a], E2 = [x: f(x) g(x). 
Then E£, and E, are measurable and, as u is complete, so is E N E,. So E = 
(E, —E,)U(E NE, ) is measurable. 

We define ess sup f, ess inf f, and essentially bounded as in Definitions 10, 
p. 40,11, p. 41, and 12, p. 41, and the properties shown there hold in general. 


Exercises 


9. Let fan} be a sequence of non-negative numbers and for A © N let u(4) = 
D a,. Show that [N, ? (N), u] is a measure space. Show also that the 
nEA 


measure u is complete, and if a, < œ, for each n, it is o-finite. 
10. Let [X,, $n] bea sequence of measurable spaces, where the X,, are disjoint 
subsets of a space X. Show that [Y, S] is a measure space where Y = 


U Xn and s = U En: EnE Sp for each n. 
=i 


11. If E C R is a measurable set of measure zero which is not a Borel set (cf. 
Exercise 42, p. 45), is xg = 0 a.e. with respect to Borel measure? 

12. Show that if u is not complete, then f measurable and f = g a.e. do not 
imply g measurable. 


For the following exercises we recall Definition 6, p. 33. 


13. Let {En} be a sequence of subsets of X and let F © X; show that 
(i) F—lim inf E, = lim sup (F — En), 
(ii) F-— lim sup E, = lim inf (F — E,,). 
14. Show that if x* and x, are respectively the characteristic functions of 
lim sup £,, and lim inf £,,, then x* = lim sup Xe, and x, = lim inf xg, . 
15. Let Ep E S,n=1,...Show that 
(i) (lim inf E„)< lim inf y(£,), 
(ii) if u(X) < œ we have lim sup u(En) < u(lim sup £,,), and that the 
condition u(X) < © is necessary. 
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5.6 INTEGRATION WITH RESPECT TO A MEASURE 


We now consider the generalization of the definitions and results of Chapter 3. 
Much of the work of Sections 3.1 and 3.2 holds for a general measure space. 
Where proofs need only a variation of the notation we refer to the version given 
for the real line. 


Definition 12: A measurable simple function ¢ is one taking a finite number of 
non-negative values, each on a measurable set; so if a,,... , a, are the distinct 


n 
values of ¢, we have ¢ = a; Xa, Where A; = [x: 9(x) = ai] . Then the integral 
i=1 
of @ with respect to u is given by 
n 
\¢ du = uu a; 1(A;). 
Definition 13: Let f be measurable, f : X > [0, ~]. Then the integral of f is 


f fdu = sup[f @ du: $ <f, ¢ a measurable simple function] . 
Definition 14: Let E € S, and let f be a measurable function f : E > [0, =]; 


then the integral of f over £ is he f du =| fxe du. 


The remarks of Example 2, p. 55, are valid for Definitions 12 and 13. The 
analogues of Theorem 1, p. 56, and Theorem 2, p. 56, are true apart from the 
obvious changes in notation. 


Theorem 14 (Fatou’s Lemma): Let [{f,,} be a sequence of measurable functions, 
fn: X > [0, ©]. Then lim inf f fa du < S lim inf f, du. 


Proof: See Theorem 3, p. 57.0 


Theorem 15 (Lebesgue’s Monotone Convergence Theorem): Let (f„} be a 
sequence of measurable functions fa : X > [0, œ] , such that f,,(x)t for each x, 
and let f= lim f,,. Then f f dx = lim S fn du. 


Proof. See Theorem 4, p. 57.0 


Theorem 16: Let f be a measurable function, f : X > [0, œ]. Then there exists 
a sequence {ġ„} of measurable simple functions such that, for each x, ¢,,(x) f 


fæ). 
Proof: See Theorem 5, p. 58. O 


Theorem 17: Let {f,,} be a sequence of measurable functions, fa : X > [0, ©]; 
then 


JE mans E fi du 
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Proof: See Theorem 6, p. 58, and Theorem 7, p. 59. O 


We now have a new result which shows how integrals can be used to construct 
new measures with a special continuity property. 


Theorem 18: Let [X, S, ]] be a measure space and f a non-negative measurable 

function. Then ¢(F) = Í f du is a measure on the measurable space [X, S ]. If, 
E 

in addition, f f du <œ then V e> 0, 38 >0 such that, if A E $ and u(4) <ô, 

then ¢(A)<e. 


Proof: The function ¢ is countably additive since, if {Z,,} is a sequence of dis- 
joint sets of $, 


{U En )= [xusn fdu = D | XE, f du 


by Theorem 17. The other properties being obvious, ¢ is a measure on [X, S ]. 
Write fa = min (f, n). Then fa, is measurable, f,, t fand lim f fa du = f f du by 
Theorem 15, p. 105. So if f f du <œ, then V e> 0, 3 N such that 


Sfdu<f fy du + e/2. 


IfA € S and (A) <e/2N we have i fy du < el2. So take & = €/2N to get 
A 


f fa = | G-fayaut | fry au 


< \f—fiv) du + €/2<e. oO 


The positive and negative parts of f,f* and f~ respectively, have been defined in 
Definition 4, p. 61. We recall the properties listed in Theorem 8, p. 61. 


Definition 15: If f is measurable and both f f* du and f f~ dy are finite, then f is 
said to be integrable, and the integral of f is f f* du — f f~ du. 

So f is integrable if, and only if, |fl is. The notation f E€ L(X, u) is used to 
indicate that f belongs to the class of functions integrable with respect to u. The 


notation | f du means [f xe du, where f E L(X, u) and FE S. If fxg is in- 
"E 
tegrable we write f E L(E, u) or just f E L(E). 


Definition 16: As in Definition 7, p. 61, we define f fdu = ff au—ff du 
provided at least one of the integrals on the right-hand side is finite. 


Theorem 19: Let f and g be integrable functions and let a and b be constants. 
Then af + bg is integrable and f (af + bg)du=affdut+bfgdu. Iff=gae., 
then f f du = fg du. 
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Proof: See Theorem 9, p. 61.0 
The results of this theorem extend to functions where the integrals are defined 
as in Definition 16; the argument is that of Example 10, p. 63. 


Theorem 20: Let f be integrable, then |f f du| < f|f| du with equality if, and 
only if, f2Oae.orf<Oae. 
Proof See Example 8, p. 62.0 

The remarks after Theorem 9, p. 62, regarding functions defined a.e. still, 
of course, apply. 


Theorem 21 (Lebesgue’s Dominated Convergence Theorem): Let {fa} be a 
sequence of measurable functions such that |f,,| < g where g is an integrable 
function, and lim f, = f a.e. Then f is integrable, lim f fa du = f f du, and 
lim S |fn — fı du = 0. 

Proof: See Theorem 10, p. 63, and Example 13, p. 63.0 


A continuous parameter version of this theorem is obtained in Example 15, 
p. 64. 


Theorem 22: Let {fa} be a sequence of integrable functions such that 


oo 


L S fal du <. 


n=l 
Then ya fn converges a.e., its sum, f, is integrable, and f f du = D S fn dh. 
n=l n=1 
Proof: See Theorem 11, p. 64.0 


Exercises — 
16. Let E,,..., Ep be measurable sets and let F; (j = 1,..., k) be the sets of 
points belonging to precisely j of the E;. Show that 
k k 
U ME) = 24 ju(F)). 
i=1 j=1 


17. Let g be a measurable function such that g > h € L(X, u). Then f g du exists 
in the sense of Definition 16, p. 106. 

18. If f E L(X, u) and g is a measurable function such that |g| < k| fl a.e., where 
k is a constant, then g € L(X, p). 


19. Let E and F be measurable sets, f E L(E) and u(E A F) = 0 then f E L(F) 
and Í f du = f f du. 
E F 
20. (Tchebychev’s inequality). Let f be a measurable function and let A = 
[x: Ax) = O]. Then for c >0, ulx: fe) >c] sa | f du. 
A 
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21. 
22. 


23: 


24. 


29; 


26. 


27. 


28. 


29. 


30. 


31. 


32: 


33. 
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If fE L(X, u), then the set [x: f(x) #0] has o-finite measure. 

Let fan E L(X, u), n = 1, 2, . . .and let g = lim sup fn, h = lim inf fa. Then 
the sets G = [x: g(x) #0] and H = [x: h(x) #0] have o-finite measure. 

Let LX, S, u]] be a measure space with $ = ?P (X) and u([x]) = 1 for each 
x © X. Show that f E€ L(X, u) iff f = 0 except on a sequence {x;} , f f du = 


D f(x;), this sequence is absolutely convergent and the value of the integral 
i=1 


is independent of the ordering of the sequence {x;}. 

Let {f,,} be a sequence of non-negative measurable functions, let lim fa = f 
and f,, <f for each n. Show that f f du = lim f fn du. 

Let {fn} be a sequence of measurable functions and let lim fẹ, = fa.e. Let 
{Íg} be a sequence of integrable functions such that |f,| <g, and g = 
lim g, a.e. is integrable. Show that if f g du = lim f g,, du, then we have f 
integrable and f f du = lim f fn du. 

Use Fatou’s Lemma, p. 105, to obtain another proof of the result of Exer- 
cise 15(i), namely that y(lim inf £,,) < lim inf (En). 

Let E,,n=1,2,..., be measurable sets such that © u(E,,) < œ. Show that 
x belongs to only finitely many £,,, for almost all x E€ X. 

Let f be integrable and let E£, = [x: f(x) > nA], where \ > 0, form = 1,2,... 


Show that (i) lim f du = 0; and (ii) (En) = o("'). 
En 


n> æ 

Let f be a function integrable with respect to Lebesgue measure, f: R > 
[0, œ]. Write Fa = [x: f(x/n) > n]. Show that for each x outside a set of 
measure zero there exists a strictly increasing sequence {n,} such that 


xEC U Fnr 
i=1 
Use Theorem 18 to give an alternative proof of the result of Chapter 4, p. 
y 
88: if f is measurable on [a,b] and f fdx =O fora <y <b, thenf=0 
a 


a.e. in (a, b). 
Let f be measurable and let u(X) < œ; then f is integrable iff the series 


oo 


ul[x: |f] > n] converges. Give the corresponding statement if u(X) = © 
1 


n= 


or if the summation is from n = 0. 

Let u(X) be finite and f a measurable function. Show that if lim f f” dy 
exists and is finite, then it equals u [x: f(x) = 1]. 

Let E be a me: surable set and let f E L(E), f > 0. Show that 


lim |. f" du = (E). 


CHAPTER 6 


Inequalities and the Z” Spaces 


In this chapter we change our point of view and regard suitable classes of in 
tegrable functions as spaces in their own right. It is this spproach which distin- 
guishes analysis in this century from that in the last. The inequalities developed 
in Sections 6.3, 6.4 are important in examining the properties of these spaces 
and are also useful as computational tools; both aspects are kept in mind in what 
follows. The results have applications, for instance to the theory of Fourier 
series and to the representations of linear functionals on spaces of functions. 
The application to the Fourier transform will be examined in Section 10.4, and 
linear functionals are considered in Chapters 8 and 9. 


6.1 THE L? SPACES 


Definition 1: If [X, $, u] is a measure space and p > 0, we define L?(X, p), or 
more briefly LP (u), to be the class of measurable functions [f: f\fl? du <°], 
with the convention that any two functions equal almost everywhere specify 
the same element of LP (u). On the real line, if X = (a, b) and u is Lebesgue 
measure we will write LP (a, b) for the corresponding space. 

Strictly, the elements of the space LP (u) are not functions but classes of func- 
tions such that in each class any two functions are equal almost everywhere. For 
example, the zero element of LP (p) is [f: f = 0 a.e.]. Since any two functions 
equal almost everywhere have the same integrals over each set of S, the distinc- 
tion-is not important for many purposes. We will write f € LP (u) as an abbrevia- 
tion for: f is measurable and f|f|? du <0. To ask, however, for the value of an 
element of L?(u) at a particular point is, in general, meaningless. If p = 1, we 
Obtain the integrable functions which we denoted by L(X, y) in the last chapter. 
We will use the alternative notation Z'(u) if we wish to emphasize that the 
above convention applies. 


Definition 2: Let f E€ LP (u), then the L? norm of f, denoted by |Iflp, is given by 
UIA? du)”. 
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Clearly for f and g measurable and f = g a.e. we have If, = Iigl,, so the 
norm can be considered as that of an element of LP (u). Also Iflp = 0 if, and 
only if, fis the zero element of LP (u), and llafi = |a| + I fll ifa is a constant. The 
use of the term norm in Definition 2 is justified below in Theorem 8, p. 115, 
where the LP -norm (p > 1) is shown to have the other properties of a norm in 
the linear space sense. 


Theorem 1: Let f,g E LP (u) and let a, b be constants; then af + bg E€ LP (u). 
Proof: Clearly, if f E LP (u), then af € LP (u) for each constant a. Also if f, g € 
LP (u), we have f + g € L? (u) since 

If + gl? <2? max (IAP, Igl?) <2? ONP + Igi?), 
giving the result. O 


If F is the element of LP (u) containing the function f and G that containing 
g, then we define aF + bG as the element containing af + bg; this is easily seen 
to be independent of the particular f E F and g E G. Hence Theorem 1 shows 
that LP (u) is a vector space. We may use, accordingly, the same notation for 
elements of L? (uy and for the functions of which they are made up. 


Definition 3: If [X, S, u] is a measure space, we define L”(X, m), or just L°(y), 
to be the class of measurable functions [f: ess sup |f] < ©], with the same 
convention as in Definition 1. Corresponding to Definition 2 we have the L~- 
norm: Il fll. = ess sup |f. 


Example 1: Show that L™(X, u) is a vector space over the real numbers. 
Solution: Ess sup |af + bg| < |a| ess sup |f] + |b| ess sup |g]. 
Example 2: Show that if u(X) < œ and 0 <p <q <S %, then L7(u) S LP (p). 


Solution: (i) For q < œ, let f E L1 (u); then since |P <1 + [/1%, an integrable 
function, we have f € LP (p). 
(ii) q = œ: |f]P < (ess sup |f])? a.e., and so is integrable. 


Exercises 


1. Show that if f, g E€ L’ (u), then |f? + g? |! EL! (u). 
2. Show that if p > 0 and 0 <a < œ, then 


(i) xP ELP” (0,a)if 0<o0<p but not if o = 0. 
(ii) x” (log 1/xy?P €L”? (0,a)if o = 0 but not if o > 0. 
. Show that if 0 <a < œ and 0 <p < %, then log x~! € LP (0, a). 
. Show that if 0 <a < œ, then e*™ ¢ LP (0, a) for any p (0 <p < œ). 
. Show that x '? (1 + |logx|)! € LP (0, œ) if p = 2, but not otherwise. 
. Let f: X > [0, ©), f a measurable, essentially bounded function. Show that 
if 0 < u(X) < and J, = (f f” du), then lim J,, = ess sup f. 
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6.2 CONVEX FUNCTIONS 


In this section we examine a special class of functions with a view to applications 
in the following sections. We will use the convention that capital letters indicate 
points on the graph of a function, so that if y is defined on (a, b) and t € (a, b) 
then T is the point (t, Y(t)). 


Definition 4: A function y defined on an open interval (a, b) is convex if for any 
non-negative numbers A, u such that A + u = 1, and x, y such that a <x <y <b, 
we have 


Wx + uy) SAW) + uy). 
The end-points a, b can take the values —o9, œ respectively. Geometrically, the 
definition says that the segment joining the points X and Y is never below the 
graph of y. If, for all positive numbers A, u such that A + u = 1 we have 


Wx + uy) <p) + uy), 
y is said to be strictly convex. 
We recall from Chapter 4, the notation f(a, b) for the ratio (b) — f(@))/ 
(b —a). 


Theorem 2: Let y be convex on (a, b) anda<s<t<u <b, then (s, t)< 
W(s,u)< V(t, u). If y is strictly convex, equality will not occur. 


Proof: Consider the first inequality. By Definition 4 


yi) <(2=8)yuy + (45 TAL (6.1) 


So (u — s) Y(t) < (t —s) VU) + (u — t) WG), or 
(u — sX Y(t) — vs) < (t — sX W (u) — YG) (6.2) 


as required. If wy is strictly convex, equality cannot occur in (6.1) and so not in 
(6.2). Similarly for the second inequality of the theorem. O 


Theorem 3: A differentiable function y is convex on (a, b) if, and only if, y’ is a 
monotone increasing function. If y” exists on (a, b), then y is convex if, and 
only if, y” > 0 on (a, b), and strictly convex if y” > 0 on (a, b). 


Proof: Suppose that y is differentiable and convex and leta <s <t <u<y <b. 
Then Theorem 2, applied first to s, t, u and then to ż, u, v gives Y(s, t) < y(u, v). 
Let t > s and u >v. Then, by Theorem 2, w(s, t) decreases to y'(s) and y(u, v) 
increases to Y'@). So Y'(v) > y'(s) forall s <v, and so y’ is monotone increasing 
and if y” exists, it is never negative. 

Conversely, if Y” > 0, then y is convex, for otherwise there would exist 
s, t, u witha <s <t<u <b and such that T lies above SU. Then slope ST > 
slope TU; but slope ST = W'(a) for some a €E (s, t) and slope TU = y'(B) for 
some ß € (t, u), contradicting Y” > 0. The same argument shows that y convex 
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and differentiable implies that y’ is monotone increasing. If Y” > 0, y is strictly 
convex, for otherwise there would exist collinear points S, T, U on its graph and 
we would have y'(a) = w’(8) for appropriate a and $ with a < $. But then 
Y" = 0 at some point between a and 8, giving a contradiction. O 


Example 3: (i) e” is strictly convex on R, (ii) x“ is convex on (0, ©) fora > 1, 
(iii) —x* is strictly convex on (0, œ) for 0 <& < 1, (iv) x log x is strictly convex 
on (0,1). 


Example 4: That y” may be zero for a strictly convex function y can be seen 
from x* at x = 0. 


Theorem 4: Let y be defined on (a, b). Then y is convex on (a, b) if, and only 
if, for each x and y such that a <x <y < b, the graph of y on (a, x) and (y, b) 
does not lie below the line through X and Y. 


Proof: Suppose that wy is convex and let t E (y, b). Then by Theorem 2 slope 
XT > slope XY. So T lies above the line through X and Y. Similarly for s € (a, x). 

Suppose, conversely, that the condition holds but that y is not convex. Then 
there exist x, y, z witha <x <y <z < b and such that Y lies above XZ and 
hence X lies below the line through Y and Z. But this contradicts the condition 
of the theorem. O 


Theorem 5: Every function convex on an open interval is continuous. 


Proof: Let y be convex on (a, b) and let x» € (a, b); we wish to show that y is 
continuous at xg. Choose s, t, u such thata <s <xo <t<u<b. Let y =f, (x) 
be the equation of the line through S and Xo, and y = f, (x) that of the line 
through Xo and U. By Theorem 4, y(t) > fı (t), and as y is convex y(t) < fa (£). 
Letting t tend to xg, we get that W(x9 +) exists and 


Wo) =fi Xo +) =f2%o +) = Wo +). 
A similar argument shows that y(x) = W(x» —), and so y is continuous. O 


If, in Definition 4, we had not specified an open interval, Theorem 5 would 
not hold, for consider y defined by: Y = 0 on [0,1), W(1) = 1. 


Example 5: A function is sometimes said to be convex on (a, b) if, for x, y € 


(a, 5) 
(252) <4 fe) +40) 


We will call such functions mid-point convex. Show that the class of functions 
continuous and convex in the mid-point sense is just the class of convex functions 
in the sense of Definition 4. 


Solution: Since every convex function is mid-point convex and continuous, we 
need only prove the converse. Let f be continuous and mid-point convex and 
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suppose that f isnot convex. Then there exists x, y,z such thata <x <y <z <b 
and such that Y lies above XZ. Define k and ay by k = inf[t: S lies above XZ for 
t<s<y],m=sup[t: S lies above XZ for y x< s < t] . By the continuity of f we 
have k < y < m, also that K and M lie on XZ and that S lies above KM for all 
s E (k, m). So if r = (k + m), R lies above KM; but f is mid-point convex, 
giving a contradiction. 

That there exist functions mid-point convex but not continuous is shown in, 
for example, [6]. 


6.3 JENSEN’S INEQUALITY 


Theorem 6 (Jensen’s Inequality): Let [ X, $ , u] be a measure space with p(X) = 
1. If y is convex on (a, b) where —œ <a < b < œ, and f is a measurable function 
such that a < f(x) <b, for all x, then 


WU fdu)<f yof du. (6.3) 
Proof: It is clear that f is integrable; putt = f f du. Soa < t < b since p(X) = 1. 
Let B = sup[W(x, t): x € (a, t)] . Then, clearly, if s E€ (a, t) we have B(t — s) > 


W(t) — (s). But by Theorem 2, p. 111, for u € (¢, b) we have B < (y(u) — WO) 
(u — t); so B(t — u) > Y(t) — Wu) for u E [t, b). So for y € (a, b) 


Wa) WE) + BY — 2). (6.4) 
Put y = f(x) to get, for each x, 
(v o P) = W(t) + BUY) — t). (6.5) 


Now f is measurable anti y is continuous, so y o f is-measurable (Exercise 35, 
p. 42). But the right-hand side of (6.5) is integrable, so (cf. Exercise 17, p. 107) 
f Y of du exists. So integrate both sides of (6.5), and note the value of ¢ to get 
the inequality (6.3). O 


Example 6: Let y be strictly convex; then equality occurs in (6.3) if, and only 
if, f=ffduae. 


Solution: If f = f f du a.e., then equality obviously occurs, so consider the con- 
verse. If y is strictly convex, equality occurs in (6.4) only if y = t. For let 
y € (a, t) and, taking B as before, let v E (7, t); then (7, t) < y(v, t) <8, and if 
y E(t, b), let u € (t, y), so B < W(t, u) < WG, Y). So for equality, t must equal y. 
Now equality occurs in (6.3) only if in (6.5) equality occurs almost everywhere, 
that is, only if f(x) =t=ffdpae. 


Example 7: Let X = [x1, ..., Xn], S = P(X), u([x,]) =a, > 0; then Jensen’s 
inequality reads: 


70 a1) 2 a; Y), 
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n 
where 3 a, = 1 and Ņ is any convex function. We may describe this as the 
=] 


discrete case of Jensen’s inequality. 


Example 8: Let g: X > (0, œ) and let log g be integrable with respect to u, where 
u(X) = 1. Show that 


exp(f logg du) <S g du. (6.6) 


Solution: Since log g is measurable and e% is a continuous function of x we have 
g measurable. We may suppose that g is integrable, otherwise there is nothing to 
prove. Note that the result of Theorem 6 holds if f and y of are integrable, even 
if a and b are infinite. For, in the proof, t and 8 are finite and the argument goes 
through as before. Then (6.6) follows on putting W(x) = e* and f = logg. 


Example 9: Let a > 0, b >O, 1/p + 1/q = 1 where p > 1 and q > 1. Show that 
gi? b!“ < a + b 
P q 


with equality if, and only if, a = b. 


Solution: e* is strictly convex by Theorem 3, p. 111, so exp(1/p loga + 1/q log b) 
< alp + b/q, with equality if, and only if, log a = log b, tha’ ‘s, a = b, giving the 
result. 


Exercises 


7. If y is strictly convex, then in the discrete case of Jensen’s inequality 
(Example 7), equality occurs iff all numbers x,, for which a, # 0, are equal. 
8. (Arithmetic—Geometric Mean Inequality). If a; > 0, i= 1,...,n, then 


n 1 
(1 a" <ii a;, 
i= n {Z1 
with equality iff all the a, are equal. 
9. Ifa, >0,y,>0, for i= 1, mand Y) a, = 1, then 
| 1 


n n 
TT yt< 5 orp, 
i=1 {=1 


with equality iff all the y, are equal. 
10. Suppese that y is a function on R such that y o f is integrable on [0,1] and 


u([ re) f Yofdx 


for every bounded measurable function f. Show that y is convex. 
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6.4 THE INEQUALITIES OF HOLDER AND MINKOWSKI 


Theorem 7 (Hélder’s Inequality): Let 1 <p <œ, 1 <q < %, 1/p + 1/q = 1 and 
let fE LP (u), g E€ L? (u). Then fg € L! (u) and 

S \jgl du <S fl? du)? +f igi? du). (6.7) 
Proof: By Example 9, if a > 0, b > 0, 
b. 
q 
Now, if Ifl, = 0 or igl, = 0 then fg = 0 a.e. and (6.7) is trivial. If fll, > 0 and 
lig, > 0 write 

„AP p 

(lfl,P ’ (igi)! 
in (6.8), to get 
wl S If , 1 igi? 

Ifl, igli p OpY q (igl) 
The right-hand side is integrable, so fg € L' (u). Integrate both sides to get 
fel, < Ifl, lglg, which is (6.7). O 


a'P p17 < 5 + (6.8) 


(6.9) 


We will refer to the numbers p and q related as in Theorem 7 as conjugate 
indices. The most important special case of Theorem 7 occurs when p = q = 2, 
and is called the Schwarz or Cauchy—Schwarz inequality. 


Example 10: Let f and g be non-negative measurable functions. Show that 
equality occurs in Holder’s inequality if, and only if, 

sf? +tg7 =Oae. (6.10) 
for some constants s and ¢ not both zero. 
Solution: Suppose that equality occurs in (6.7). Then if Ifl, >0, lig, > 0 we 
must have equality in (6.9) a.e. But in (6.8) equality implies that a = b so that 
fP = ag? ae. where a > 0, giving (6.10). If, say, I fll, = 0 then f= 0 a.e. and 


(6.10) holds. Conversely if (6.10) holds we may substitute into (6.7) to eliminate 
f or g, and we obtain equality. 


Theorem 8 (Minkowski’s Inequality): Let p > 1 and let f, g E€ LP (u); then 
Gif +g? du)? <S (fl? du? +C igl? du)”. (6.11) 


Proof: The case p = 1 is trivial. So suppose that p > 1 and that p and q are con- 
jugate indices. Then 


(if+gl,P = Siftel? du 
< fSIfie If +g? du + figl- |f +gP™ du 
< Ifl, ICDP! NI, + lela IC+, (6.12) 
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by Holder’s inequality. But (p — 1)q =p, so the right-hand side of (6.12) equals 
(fl, + Ig, s+ glp Y". So lf+gl, <Ifl, + Iigi, as required. O 


Example 11: Show that equality occurs in Minkowski’s inequality for p = 1 if, 
and only if, we have almost everywhere either f(x) + g(x) = 0 or sgn f(x) = 
sgn g(x); for p > 1 if, and only if, sf = tg a.e., where s and ¢ are non-negative 
constants, not both zero. 


Solution: (i) p = 1: we have f (Ifi + lel —\|f+g|) du > 0 with equality if, and 
only if, |f| + lgi = |f+gla.e., so the condition is necessary and sufficient. 

(ii) p > 1: The condition is seen to be sufficient on substitution. Conversely, 
for equality to occur in (6.11) we must have equality in (6.12). Then, outside 
a set of measure zero we have, for some a, b,c, d 

alf|=bif+gl?™ andclgi=dif+gl?™. 


So we always have af = + bg a.e. and substituting in (6.11) shows that the signs 
are the same, giving the result. 

If p and q are conjugate indices and q > 1, then p > œ. This suggests analogues 
of Theorems 7 and 8 for the case p = ©. We recalt Definition 3, p. 110. 


Theorem 9: If f E€ L! (u) and g E L(y), then fg E L! (u) and Ifgli < Ill, Ig. 


Proof: Since |g| < ess sup |g| a.e. we have | fg| < Ifi. Iglo a.e. So fg is integrable 
and on integrating we get the result. O 


Example 12: If + gle < Ifilo + Igla. 
Solution: This follows immediately from Example 17, p. 41. 


Example 13: If we write p(f, g) = If — glp, then for p > 1, p is a metric on 
LP (u) that is, 

(i) p(a,b)20, (ii) p(e,b)= 0 if, and only if, a = b, 
(iii) p(@, b) = p(d, a), (iv) pla, b)+ p(b,c) > pG@, c). 


Solution: (ii) holds by virtue of the convention regarding elements of LP (u); (iv) 
follows immediately from Minkowski’s inequality; the rernainder are obvious. 


Exercises 


11. Give discrete analogues of Holder’s and Minkowski’s inequality, as provided 
in Example 7 for Jensen’s inequality. 
12. Show that the following inequalities are ‘inconsistent for functions f EL? (0, 7) 


fs (f(x) — sin x} dx < 4/9, f (f(x) — cosx}? dx < 1/9. 


Nn 
13. Show that f x sin x dx < 734. 
0 


Sec. 6.4] The Inequalities of Holder and Minkowski 117 


14. Show that if f, g € L! (u), then (i) V lel E€ L! (u), ii) IA? lel? € L! Gif 


15. 


16. 
17. 


19, 


20. 


21. 


22. 
23. 


24. 


25. 


pP,qE(0,1),p+q=1. : 
Let f, E L?(a, b), n = 1, 2, . . . let fE L? (a, b) and let lim Ifa — fl, = 0. 
Show that 
b b 
O J piae=tim f fla 
a a 
t t 
(ii) ifa and b are finite, then | fax =tim f fy dx,a<t<b. 
a 


n _1y-1 
(iii) Verify (i) and (ii) for (a, b) = (~n, n) if f,,&) = Le (a sin rx, 
f(x) =x/2. 
Let p > 1 and let If, — fp > 0. Show that If, I, > Ifig. 
Let f >0,fE L(x, 1) for sachs = (0, 1]. suppos that pP- 1(f(t))? € L(0,1), 
where p > 1. Show that F(x) = f f dt satisfies F(x) = o(log 1/x)'~” as 


x> 0+. 


x Bi eto ee 
. Let p > 1, f>0,fEL?(0,~) and F(x)= f fdt. Show that if p and q are 
0 


conjugate indices, then F(x) = o(x'”) as x > 0 and as x > œ, 

Show that if k; , k2, ...,k,>1 and J 1/k; = 1, then if f; E€ L(y) for 
=1 

each i, 


Sfi ha «+ Sal aS fal dy) 22. ifn lm dun. 


Equality occurs in the inequality of the last exercise iff one of the f; = 0 ae., 
or for each pair i,j there exist non-zero constants c;, cy such that 


oN fl = cl fl? (6.13) 
If a, 8, y > O and p < i/a +B + y), then 


2 
J axle" ix- 1 ix- AP <=, 
0 
Extend Minkowski’s inequality to n functions. 


Let f be a non-negative measurable function and ess sup f = M > 0. Then, if 
U(X) <o, 
| cet du _ 
im TP 
The limit considered in the last exercise was that of an increasing sequence. 
Show that if f € LP: (u) and g € L?a(u) where p, and p3 are positive, then 
fg ELP (yu) for a witable p. 
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26. Find the minimum of 


r( ra) 


taken over the set of functions measurable and positive a.e. in the measurable 
set E of finite measure. For which functions is the minimum value obtained? 
Show that P; is not bounded above for a suitable space and set £. 

27. Let f and g be integrable and essentially bounded, and let 0 < p = ess inf f < 
ess sup f = P, 0 <q = ess inf g < ess sup g < Q. Show that 


2 
(fe as ( [2 ea) > 4f f° du’ fg’ du. 


28. Let k + m = km and let f and g be non-negative measurable functions. 
Show that if 0< k< 1 ork <0 then 


S fa du > C f* dau) U g" du). 
29. Let 0 <p <1 and f> 0,g > 0,f,g E LP (u). Show that 
If+gl, > Ifll, + iglip. 


6.5 COMPLETENESS OF L’ (p) 


The next two results show that, for p > 1, LP (u) is a complete metric space, 
that is, that considered as a metric space with the metric p of Example 13, p. 
116, every Cauchy sequence converges, in the sense of the metric, to an element 
of the space. Although this result refers to elements of L? (u), the proofs depend 
on the choices of functions representing elements of the space following the con- 
vention discussed in Definition 1, p. 109. 


Theorem 10: If 1 <p <% and (f,,} is a sequence in L? (u) such that Ilf,, —f,, I P 
> 0 as n, m > œ, then there exists a function f and a subsequence {n;} such that 
lim fa = f a.e. Also fE LP (u) and lim Ifa — flp = 0. 


Proof: For each i we can choose N, depending on i, such that lfp, — f I p < zH 
for n, m > N = N(i). Taking n, > N(1), n, > N(2), . . . , we may choose by 
induction an increasing subsequence {n,} such that 


Une Sup < 27 (6.14) 
k eo 
Put gg = bi | Ín = Snl and g = L | Sr os Ín! Minkowski’s inequality, with 
(6.14), gives Ig, 1, < 1. Apply Fatou’s Lemma to the sequence of non-negative 
functions {gh} to get (igi, = f lim g2 du < lim inf f g du < 1. Hence g is 
finite a.e. and so 


Ín, + L ET — fn) 
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is absolutely convergent a.e. Define f to be the sum of this series where it con- 
verges, otherwise define f arbitrarily. Since fa, + | Onyi — fni) = Jng» We have 


f = lim fn a.e. Each function of the sequence Urn " is defined only up to a set 
of measure zero as in Definition 1, p. 109, so f is only well defined in the same 
sense. But this will ensure that f defines a unique element of LP (p). 

So we now wish to show that f © LP (u) and that the whole sequence {f,) 
tends to fin the desired sense. Given e > 0, there exists N such that If, — fm I< 
e for n, m > WN. So by Fatou’s Lemma, for each m > WN, 


f If—fml? du <tim inf S Ify Saal? <P. (6.15) 


So f — fm and hence f = (f — fm) + fm are in LP (u). Also, from (6.15), If — 
fp S€ for m >N, which completes the proof. O 
We consider separately the case p = ©, in the next theorem. 


Theorem 11: Let (f„} be a sequence in L”(u) such that Ifa — fin le > O as 
n, m > œ. Then there exists a function f such that lim f,, = f a.e., f E L”(p) and 
lim JA — fll =0. 


Proof: We use the fact that a function is greater than its essential supremum only 
on a set of measure zero. Write Ay m = [x: Sn) — fm) > WS, —fm la] and 


Bn = [x: fn) > Uf, lo]. Then if E = U Anm U U Bx, we have u(E) = 0 


and on CE, {f,,(x)} is a Cauchy sequence for each x, with limit fx), say. Define 
f arbitrarily on £. | 

Given e > 0, there exists N such that If, — fm 1. < € for n,m >N. So, for 
x E CE, fn) — fin)! < WS, — fm lo < €, and letting n > 0, | f(x) — fm) < 
E. So |f| < |fml + € a.e. and hence f E L”(u); indeed by its construction a well 
defined element of L”(u) is obtained as in the case 0 < p < œ in Theorem 10. 
Also lif — fm llo <e and the result is proved. O 


Exercises 


30. Let p > 0 and f © LP (u) where f > 0, and let f,, = min(f, n). Show that 
fa ELP (p) and lim If — fa tp = 0. 
31. Show that if p > 1, the set of bounded measurable functions is dense in 
LP (y) in the sense of the metric of Example 13, p. 116. 
32. Let f E LP (a, b) with a and b finite and p > 1, and let e > 0. Show that 
there exist 
(i) astep function h such that [ If—hl? dx <e, 


(ii) a continuous function g such that g vanishes outside a bounded inter- 
b 
valand | |f—glP dx <e. 
6 
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33. Show that the sets of measurable simple functions, step functions and of 
continuous functions are each dense in the metric space L?(a, b), p > 1, 
where a and b are finite. 

34. Show that the results of the last exercise hold for L?(—, æ) for p > 1. 

35. Let p and q be conjugate indices and let f E L?(—~, œ), g E L7(—oo, 00), 
Show that F(t) = f f(x + t) g(x) dx is a continuous function of t. 

36. Let p and q be conjugate indices and let f,, > f in LP (u), that is, lim If, — 
fil, = 0, and let g, > g in LI (u). Show that f,g, > fg in L* (u). 

37. Let f, fn E€ L? (u) for each n; then we say that fẹ, > f weakly if lim f (fn — 
fg du = 0 for each g € L? (u), and sup Ifa |, <œ. Show that 


(i) iff, >fin L’, then f, > f weakly, but not conversely, 
(ii) iffa > f weakly, then Ifl, <lim inf If, l2, 


x 
(iii) if X = [a,b] where a and b are finite, then f,, > f weakly iff f fn dt 
a 


8 


x 
> f f dt for each x € [a, b] and sup lfa ll, <, 
“a 


(iv) iff, >f weakly and If la >a < Ifl, then fa >f in L?. 


38. Let f, > f in LP (X, u) where u(X) < œ and p > 1. Show that fa > f in 
L? (X, wW, 1 <Sp' <p. 

39. Show that if |f,| < K a.e., and if fa > f in LP? (X, u) where u(X) < œ and 
p > 1, then f, >finL? for1 <p” <o, 


CHAPTER 7 


Convergence 


We now investigate systematically some forms of convergence of measurable 
functions. We introduce in Section 7.1 the notion of convergence in measure. 
This is of particular relevance to the theory of probability where it is often 
referred to as convergence in probability. Those results which hold in the case 


where p(X) < œ are listed separately; this is the situation encountered in prob- 
abilty theory. 


7.1 CONVERGENCE IN MEASURE 


We have already met convergence a.e., convergence in LP -spaces and uniform 
convergence. We define in this and in the next section other forms of convergence 
and give theorems relating the various forms of convergence. Then in Section 
7.3 these results and results from previous chapters are collected in diagrammatic 
form, and in Section 7.4 we give counterexamples which show which implications 
are not valid. 


We consider throughout a measure space [X, S, u]. Any necessary conditions 
such as u(X) < ©, will be imposed where necessary. 


Definition 1: Let {f,,} be a sequence of measurable functions and f a measurable 
function. Then f, tends to f in measure if for every positive e, lim u[x: |f,(x) — 


fœ) >e] =0. 


Theorem 1: If a sequence of measurable functions converges in measure, then 
the lirnit function is unique a.e. 


Proof: Let f, > f in measure and fa > g in measure. Since |f — gl < If — fal + 
lg — fanl, we must have, for any e > 0, [x: | f(x) — g(x)| > 2e] & [x: Iœ) — 
fa COl > e] U [x: Ie) — fn) > e]. But the measure of the set on the right- 
hand side tends to zero as n > œ. So f =g a.e. O 


Definition 2: A sequence of functions is Said to be fundamental with respect to a 


121 
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particular kind of convergence if it forms a Cauchy sequence in that sense. Thus 
a sequence {f„} is fundamental in measure if for any e >0, lim yul[x: [f,@)— 
m,n->eo 


SmE) > e] = 


We now prove a ‘completeness’ theorem for convergence in measure. 


Theorem 2: If (f,,} is a sequence of measurable functions which is fundamental 
in measure, then there exists a measurable function f such that f,, > f in measure. 


Proof: For every integer k we can find ng such that for n, m > nç, 


ube: lfa) —fn@l > sr | < + ’ 


and we may assume that for each K, nk, > ng. Let 


Bg = þei Paa > E]. 


Then ifx ¢ U Ex, we have for r>s>m 
=m 


Wn- A J) Ò- A Vy F=. OD 
So fn) is a Cauchy sequence for each x ¢ lim sup Eg = ia U Ex. But, 


=1 k=m 
for all m u(lim sup Ed <a( U U ) &)< } 2 1/2* = 1/2™-1 , So (Mng) converges 
a.e. to some measurable function f. Also foil (7.1) we have that Ung) i is uni- 
formly fundamental in C U Ex, for each m. So fn, > f uniformly on C U Ek, 


and hence, for every sae, €, 
uix: fn) — fE) > €/2] > 0 ask >, (7.2) 
But [x: Ia) - f) > el E 
[x= frn) —Sng &)i > €12] U [x: I) — fng @) > €12]. 
If n and ng are sufficiently large, the measure of the first set on the right is 


arbitrarily small, as {f„} is fundamental in measure. But the second set has been 
shown to have arbitrarily small measure by (7.2) and the result follows. O 


Corollary: Let fn > f in measure where f and each fẹ are measurable functions. 
Then there exists a subsequence (n,} such that fa, >f a.e. 


Proof: Clearly (f„) is fundamental in measure, so from the proof of the theorem 
we can find a subsequence (f,,} and. a measurable function g such that fn > 8 
a.e. and in measure. But fry ig oa so by Theorem 1, p. 121, f= mie ce: 
giving the result. O 
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An analogue of Fatou’s Lemma, p. 105, holds with convergence a.e. replaced 
by convergence in measure. 


Theorem 3: Let {f,,} be a sequence of non-negative measurable functions and 
jet f be a measurable function such that f, > f in measure; then 


Sf dp <lim inf f fa du. 


Proof: Suppose that f f du < and that f f du.> lim inf f fan du. Then there 
exist 5 > 0 and a sequence {n;} such that, for each i, f fy, du <f f du— ô. But 
fn, > f in measure, so by the corollary to the last theorem we can find a sub- 
sequence {n;} of (nj) such that fy ¿>f a.e. But then by Fatou’s Lemma, 
f f du < lim inf f fn; du < f fdu—6, 

giving a contradiction. 

Now suppose that f f du = œ and that lim inf f f,, du <œ. Then there exist 
K > 0 and a subsequence {fn} such that, for each i, f f,, du < K. But again we 
find a subsequence {n;} of in) such that fa; > f a.e. But then, by cca 8 


Lemma, lim inf f Ín; du = œ, giving a contradiction. So lim inf f f, du = 
giving the result. O 


We have a corresponding analogue of the Lebesgue aominated convergence 
theorem, using convergence in measure. 


Theorem 4: Let [f,,} be a sequence of measurable functions such that | fal a 
an integrable function, and let f,, > f in measure, where f is measurable. Then f 
is integrable, lim f fn du = f f du and lim f |f, — fl du = O. 
Proof: By the corollary to Theorem 2 there exists a subsequence ny ) with limit 
f a.e., so we have |f| <g and so f E L! (p). Also, for each n, gt fr > 0, and 
g + fn >g + fin measure follows immediately from the fact that fa > f in 
measure. Then by Theorem 3 

Sg du +J fdu < lim inf f (8 + fn) du. 
So f f du < lim inf f fa du. 


We have, similarly, g — f„ > O and g — fn >g —f in measure. So 
fg du — S’ du < lim inf f E — fn) du. 
Hence f f du > lim sup f fa du > lim inf f fa du > f f du, giving the first result. 


Also, it is clear from the definition of convergence in measure that |f,, -f> 0 
in measure. But | fa —f| < 2g, so the second result follows from the first. O 


Definition 3: Convergence in L?(u) is often described as convergence in the 
mean of order p, that is: f,, > f in the mean of order p (p > 0) if lim If, —fl, = 
0. If p = 1,f, is said to converge to f in the mean. 


Theorem 5: If fa >f in the mean of order p (p > 0), then fa >f in measure. 
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Proof: Suppose not. Then there exist e > 0, 6 > 0 such that y[x: Ifan —f|>e] > 
5 for infinitely many n. But then If, — fl, > e 5”” for infinitely many n, 
giving a contradiction. O 


Example 1: Let u(X) be finite. If nf) = p a. du and p(f, g) =n(f—g), then 


p is a metric space of functions measurable and finite-valued a.e., provided that 
functions equal a.e. are identified. Convergence in this metric is equivalent to 
convergence in measure, and the metric space defined is complete. 


Solution: For all a and b we have 


la + di lal Ibl 
It+latbji it+ja 1+ibl 


Put a = f — h, b =h —g where f,g, h are measurable functions, and integrate to 
get of, g) < pC, h) + p(h, g). Clearly pf, g) = pE, f) > 0, off, f) = 0, and pff, f) 
= 0 only if f =g a.e. So p is a metric on the space of a.e. finite-valued measurable 
functions, if we regard any two functions equal a.e. as corresponding to the same 
element of the metric space. Let fa, f be measurable functions and write E, = 
[x: Ian) — fx) > e] . Then for any e,0 <€ <1, 


Sn >t f edu = Ê uE,). 


So if p(n, f) > 0, (Ee) > 0, that is: fa > f in measure. Conversely, let fa >f in 
measure. We have 


DS (S +f) TEREA MED + e. 


But (Ee) > 0 as n > œ, so p(f,, f) < e(1 + u(X)) for all large n, and so 
lim pfn, f) = 0. 


That the metric space is complete, that is: sequences that are Cauchy with 
respect to p converge, follows from Theorem 2, p. 122, since it can be seen from 
the proof of that theorem that the limit function f obtained will be finite-valued 
a.e. 


Exercises 

1. Show that if fa >f in measure and g, >g in measure, then fa +g, >f+g in 
measure. 

2. Show that if fa > f in measure and « is any real number, then af, > of in 
measure. 

3. Show that if u(X) < and f,, > f in measure, then f? > f? in measure. 

4. Show that if u(x) <9, fn > f in measure and g,, >g in measure, then Sn8n > 
fg in measure. 
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5, Show that the condition p(X) < © is necessary for the result of the last 
exercise to hold. 


6. Show that if f,, > f in measure, then | f,,| > |f| in measure. 
7. Let S be the set of measurable functions on [0,1) and let 


Un = Uf: m[x: f(x) > 1/n}-< 1/n]. 
Then, for each n, S is the smallest convex set containing Un. 


g. Use Example 1 to make the set of all real sequences into a metric space. 
9. Fora > 0 let arc tan a € [0, 2/2] . Show that if 


n(f) = inf arc tan(a + u[x: |f(x)| > a] ) and of, g) =nf—g), 
a>d 
then p is a metric on the space of a.e. finite-valued measurable functions 


where functions equal a.e. are regarded as identical; and show that convergence 
with respect to p is equivalent to convergence in measure. 


7.2 ALMOST UNIFORM CONVERGENCE 


Definition 4: Let {f,,} be a sequence of measurable functions and let f be a 
measurable function; then we say that f„ tends to f almost uniformly, and write 
fn >f au. if, for any e > O there exists a set £ with u(E) < e and such that on 
CE, fn > f uniformly. 


Theorem 6: Uniform convergence a.e. implies almost uniform convergence. 


Proof: The result is obvious from the definition. O 

That the converse of Theorem 6 does not hold can be seen from the sequence 
(x”} on [0,1]. Since x” < (1 — e)” on [0, 1 — e] , it converges uniformly there. 
But {x”} does not converge uniformly a.e. since it does not converge uniformly 
in any set containing points arbitrarily close to 1. 


Theorem 7: If fp >f a.u., then f, > fin measure. 


Proof: If fa does not tend to f in measure, there exist positive numbers e and ô 
such that u[x: If,) — fœ) > e] > 5 for infinitely many n. But since there 


exists a set E, with u(Z) <ô, such that f,, > f uniformly on CE, we get a contra- 
diction. O 


Theorem 8: If fa >f a.u., then fp >f a.e. 
Proof: For each integer m we can find a set Em with (Em) < 1/m, and on CE m, 


fn >funiformly. Then if x€ |] CE,, we have x € CEy, say, so lim f,(x) = 
m=i 


fx). But C U CEm = A Em. a set of measure zero. O 
m=i m=1 
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Theorem 9: Let f, > f a.e. If (i) (X) < œ or (ii) for each n, |f,,| SZ, an inte- 
grable function, then we have f, > fa.u. 


Proof: Write Ex», = A [x: |fin(x) — fx) < 1/k]. It is sufficient to prove 
m=n 
that, for each k, lim u(CExn) = 0, for then if e > 0, (CE k ng) < ¢/2* for an 
n> æ 


appropriate nę. So if E = () Ekng We have p(CE) < e, and on E, |f,, — fI < 
k=1 
1/k form >n,.Sof,, >fau. 


Clearly, [x: lim fm (x) = f] <= U E kn. for each k, so the complementary 
n=1 


set, A CE;,,, has measure zero. So it is sufficient to prove that u(CEp n) <% 
n=1 


for some n, and for each k. For (i) this is obvious, giving the result. For case (ii) 
we have |fm —f|< 2g. So 


oo 


CExn = U [x Ifin &) — f) > SGEE a, 


man 
But as g is integrable this is a set of finite measure and the result follows. O 
Theorem 9, for the case u(X) < ©, is usually known as Egorov’s Theorem. 


Example 2: Let {f,,} be a sequence of measurable functions such that lim f, = f 
uniformly, where f E€ LP (u), and p(X) < œ. Then f,, > fin the mean of order p 
(p > 0). 


Solution: We have |f,{? < 2?(f|? + 1) for all large n, and so fa E€ LP (u). But 
for any e > 0 and for all large n, |f, — fI <e and so f |f, —fl? du < E u(x), 
giving the result. 

We now prove a result resembling that of Exercise 15, p. 117, the main 
difference being that in that case the functions f, were in L?. 


Example 3: Let g be a bounded function, measurable on [0,1] and let {f,,} bea 
sequence of functions integrable on [0,1]. Show that jf 


1 
(i) g nl def is bounded, 
0 
(ii) Ve > 0, 3n >0 such that for each measurable subset H of [0,1] with 


m(H) <n,wehave| | fy dx| <e forall n, 
H 


u 
(iii) lim Í fa dx = 0 for each u € [0,1], 
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1 
then lim | gf, dx =0. 
0 


Solution: By (iii) we have lim f fa = 0 for any interval 7. By Theorem 10, p. 
I 


36, if A is a measurable set and 7 > 0, there exist intervals Z4, . . . , Zy such that 


N 
mi AU In) <n. Then, by (ii) 
k=1 


< 2e 


| fad- f fa ox 
A E 
N 
for all n, where E = U Iç. But lim f fn dx = 0, so 
k=1 E 


lim Í fy de = lim f x4 fy dx = 0. 
A 


So lim f ¢ fa dx = 0 where ġ is any measurable simple function. As we may 
consider g* and g separately, we may suppose that g > 0. Then we can find a 
sequence {¢,} of measurable simple functions, ¢, t g on [0,1]. So by Egorov’s 
Theorem, V e > 0, 3 H with m(H) <n, and k such that |¢, — gl <€ on [0,1] — 
H.Now 


[ efai whit e-ma S 6 ofa de 


1 
But lJ (€ — k) Ín ax| <e f \f,| dx < Me, say, by (i) for all n. Now 
[0,1] -H 0 


1 
choose n so that fi Ok Ín ax <e.Ifg<N on [0,1], we have 
0 


|f (E — >) Ín ax <n | lfn| dx < 2Ne, 
H H 
by (ii), giving the result. 


Exercises 


10. Let {f,,} be a sequence of measurable functions, fa E€ L! (p), let g L7G), 
let If, |< F € L! (p) for each n and let lim f, = f a.e. Then fg E L' (p), 
S fag du > f fg du and fag > fg in the mean. 

11. Let the sequence of measurable functions {f,,} be almost uniformly funda- 
mental. Then there exists a measurable function f such that fa > f a.u. 
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7.3 CONVERGENCE DIAGRAMS 


In this third and in the next section we set out the relationships between six 
important kinds of convergence of sequences of measurable functions. In place of 
uniform convergence we could have chosen uniform convergence a.e., for which 
the same implications would have held. The kinds of convergence considered are 


. convergence a.e. 
. convergence in the mean 

. uniform convergence 

. convergence in the mean of order p (p > 0) 
. almost uniform convergence 

. convergence in measure. 


NO & WN m 


We consider the following cases 


(a) no restriction on [X, S,u], 


(8) u(X) <, 


(y) the sequence {f,,} is dominated by an integrable function, that is, for some 
g EL! (u), |f,1<g for each n. 


The relations between these kinds of convergence, in the three cases, are given 
in Figs 7.1 to 7.3 in which arrows denote implication. The diagrams are to be 
understood in the following sense: (4) = (6) means that for any given p > 0, 


œ: ALLCASES 19e 


2 mean 6 in measure 


3 uniform 5au 


4 
mean of order p(p>o} 
Figure 7.1 
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B: u(x) < © 
1ae 
2 mean 6 in measure 
3 uniform 5au 
4 


mean of order p (p>o) 
Figure 7.2 


S: I< gELlp) 


2 mean 6 in measure 


3 unform 5au 


4 
mean of order p (p>o) 


Figure 7.3 
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if fa > f in LP (p) then fan >f in measure; and conversely, (4) + (5) means that 
for a suitable measure space and for some p > 0, there exists a sequence {fn} 
such that fa > fin LP (u) but fa Pfa.u. 

In the list of references which follows and gives the location of the proofs we 
refer to the case (4) = (6); the special case (2) = (6) is then implied. Also if we 
refer to the cases A > B and B > C we omit reference to the case A > C. Finally, 
if a result has been shown for case (a) we need not refer to it in cases (6) and (y). 
Using these devices the following list of results is sufficient to construct the 
diagrams. 

Case (a). (3) = (5): Theorem 6, p. 125; 

(4) > (6): Theorem 5, p. 123; 
(5) => (1): Theorem 8, p. 125; 
(5) > (6): Theorem 7, p. 125. 
Case (6). (1) > (5): Theorem 9, p. 126. 
Case (y). (1) = (5): Theorem 9, p. 126; 
(6) = (2): Theorem 4, p. 123. 


Exercises 


12. Let [X, S ] be a measurable space and {y,,} a sequence of measures on S 
such that given E © S , Mn+1 (E) > Hn (E) for each n. Write u(E) = lim up (E). 
Show that 


(i) misa measure on 5, 
(ii) iffEL(X, u), then for each n,f E L(X, un) and f f du = lim f f dup. 


13. In the previousexercise, let Mn+, 2 Mn and lim up = u. Show that L(X,m,) > 
L(X, m4) ... Ə L(X, p), but that in general L(X, u) + A L(X, Hn). 
n=1 


14. If u and v are finite measures on the measurable space [X, S ] and u >r, 
then u — v is a measure on [X, S ]. 

15. Let {up} be measures on the measurable space [X, $ ], let tp > Uns, for 
each n, and let u, (X) < ©. Write lim u,,(£) = u(E) for each £ € S . Show 
that u isa measure on £. 

16. Show that the finiteness condition in the last exercise is necessary if u is to 
be a measure. 

17. Show that under the conditions of Exercise 15, L(X¥,u) >... > L(X, m) 2 
L(X, u, ) and show that if f E L(X, un) for each n, then lim f f du, = S f du. 

18. Let [X, S ] be a measurable space and {y,,} a sequence of finite measures 
on it such that lim y, =, uniformly on S . Show that the set function y is 
a measure. 

19. Show that under the conditions of Exercise 18, if f E L(X, Un) for each n, 
then fE L(X, u) and lim f f du, = f f du. 

[Note: In Exercise 18 ‘uniformly’ may be omitted. This is implied by the Vitali- 

Hahn-Saks Theorem, [17], p. 70.] 
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20. Show that for each of the six kinds of convergence considered in this section, 
if a sequence is convergent, it is fundamental. 


7.4 COUNTEREXAMPLES 


In the section we give a set of counterexamples to show that the set of implica- 
tions given by the diagrams of Section 7.3 is the most possible. Extra examples 
can be found in exercises which follow. For example, ‘convergence a.e. does not 
in general imply convergence in the mean of order p (p > 0)’ means that there 
exists p > 0, a measure space [X, S , u]] and a sequence of functions {f,,} with 
limit f a.e. such that fa € LP (u) or f ELP (u) or, if they do, If, —fllp does not 
tend to zero. 

As in Section 7.3, it is not necessary to give a counterexample whenever an 
implication is missing. Thus, if B > C, to show A ? B it is sufficient to show 
A F C. Also if A £ B in either case (8) or (y), then clearly A # B in case (a). 
Also, if a mode of convergence does not imply (2), that is: convergence in the 
mean, then it cannot imply (4), that is: convergence in the mean of order p, 
any p > 0; and conversely to show, for example, that (4) # (5) it is sufficient 
to observe that (2) £ (5). 

The counterexamples numbered (i) to (viii) which follow, demonstrate the 
following ‘non-implications’ between the kinds of convergence (1) to (6), from 
which the remaining non-implications may be deduced. 

Case (a). (1) # (6): (iv). 

Case (8). (1) F (2): (v), 2) F (1): (vi), Q) P (4: (ii), B) F Q): 6, 

(4) ? (2): (viii), (5) > G): Gi). 
Case (y). (2) P (1): (vi), G) P (4): Gi), (5)  G): Gii). 


(i) Let X = [0,1], (0) = 0, f(x) = 1/x if 0 <x < 1, and let fh) = fœ) + 
l/n,n=1,2, ... Then fa, >f uniformly but f¢ L! (0,1). 

(ii) Let X = [0, ©), and let fp(x) = 1/n? if 0 < x < n, fy(x) = 0 if x > n. 
Then f, > O uniformly, and 0 < fa < g where g = 1 on [0,1], g(x) = 1/x? if 
x > 1, so that g E L(X). But f fa!? dx = 1, so fn F 0 in L? (X). 

(iii) Let X = [0,1], and let fa (x) = x°? Xio,ım]- Then m[x: f,(x) + 0] = 
1/n > 0 asn > œ, so fa > 0 a.u. Also | fy (x)| <x? EL(0,1); but clearly fa P 0 
uniformly. 

(iv) Let X = [0, œ), and let f(x) = 1 -n(x — k) if k <x <n’! +k, fh) = 
Oifn'+k<x<k+1,fork=0,1,...Then lim f(x) = 0 except for x=0, 

n-> œ 


1,..., but m[x: f,,(x) > e] = œ for each positive e and for each n. So fa > 0 a.e. 
but not in measure. 

(v) Let X = [0,1], and let fæ) =n if 0 <x < 1/n, fœ) =O if I/n<x <1. 
Then fa > 0 a.e., but f fa dx = 1 for each n. So fa F 0 in the mean. 

(vi) Let X = [0,1], and let £, = [@ — 1)/n, ifn] ,i=1,...,n. Write x, for 
the characteristic function of Et,. The sequence {f,,} is defined to be x}, x}, x3, 
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xi, x2, x3,...,80 that fa = x; where k(k — 1)/2 <n < k(k + 1)/2, and | fn! < 
1 
1, an integrable function. Also | fn dx = 1/k > 0 as n > œ, so fa > 0 in the 
0 


mean. But for each x € [0,1] , x(x) = 1 for each k and some r; so f,(x) = 1 for 
an infinite subsequence (n,} and hence f,,(x) f 0 for any x. 

(vii) Let X = (0,1], and let f(x) = x!” where p > 1. Then f EL’ (0,1), but 
f Ẹ L?(0,1), so the sequence f, f, . . . converges in the mean but not in the mean 
of order p. 

(viii) Let X = (0,1], and let f(x) = 1/x. Then fEL?(0,1) for0<p< 1, but 
f €L'(0,1), so the sequence f, f, . . . converges in the mean of order p, but not 
in the mean. 


Exercises 


21. Let f(x) = 1/n, 0 <x <n; fax) =0,x >n. Show that f,, > 0 uniformly, 
but not in the mean. 

22. Let f, x) =n”, p >0,0<x <n; f,(x) = 0, x >n. Show that fa > 0 
uniformly but not in the mean of order p. 

23. Let fax) =n e™, 0 <x <1; then fa > 0 a.u. on [0,1], but not in the 
mean. 

24. Let f(x) = nP e'™, p>0,0<x <1;show that fa > 0 a.u. on [0,1], but 
not in the mean of order p. 

25. Show that if u(x) < ©, then for p > 1 convergence in the mean of order p 
implies convergence in the mean. 

26. Let f,(x) =x ?, 1 <x <n;f,(x) =0,x >n. Show that the sequence {fq} 
is dominated by an integrable function, that f, € L*? (1, 0) for each n, but 
that (f,,} does not converge in the mean of order 1/2. 

27. Let frx) = n” x etx" 9 <x < 1. Show that fa, > 0 a.e., but not in the 
mean of order 2. 

28. Let f,,(x) = n?P x2? e™° X? pn >0,0<x <1. Show that f, >0ae., but 
not in the mean of order p. 

29. Let fax) = x”, 0<x < 1. Show that {fa} converges almost uniformly, but 
not uniformly. 

30. Show that if u(X) < œ, uniform convergence implies convergence in the 
mean of order p, where p is positive, provided that the functions concerned 
lie in LP (u). 

31. Show that the condition u(X) < © is necessary in the last exercise. 


CHAPTER 8 


Signed Measures and their Derivatives 


We now allow measures to take negative values and then in the Hahn and Jordan 
decompositions show how in the study of such measures we may keep to the 
non-negative measures already discussed. Integrating a non-negative function 
over the sets of a o-algebra produces a new measure from the original one and 
in the Radon-Nikodym theorem we show that any new measure continuous in a 
certain way can be formed in this manner. This gives rise to the derivative of one 
measure with respect to another and in Section 8.4 we describe the calculus of 
derivatives which this gives rise to and give further decomposition results. Finally, 
in Section 8.5 we note that for a fixed g and u the mapping f > f fg dy is linear 
and give conditions for such a linear mapping on L? and L} to have this form. 


8.1 SIGNED MEASURES AND THE HAHN DECOMPOSITION 


We have seen in Theorem 18, p. 106, that if fis a non-negative measurable func- 
tion on the measure space [X, § , u], then the set function ¢, defined on $ by 


oE) = Í f dy, is a measure. If f is any measurable function whose integral with 
E 


respect to u exists, then v(E£) = Í f du is a set function on § which is countably 
E 


additive and which behaves in most respects like a measure. This suggests extend- 
ing the definition of a measure to allow negative values. This is done in Definition 
1. The Jordan decomposition theorem in the next section shows that the study 
of these ‘measures’ can be reduced to that of measures in the strict sense. 


Definition 1: A set function v defined on a measurable space [X, S ] is said to 
be a signed measure if the values of v are extended real numbers and 


(i) v takes at most one of the values œ, —oo, 


(ii) v(O)=0, 
(iii) AU B;) 2 v(E;) if E; O E; = Ẹ for i +j, where if the left-hand side is 


133 


134 Signed Measures and their Derivatives [Ch. 8 


infinite, the series on the right-hand side has sum œ or —oo as the case may 
be. 


Clearly, evéry measure is a signed measure. 


Example 1: Show that if ¢(£) = f f du where f f du is defined, then ¢ is a 
E 
signed measure. 


Solution: We have either f f* du < œ or f fT du < œ so (i) of Definition 1 
follows. (ii) is trivial. Let {F£;} be a sequence of disjoint sets of § and for E € 


S write ¢ (E) = | f* du, oC) = fe f~ du, so that by Theorem 18, p. 106, 


ġ* and @ are measures. Then 

{U E)- (UV i)-#(U F- L PEN- L E= L E) 
i=1 i=1 i=1 i=1 i=1 i=1 

as we cannot get œ — œ at any stage. 


Definition 2: A is a positive set with respect to the signed measure v on [X, $] 
if A E€ S and (E) > 0 for each measurable subset E of A. We will omit ‘with 
respect to v’ if the signed measure is obvious from the context. 

Clearly @ is a positive set with respect to every signed measure. Also, v(A) > 0 
is necessary but not in general sufficient for A to be a positive set with respect to 
V. 


The next example shows a second important way of constructing a new 
measure from a given signed measure. 


Example 2: If A is a positive set with respect to v and if, for E ES , (E) = 
v(E N A), then u is a measure. 


Definition 3: A is a negative set with respect to v if it isa positive set with respect 
to —v. 


Definition 4: A is a null set with respect, to v, or a v-null set, u it is both a 
positive and a negative set with respect to v. 
Equivalently, A is a v-null set if A E€ § and p(F)=0 for all E é $, ES A. 


Example 3: If A is a positive set with respect to v, then every measurable subset 
of A is a positive set. The same holds for negative sets and null sets. 

Theorems 1 and 2, which follow, will be used to prove the main result of the 
section, Theorem 3, which asserts, roughly, that X may be divided into two sets 
on one of which v, and on the other —v, acts like a measure. 


Theorem 1: A countable union of sets positive with respect to a signed measure 
v is a positive set. 
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Proof: Let {Apn} be a sequence of positive sets. Then, as in Theorem 2, p. 95, we 
have UJ A, = U Bn where the sets B, E S , By, E An and B, N Bm = Gif 


n=1 


nfm. Nowlet ES U An . Then £ -U¢ (E N Bn), so WE) =o WENB,) 


>0,asE Bn is a positive set for each n by Example 3. So Ú Án is a positive 
n=1 


set. O 


Corollary: A countable union of negative or of null sets is, respectively, a negative 
or a null set. 


Theorem 2: Let v be a signed measure on [X, S]. Let E€ S and o(E)> 0. 
Then there exists A, a set positive with respect to v, such that A S E and v(A)> 
0. 


Proof: If E contains no set of negative v-measure, then £ is a positive set and 
A = E gives the result. Otherwise there exists n E€ N such that there exists BE S , 
B S E and p(B) <—1/n. Let n, be the smallest such integer and E, a correspond- 


ing measurable subset of E with v(E,) < —1/n,. Let ng be the smallest positive 
k-1 

integer such that there is a measurable subset E% of E — J E; with v(Ek) < 
i=1 


—1/n,. From the construction, n} < n < . . . and we have a corresponding 
sequence {E;} of disjoint subsets of E. If the process stops, at nm say, and 


m 
C=E— U E;, then C is a positive set, and v(C) > 0, for v(C) = 0 would imply 
i=1 
m 
that vp(E) = py v(E;) < 0. So C is the desired set. If the process does not stop, 
=] 


put A=E— U Ex; we wish to show that A is a positive set. We have 
k=1 


ne) =v4)+Y Ex) (8.1) 
k=1 
But v cannot take both the values œ, —oo, p(£) > 0 and ( U E K)= > WE) < 
k=1 k=1 
0, so the second term on the right-hand side of (8.1) is finite. So `, v(E;,) > —; 
k=1 


hence þ 1/n, < œ and, in particular, lim ną = œ, and ny, > 1 for k > kọ, 
k=1 k— œ 


k 
say. So let BE $ ,B E Aand k > ko. Then B S E-U E; so 
i=1 
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l 
> Se . 
B) >- (8.2) 
by the definition of ng. But (8.2) holds for all k > ko, so letting k > œ we have 
v(B) > 0 and so A is a positive set. As before, v(4) = 0 would imply v(E) < 0, so 
v(A)>0 as required. O 


Thorem 3: Let v be a signed measure on [X, S]. Then there exists a positive 
set A and a negative set B such that A U B = X, A OQ B = 9. The pair A, B is 
said to be a Hahn decomposition of X with respect to v. It is unique to the 
extent that if 4,, Bı and A,,B, are Hahn decompositions of X with respect to 
v, then A, AA, isa v-null set. 


Proof: We may suppose that v < œ on S, for otherwise we consider —p, the 
result of the theorem for —v implying the result for v. Let A = sup[v(C): Ca 
positive set], so A > 0. Let {4;} be a sequence of positive sets such that \ = 


lim v(A;). By Theorem 1, p. 134, A =(Ja, is a positive set, and from the 


i=1 
definition of \, A > v(A). But A — A; © A and hence is a positive set. So, for 
each į, 
v(A) = v(A;) + (A — Aj) È v(4;). 

So v(A) > lim v(4;) = A and hence v(4 ) = 2, that is, the value \ is achieved on a 
positive set. Write B = CA. Then if B contains a set D of positive y-measure, we 
have 0 < v(D) < œ. So by Theorem 2, D contains a positive set £ such that 0 < 
v(E) < œ. But then v(4 U £) = v(A) + v(E)>\, contradicting the definition of 
A. So p(D) <0 and B is a negative set and A, B forma Hahn decomposition. 

For the last part note that A, — Ay = A, N B, and hence isa positive and 
negative set and so a null set. Similarly 4, — A, isa null set, and soA, AA, is 
null. O 


Exercises 


1. Let vp(E) = Í x €™ dx. What are the positive, negative and null sets with 
E 


respect to v? Given a Hahn decomposition of R with respect to v. 

2. Show that, if we suppose (E) <œ in Theorem 2, we obtain 0 < p(4) < œ. 

. Give an example showing that a Hahn decomposition is not unique. 

4. For any sequence (a, and any set E C N let v(E)be the sun, ifit exists, of the 
corresponding terms of {a,,}. Which sequences correspond to signed measures 
on N? Show that if {a,} is such a sequence and |a,| > 0 for each n, the Hahn 
decomposition of N with respect to v is unique. 

5. Let v be a signed measure and {£,,} a sequence of disjoint sets such that 


wo Fn) <œ. Show that > v(E n) is absolutely convergent. 
n=] n=l 


oN) 
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6. Show that if v is a signed measure, |y(E)| < œ and F © E, then |v(F)| < œ. 


7. Ifv isa signed measure and E, S E, &..., then (U E) = lim v(E;). 
i=1 


8. Ifv isa signed measure, £, > E, 2 ..., and |v(E, )| <, then 


a E,) = lim v(E;). 


8.2 THE JORDAN DECOMPOSITION 


We now use the Hahn decomposition to obtain, in Theorem 4, a decomposition 
of a signed measure into the difference of measures. 


Definition 5: Let v,, v, be measures on [X, S]. Then v, and n, are said to be 
mutually singular if, for some A E€ S$, v2 (4) = vı (CA) = 0, and we then write 
vi Va. 


Example 4: Let u be a measure and let the measures p, , v, be given by v, (Œ) = 


u(A N E), vi (E) = u(B N E), where u(A N B) = 0 and E, A,B E S . Show that 
vı Lv. 


Solution: v, (B) = u(4 N B) = 0, v, (CB) = u(ġ) = 0. 


Theorem 4: Let v be a signed measure on [X, § ]. Then there exist measures v* 
and v` on [X, S ] such that v = ıt — v and v* L v`. The measures »* and v” are 
uniquely defined by v, and v = »* — v is said to be the Jordan decomposition of 
v. 


Proof: Let A, B be a Hahn decomposition of X with respect to v, and define 1* 
and y` by 


v'(E) = vE N A), V (E) = VEN B) (8.3) 


for E E€ §. Then v* and v” are measures by Example 2, p. 134, and »*(B) =v (A) 
= 0. So ı* lv. Also, for EE S 


v(E) = (EN A) + (EN B) = (ŒE) — v (E). 


So v = v* — y`, and the proof will be complete when we show that the decom- 
position is unique. Let v = v, — v, be any decomposition of v into mutually 
singular measures. Then we have X = A U B, where B = CA and v, (B) = v, (4) = 
0. Let D © A, then (D) = v, (D) — va (D) = vı (D) > 0, so A is a positive set 
with respect to v. Similarly B is a negative set. For each E € S we have v, (E) = 
V1 (E N A) = (EN A) and v, (E) = —v(E N B), so every such decomposition of v 
is obtained from a Hahn decomposition of X, as in (8.3). So it is enough to show 
that if A, B and A’, B' are two Hahn decompositions then the measures obtained 
as in (8.3) are the same. We have 


W(AUA')=e(ANA')+0(A AA')=H~(ANA’) 
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by Theorem 3, p. 136. For each E € § ,as A UA’ is a positive set we have 
WEN (A NA'))<o(ENA)< VEN (AVA) 
and WE N(ANA'))<v°(ENA')<oWEN(A VA’). 


But the first and last terms in each of these inequalities are the same so v(E N A) 
= (E N A') and »* defined in (8.3) is unique. But then » = * — v is also 
unique, proving the theorem. O 

Notice that the Hahn decomposition is of the space and is not unique whereas 
the Jordan decomposition is of the signed measure and is unique. 

We will henceforth use the notation »* and v for the measures defined by v as 
in Theorem 4. 


Example 5: Let [X, S, u] be a measure space and let f f du exist. Define v by 
v(E) = | f du, for E € § . Find a Hahn decomposition with respect to v and the 
E 


Jordan decomposition of v. 


Solution: From Example 1, p. 134, v is a signed measure. Let A = [x: f(x) > 0}, 
B = [x: f(x) < 0]. Then A, B form a Hahn decomposition, while v*, v given by 


v (E) = f f* du, V (E) = f f~ du form the Jordan decomposition. 
E E 


Definition 6: The total variation of a signed measure v is |r| = »* + v`, where 
v = — v is the Jordan decomposition of v. 
Clearly |v| is a measure on [X, S ]], and for each £ € § , WŒ)I < lvl). 
Definition 7: A signed measure v on [X, S ] is o-finite if X = J Xn where X, € 
n=1 
S and, for each n, |v(X,,)| < œ. 


Example 6: Show that the signed measure v is finite or o-finite respectively if, 
and only if, |v| is, or if, and only if, both »* and v” are. 


Solution: Suppose |v(E)| < œ. Then as »* and vy are not both infinite we have 
v*(E) < œ and v (E) < © and hence |p|(E) < œ. Obviously, v is finite if |p| is. 
The corresponding results on o-finiteness are an immediate consequence. 


Exercises 
9. Show that if v, , v, and u are measures and v, L u,v, Ly, thenv, +v, Lu. 
10. If vp) = | rau where f f du exists, what is |v| (E)? 
11. Show that 1* = 4(y + |v), 7 =4(\v| — v), provided v is finite-valued. 
n 


12. Show that |»(E)|= sup X, |»(E;)| where the sets E; are disjoint and E = 
i=1 
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n 
UJ E;. This result justifies the term ‘total variation’ in Definition 6. 
i=1 


13. Show that the Jordan decomposition is minimal in the sense that if v is a 
signed measure and v = vy, — v, where v, and v, are measures, then |r| < 
vı +v, with equality only if v; =r*,», =v. 


8.3 THE RADON—NIKODYM THEOREM 


We have found in Section 8.1 that v(Z) = f f du is a signed measure. It is in 
E 


practice very useful to know if a measure is of this form. The essential condition 
is given in Definitions 8 and 9. Theorem 5 shows that if the measures or signed 
measures are, in addition, o-finite, v can be written as an integral. 


Definition 8: If u, v are measures on the measurable space [X, $ ] and v(F) = 0 
whenever u(E) = 0, then we say that v is absolutely continuous with respect to 
u and we write vy <u. 


Definition 9: If u, v are signed measures on [X, S ] and (E) = O whenever 
|u| (Œ) = 0, then v is absolutely continuous with respect to u, v <p. 


Example 7: Show that the following conditions on the signed measures yu and v 
on [X, S ] are equivalent: (i) v < n, (ii) |v| < |ul, Gil)” < uand v <u. 


Solution: From Definition 9 we see that v < yu if, and only if, v < |u|. So we 
may assume that u > 0. As |v| = v* + v, we see that |v| < u implies v* <p and 
vy <€p, so v <p. For the opposite implications, suppose that v = »* —v witha 
Hahn decomposition A, B. Then if v < u and u(E) = 0 we have u(E N A) = 0 so 
v*(E) = 0, and similarly v (E) = 0. So |vp|(F) = 0. 


Example 8: If u is a measure, f f du exists and v(£) = f fdu, then v <p. 
E 


In the opposite direction we have the main theorem of this chapter. 


Theorem 5 (Radon-Nikodym Theorem): If [X, $ , u] is a o-finite measure space 
and v is a o-finite measure on S such that v < u, then there exists a finite-valued 
non-negative measurable function f on X such that for each EF E€ S, v(E) = 


f f du. Also f is unique in the sense that if v(£) = f g du for each E E€ S, then 
E “E 

f=g a.e. (p). 

Proof: Suppose that the result has been proved for finite measures. Then in the 


general case we have X = UJ An, M(A,) <œ and X = UJ Bm, VBm) <œ and 
n=i m=i 
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{An}, {Bm} may be supposed to be sequences of disjoint sets. So setting X = 
UJ (An N Bm) we obtain X as the union of disjoint sets on which both u and 
nm=1 


v are finite, say X = UJ Xn. Let Sp = [E A Xn: E € S | „a o-algebra over Xn, 
n=1 
and considering u and v restricted to $ „ we obtain, since u and v are finite, a 


non-negative function f,, such that if E E€ S$, v(E) = Í fn du. So if AES, 
E 


A= U An, say, where A, E Spn, then defining f = fa on X,, gives a measurable 
n= 


function on X as in Example 12, p. 103, and v(4) = D f fna du = | f du. 
An A 


n=1 
So the general case follows. 
So we need to show that for finite measures such a function f exists. Let K 
be the class of non-negative functions measurable with respect to u and satisfying 


f f du < v(E) foral E € $ .ThenX isnonempty as0 E€ K. Let a= sup[f f du: 
E 
fEK] and let (f,,} be a sequence in K such that lim f fa du =a. If B is any 


fixed measurable set, n a fixed positive integer and g,, = max (fi, . .. , fm) 
then we can prove by induction that B is the union of disjoint measurable sets 
B; i =1,...,n, such that g, = f; on B;,i=1,...,n. For, letn = 2 and let 


B, = [x: x EB, fix) > f2 (Œ)] , B2 =B — B,, then B = B, U B, has the desired 
property. Supposing the decomposition possible for n; let g,,, = max (fi, ..., 


Sno) = max (En, f1). SO B = Fy, U Bray where 8n4; =fney ON Bnei, Enei = En 
on F, and F, N By4, = Ọ. But then by the inductive hypothesis we have F,, = 


n 
Ja, and 84; (x) =ffx) for x €B,i=1,...,n +1. 
i=1 
Now, since each GEK, 
n 
Í En d=}, Í fi du < y v(B;) = v(B). (8.4) 
B =1 ‘Bi i=1 


Also we have g„ t, so write fọ = lim g,,. Then (8.4) and the Lebesgue Monotone 
Convergence Theorem imply that 


J fo du=tim | gn du <E), 


so fo E K. Hence 
a > S fo du > S 8n du > S fn du, 


so œ = f fọ du. Since f fy du <v(X) <©, there exists a finite-valued measurable 
function f, also non-negative, such that f = fo a.e. (u). 


Sec. 8.3] The Radon-Nikodym Theorem 141 


We will show now that if v (Œ) = vŒ) — f f dy, then vo Œ) = 0, for each 
E 


E € §. By the construction of f, vg is non-negative. If vp is not identically zero 
on §, let CE § and vo (C) >0. Then fora suitable e, 0 < e <1, Yo — euXO) > 
0. But then by Theorem 2 we can find A such that (vo — eu)(A)> 0 where A is 
a positive set with respect to v9 — ep. Also u(4) > 0, for otherwise, as v < u we 
would have v(4) = 0 and hence (vo — eu (A) = 0. So for FE S 


MENA) <r (ENAY=MENA)— | fdn. 
ENA 
Hence if g =f + ex4, for each E € S we have 
f eau fdu+ een A)< | fdut+v(ENA) Sv) 
E E E—A 
and so g E K. But f g du = f f du + eu(A) >a, contradicting the maximality of 
a. So vo =O on S, that is, | fdu = vE). 
E 

So f has the desired properties. Let g also have these properties. Then, for 

EES, f (f —g) du = 0 and taking E = [x: f(x) > g(x)], we get f <g a.e., and 
E 


similarly f >g a.e. so f is unique in the sense stated. O 


Corollary 1: Theorem 5 can be extended to the case where v is a o-finite signed 
measure. 


Proof: The Jordan decomposition gives v = v* — v” and by Examples 6 and 7, 

v*(E)= j fi du,v (E) = f fa du where f, and f, are finite-valued non-negative 
E E 

measurable functions of which at least one is integrable. So, for EE S ,»(E) = 


v (E) —v (Œ) = f f du where the integral of f = fı — fa is well-defined. O 
E 


Corollary 2: Theorem 5 can be further extended to allow u to be a signed 
measure, where by f f du we then mean f ft du - f f~ du, provided this 
E “E E 


difference is not indeterminate. Any two such functions f and g are equal a.e. 


(lul). 


Proof: Let A, B be a Hahn decomposition with respect to u, so that u*(E) = 
U(E N A), B(E) =—u(E N B). Now v < u* by Example 7, p. 139, and y7* is o-finite 
by Example 6, p. 138, so on applying Theorem 5 to uy” on A we get (EN A) = 


| fı dpt for an appropriate function fı on A, and similarly v(E N B) = 
ENA 
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k fa dW for f, defined on B. So define f = fı on A, f = —f, on B. Then by 
Example 12, p. 103, f is a measurable function on X, and v(Z) = | A du* — 
(—f,) duo. As v is a signed measure this will not be of the form œ% — o, 


so P(E) = f f du is well-defined. Any two such functions, from the construction, 
“E 


agree except on a set of zero p*- and w -measure, giving the result. D 


Exercises 


14. Let u and v be measures and u <& v. If a proposition P holds a.e. (v) then P 
holds a.e. (u). Also, if u is a complete measure so is v. 

15. Give an example to show that in Definition 9, p. 139, the condition |u| (£) = 
0 is not equivalent to u(£) = 0. 

16. Give an example of measures u and v, on the same measurable space, such 
that none of the relations u <v, v <p, u Lv holds. 

17. Let O < xọ < 1 and for any Lebesgue measurable set E E [0,1] define 
v(E) = xex). Show that v is a measure which is not absolutely continuous 
with respect to Lebesgue measure on [0,1]. 

18. Show that the condition: v o-finite, is necessary in the Radon-Nikodym 
Theorem. 


19. Show that if vp(E) = Í f du for each E € S , where f is non-negative and 
E 


measurable, and f = œ on a set of positive u-measure, then v is not o-finite. 
20. Show that the condition: u o-finite, is necessary in the Radon-Nikodym 
Theorem. 
21. Show that if u and v are measures such that v < u and v 1 p, then v is 
identically zero. 


8.4 SOME APPLICATIONS OF THE RADON—NIKODYM THEOREM 


In this section we consider the ‘calculus of derivatives’ to which the Radon- 
Nikodym theorem gives rise and in Theorem 11 give one of the many applications 
of that theorem. The next section deals with a different kind of application. Our 
first result concerns absolute continuity and extends Theorem 18, p. 106. 


Theorem 6: Let u be a signed measure on [X¥, S ] and let v be a finite-valued 
signed measure on [X, S ] such that v < u; then given e > 0 there exists ô > 0 
such that |v|(E) < e whenever u| (E) <ô. 


Proof: By Example 7, p. 139, v <p is equivalent to |v| < |u|, and by Example 6, 
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p. 138, |p| is finite-valued if, and only if, v is, so we may suppose that u and v are 
measures. If the result is not true, then there exists a positive e and a sequence 
(En) of sets of $ such that u(En) < 1/2", but v(E,,) > €. Then consider 


lim sup En = () Fk, Fk = J Em 
= in= 


For each k, u(lim sup En) <u(F;,) < `, 1/2™ = 1/257! . So u(lim sup E„) = 0. 
m=k 


But, for each k, (Fg) > € and v is finite, so by Theorem 10(ii), p. 103, 
v(lim sup £,,) = v(lim Fxg) = lim v(Fk) È €, 


contradicting v & p, and the theorem is proved. O 
The converse is tiue without any finiteness condition. 


Example 9: If u, v are signed measures on [X, S ] and if ve > 0, 36 >0 such 
that whenever |u|(Z) <6 we have |v|(E) <e, then v <u. 


Solution: If \y|(E) = 0, then |v|(E) < 1/n for all n. 


Definition 10: Let u and v be o-finite signed measures on [X, 5 ] and suppose 
that v & u. Then the Radon-Nikodym derivative dv/dy, of v with respect to p, is 


any measurable function f such that v(£) = | f du for each E € § , where if u is 
E 


a signed measure f f du = f f du" —ffdy asin Theorem 5, Corollary 2, p. 141. 

From Theorem 5, p. 139, Definition 10 specifies dv/du only as one of a set of 
functions any two of which are equal a.e. (u); this is not important as dv/du will, 
in practice, usually appear under the integral sign. In the equations below 
connecting Radon-Nikodym derivatives we will indicate the measure, say u, with 
respect to which the functions are equal a.e. by the notation [u] . In the case of 
a signed measure, the functions are equal a.e. (|u|). By dv/dy # d¢/dA[u] we 
mean that either the functions differ on a set of positive u-measure or they are 
not measurable with respect to the same o-algebra. 


Theorem 7: Ifv; ,v, are o-finite measures on [ X, 5] and v, <p, v2 <p, then 


dv, +v ) dp = 
Ae f S A u M ]. (8.5) 


Proof: Clearly v, + v, is a o-finite measure and py, +v, <p. ForEE S 
+r B= E+E | taut | Gedw. 
So the uniqueness of d(v, + v,)/dyu gives the result. O 


We prove next that (8.5) holds for signed measures, using Hahn decomposi- 
tions of X so that we can work with measures. 
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Theorem 8: If vi, ».,v, +v, and p are o-finite signed measures on [X, § ] and 
Vi Š U,V & p, then (8.5) holds. 
Proof: v, +v, isa signed measure provided v, (E) + v, (E) is never œ + (—29). 

(i) Suppose that u is a measure. For i = 1, 2 let v; = vy — v; with Hahn 
decomposition A;, B;. Consider the four sets A; N B; separately. On subsets of 
A, N B,, for example, we have v, +v, =v — v3, so for F S A, NB, 


(pı +n AF) =v F)— +2 (F) 


a a _ Wa) 2 ($ | 
Ee du oH J. du * du du, (e) 


since clearly dv/du = —d(—v)/du [u]. But each E E S may be written as the 
union of four such sets F and adding the corresponding equations (8.6) gives the 
result, as the fact that v, va and v, + v, are signed measures ensures that 
œo + (—ce) will not arise. 

(ii) Let u be a signed measure and let A, B be a corresponding Hahn decom- 
position. Write §' = [EN A: E € §] and let u', vi, v3 be the restriction of p, 
Vi, Va to S’. Similarly, S”, u”, vi, vz in the case of B. Then case (i) applied to 
A and to B gives 


d(v; + v3 )/dp' = dv; /du' + dv /dy’ [u] 
d(v; + vz )/d(—p") = dv} /d(—p") + dwz /d(—u") [u]. 
Write f; = dv;/du' on A, fi = —dv;/d(—p") on B. Then for each EE S, 


(8.7) 


f naus fnat- fiau") =nENA)+vENB)= vE) 
E ENA ENB 


for i= 1,2 and similarly for vy, +v,.Since(v, + v3) =v; +v} and(vy, +y,)" = 
vı +, we may subtract equations (8.7) to get the result, as again no indeter- 
minate expressions can occur. O 


Example 10: Let be a o-finite measure and pv a o-finite signed measure and let 
v & u; show that d|y|/du = |dv/du| [u]. 


Solution: Let v = v* —v with a corresponding Hahn decomposition A, B. As 
in the last theorem, we have |dv/du| = uy*/du [u] on A and |dv/du| = dv /dy [u] 
on B. So, by Theorem 7, 


dv] at | dom _ dil 


dul du t du dy. 


Theorem 9: Let v be a signed measure and let u, à be measures on [X, $ ] such 
that A, u, v are o-finite, v < u and u <); then 


DT dudn [A]. (8.8) 


Proof: We may write v = v* —v and we use the fact that —dy7/dA = d(—v")/dA 


Sec. 8.4] Some Applications of the Radon-Nikodym Theorem 145 


[A] , and similarly for dv"/du. So by Theorem 8, (8.8) need be proved for measures 
only. So suppose that v is a measure and take for dyv/du and du/dd the non- 
negative functions, f and g respectively, provided by the Radon-Nikodym 


Theorem. Then we wish to show that for FE $, (F) = f fg dà. Let y bea 
F 


n 
measurable simple function, y = 3 li XE; then 
i=1 


n n 
du = a; WE; OF) = a; dA = dx. 
f y D i HE; OF) D i Jart ie Wg 
Let {w,,} be a sequence of measurable simple functions such that Ya f f. Then 


v(F) = | feu = im i Wn du = lim | vnga | f dÀ, 


as Wg t fg, giving the result. O 
Again we may extend the result slightly to cover signed measures. 


Theorem 10: Let A, u, v be o-finite signed measures on [X, S ] such that v <p 
and u <A; then (8.8) holds. = 


Proof: Let Hahn decompositions with respect to \ and to u be given by A,, B,. 
and A,, B, respectively. Consider the four sets A; N B;, i,j = 1, 2, separately. 
For example, on A, N B, we let S'’=[ENA, NB,:E€ S] and let A’, u’ be 
the restrictions of A, u to S’. So A’ and —y’ are measures. Applying Theorem 9 
we get,on A, NB, 

d _ _dp d(—p') [u] 

dn d(—p’) aN 
As in the proof of Theorem 8, p. 144, we see that —dv/d(—y’) is the restriction 
of dv/du to A, N B, and —d(—p')/dù' that of du/dd to A, N B}. So on A, NB, 
we get 

dv _ dy du 

dà du dÀ [à]. 


Adding four such equations gives the result. O 


Example 11: Let u and v be o-finite measures on [X, $ ] such that v <€ u. Show 
that there exists a measurable function g such that if f E L(X, v), then fg € 
L(X,p)and foreachFEES, 


f fay Š J fe du. 


Solution. Consider the signed measure À defined by A(E) = Í fdv, frEE S. 
E 
As |AI(X) = S Ifl dv < ©, \ is a finite signed measure. So dà/dv = f [v] . Let g 
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be a non-negative measurable function, g = dv/du [u]; then by Theorem 9, 


fg = dA/dy [u]. So 
| sev=r@)= | fean. 
E “E 
Also, fg E L(X, u) since using Example 10, p. 144, 
fla] @ 4 fa e y, 5 
fizian =f a hae f dy dy #5 ING) <=. 
The next results show that even if the Radon-Nikcdym Theorem cannot be 


applied to a measure, it may still be applicable to ‘a part of the measure. An 
alternative method of proof of the next theorem is indicated in Exercise 28. 


Theorem 11 (Lebesgue Decomposition Theorem): Let [X, S , u} be a o-finite 
measure space and v a o-finite measure on §. Then v = vg + v, where vo, V, 
are measures on § such that vo Lu and v, < u. This is the Lebesgue decomposi- 
tion of the measure v with respect to u and it is unique. 


Proof: Clearly the measure A = u + v is o-finite and u <A. So by Theorem 5, 
p. 139, there exists a non-negative finite-valued measurable function f such that 


if E E S, then (E) = J far. Let A = [x: f(x) > 0], B = [x: f(x) = 0]. Then 


AUB=X,ANB=6 and u(B)= | fdr=0. 
B 


Define measures vo, Vy by vo Œ) = V(E N B), vi (ŒE) = (E AN A) for each 
E € & , so that v = vo + v,. Since v9(A) = 0 we have vp L u. Also v; < u; for 


if u(E) = 0 we have f f dà = 0 and so, on E, f = 0 a.e. (A). But f is positive on 
E 
E N A so NE N A) = 0. From the definition of A we have v € 2 so v, (E) = 
WEN A)=0. 
To show that the decomposition is unique we suppose that v = vp + v; = 
Vo + vi, where vo Lu, vo Lu, vı <u, vy <p. So there exist sets A,B, A’, B’ 
such that X = A U B = A' U B', A A B = A' A B' = Ẹ, and vo (B) = (4) = 
vo (B') = u(A')=0. Let FE S, then 
E=(ENBAB)U(ENA'ABJU(ENANANU(ENANAB'’). 
Clearly u is zero on the last three sets‘in this union and hence v, and v} are zero 
by absolute continuity. Since v; — v, = v9 — vo we have 
1 — r: XE) = 1 — vı XE N BOB’) = (vo — KEN BOB')=0, 
as ¥9(B) = vo (B) = 0. So v, (E) = vi (E), which implies v (E) = vg (E) and the 
uniqueness of the decomposition. 0 


Example 12: Let [X, S ]] be a measurable space such that the points [x] of X 
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are measurable sets, and let v and u be o-finite measures on [X, S ]]. Then 
v =v; +v, +v, where v, & p, v, + v3 Lu, vy; Lv; fori #7 and v3([x]) =0 
for each x E€ X. 


Solution: The last theorem gives v = vg + v, where v, < u and vo Lu. Let D = 
[x: vo([x]) > 0] and write v2 (E) = vo (E N D), v3 (E) = vo (E N CD) for each 


EES. Then v, Lv, and n, Lp,v3 Lusov, Lvi, v3 Lv, since v, <p. Clearly 
v3({x] ) = 0 for each x. 


Exercises 

22. In the special case where u is o-finite use Theorem 5, p. 139, to prove 
Theorem 6, p. 142. 

23. Let {an}, {bn} be sequences of positive numbers such that inf a, = 0, 
inf b,, > 0. Let u, v be the measures on ? (N) such that u([n]) = ap, v({n]) = 
bn. Show that u <v but that the result of Theorem 6 does not hold. 

24. Let {fg} be a mean fundamental sequence in L(X, u); show that V e > 0, 


3 ô > 0 such that for all k, iF cl du < e if (E) <8. 
25. Show that if u and v are o-finite signed measures and u <p, v <p, then 
dy _ (su i 
du  \dv lu]. 
26. Let f(x) =V(1 — x), x < 1,fx)=0,x > 1, and let g(x) =x? ,x > 0, g(x) = 
0, x <0. Let v(E) = f f dx and u(E) = f g dx so that v and p are measures 
E E 


on M . Find the Lebesgue decomposition of v with respect to u. 

27. Show that the set D occurring in Example 12 is countable. 

28. Prove Theorem 11 directly, without the use of Theorem 5, using, as in 
Theorem 3, a sequence of sets maximizing v to obtain the set B of the proof. 


8.5 BOUNDED LINEAR FUNCTIONALS ON L? 
First we make a formal definition which was implicit in Chapter 6. 


Definition 11: Let V be a real vector space. Then V is a normed vector space if 
there is a function lix l| defined for each x € V such that (i) V x, Ilxll > 0, Gi) 
Ixl = 0 if, and only if, x = 0, (üi) llaxll = jal + ixl for any real number a and 
each x E V, (iv) Ix + yl < Ixi+ iyl, vx;y EV. 


Example 13: L?(X, u) (1 <p <©) is a normed vector space with norm given by 
Ifig. 


Solution: Only (iv) is not obvious and it is proved by Theorem 8, p. 115, for 
1 <p <œ and by Example 12, p. 116, for p = œ, 
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Example 14: C[0,1], consisting of the continuous real-valued functions on [0,1] 
with norm Ifill. = sup[|f(x)|: 0 < x < 1], is a normed vector space. On this 
space a sequence converges with respect to the norm if it is uniformly convergent 
on [0,1]. 


Definition 12: A function G on the normal linear space V to the real numbers is 
a linear functional if Y x, y E€ V and a, b E R, we have G(ax + by) =a G(x) + 


b Gy). 


Definition 13: A linear functional G on the normed linear space V is bounded 
if 3 K 2O such that 


IG(x)I <K ixl, Vx EV. (8.9) 


Then the norm of G, denoted by IIGI, is the infimum of the numbers K for 
which (8.9) holds. So, easily, |G(x)| < IIGll- llxll. Then dividing by IIG ll we see 
that IGI = sup[{|G(x)|: xl <1], and it is easy to see that apart from the trivial 
case when dim V = 0, IGI = sup[iG(x)I: lxi = 1]. 

Boundedness and continuity are related as follows. 


Example 15: The following are equivalent for a linear functional G: (i) G is 
bounded, (ii) G is continuous at 0, (iii) G is continuous at each x E V. 


Solution: Let x, > 0; then |G(x,)| < IG} + Ix, | > 0, so (i) implies (ii). Let 
Xn 7x; then |G(x,,) — C) = |G —x)| < IGI lx, — x Il > 0, so (ii) implies 
(iii). Clearly (iii) implies (ii). If (ii) holds but G is not bounded, then 3 {x,}, 
ix, | < 1, but |G(,)| > n. Then if yp =n"! xp, so that lly, ll > 0, we have 
IG(,,)| = 1, contradicting (ii). 


Example 16: Define G on LP (u) by G) = f fg du for a fixed g E L1 (u), p and 


q being conjugate indices with p > 1 and with q = œ in the case where p = 1. 
Then G is a bounded linear functional and IGI < lglg. 


Solution: This follows from Holders inequality, p. 115, for 1 <p < œ and from 
Theorem 9, p. 116, for the case p = 1. 


It will follow from the main theorems of this section that IG | = ligil for this 
kind of functional. It is convenient to deal separately with the cases 1 < p < œ 
and p = 1. The next theorem shows that L1 is, in a sense, the set of bounded 
linear functionals, or dual space, of LP . 


Theorem 12 (Riesz Representation Theorem for L? ‚p > 1): Let G be a bounded 
linear functional on L?(X, u). Then there exists a unique element g of L?(X, u) 
such that 


G(f) = f fg du for each f E€ LP (8.10) 
where p,q are conjugate indices. Also 
IGI = lglg. (8.11) 
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Proof: Let g and g' have the desired property and let E be any set of finite 
measure, so that xg €L”. Then f (—g')du = fxe (g —zg') du = 0. So g =g" 
E 


a.e., since the set [x: g(x) # g'(x)] has o-finite measure. So the uniqueness is 
proved. That IGI < lgl} was noted in Example 16, for any g satisfying (8.10). 
If IGI = 0, then G(/) = 0 for all f, so g =0 satisfies (8.10) and (8.11). So suppose 
IGI > 0. Suppose first that u(X) < œ. For each E E S define XE) = G(xg); 
we wish to show that A is a signed measure. Clearly \(@) = 0. Since xy, ug = 


Xa + xp for disjoint sets A, B, d is finitely additive. Let £ =J E; and let A, = 
i=1 


n 
UJE. We have lx4, — Xe lp = WE — A,,))'? > 0 as n > œ. Since G is con- 
i=1 


tinuous by Example 15, we have A(A n) > A(E), so A is countably additive. Since 
G takes only finite values, A is a signed measure. Also, if u(E) = 0, then llyg l p= 
0 so A(E) = 0, that is, A <p. So by Theorem 5, Corollary 1, p. 141, there exists 
g E L! (u) such that for each E E S 


Goe)= J g du=fxeg dp. 


We now dispense with the signed measure ) and show that g has the required 
properties. 

By linearity we have G(¢) = f ¢ g du for any measurable simple function ¢. 
But each function f E L“(u) is the uniform limit a.e. of a sequence {Y,} where 
each Yp is the difference of measurable simple functions, and so lif — y, | p >O. 
So, by the continuity of G, 


G(f) = f fg du for each f E L” (u). (8.12) 

We now show that IGI = lglg. Let the function a on X be defined by: 

a = | where g > 0, a = —1 where g < 0. So a is measurable and ag = |g]. Let 

E, = (x: |g(x)| <n} and put f = oye, git" where p, q are conjugate indices, 
Then |P = |Ig|? on En, f E L” (u) and by (8.12) 


1p 
f Igl? du = f fg du = Gf) < IGI ° iri, = 161 (f. izl? au } (8.13) 


So we get 
Í Xe, 181° du < IGI? (8.14) 
up 
For this is obvious if ( f igts du = 0; otherwise divide (8.13) across by 
e En 


this factor and raise to the power q. Since XE, t 1, (8.14) and Theorem 15, 
p. 105, give igl} < IGI, and, in particular, g E€ L4(u). So by Example 16, 
igla = IGI. 
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So (8.10) holds for f € L*(X, u). But the bounded functions are dense in LZP. 
For it is sufficient to show that every non-negative function f € LP is the limit, 
in the mean of order p, of a sequence {fp} of bounded functions. Put fp = 
min(f, n). Then O < (f — fa} < fP and f — fn > 0 a.e. So by Theorem 21, 
p. 107, If — f,, > 0. Then by the continuity of G, Ga) > GCO). Also, by 
Holders inequality, f fag du > f fg du. So G(f) = f fg du, proving the result of 
the theorem for finite measure spaces. 


We now extend the result to the case when X =x ip Where the X; are 
i=1 


disjoint measurable sets of finite u-measure. Any function fy on X,, measurable 
with respect to the o-algebra of sets EM X,, E E€ S , can be extended to fon X 
by putting f = 0 on CX;. Then G has the restriction G; on L(X;, u) where G,(f;) = 


G(f), and we have IIG,Il < IGN. By the first part, Gi) = Gx f) = f fg, du 
Xj 
for each f € LP (X, u), for each i, and for a suitable g; E L7(X;, p). Extend g; to 
n 


X by putting g; = 0 on CX, and write g = È g;. By linearity, if Y,, =|_)x,, 
i=1 


Cour A= | fier +... +n) du, YFEL, p) 


As in the first part, since u(Y„) < œ, we have lg, + ...+ alg < IGI for 
each n. So 


(igla)! = f IZ gl? du =f tim 7 s|" du 


n 
< lim it |] zu < IG? 
i=1 
by Fatou’s Lemma, p. 105, giving lgl, = IGI by Example 16, as before. Also 
n 
xy,/ >f in the mean of order p so Gyf) > Gf). But du gı >g in the mean of 
=] 


n 
order q, so by Holders inequality f XY T D g, du > f fg du. 


Now consider the general case where u need not be o-finite. We show that 
there exists a set Xo © $ which is of o-finite measure, that is, Xo is the union of 
a sequence of sets of finite measure, and such that if f= 0 on Xp then GC) = 0. 
Let {fn} be such that If, ll, = 1 and G&,) > IGI (1 — 1/n). By Exercise 21, 


p. 108, we see that Xo =U [x: fa(x) # 0] has o-finite measure. Let E € § 
n=1 


with E S CXp, then If, + Kel, =(1 +? uw)” for t>0. Also 
G(fn) — GE txe) SIGE F tre) < IGI + P uE)? 
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and it follows that 


IG(txe) < IGI [C + £? WEP -—14+n7], 
for every n. Let n >œ and then divide by t(> 0) to get 


IG(xe)| < IGI ase wey 1 


Since p > 1 we may apply PHôpital’s rule as t + O to get G(xg) = 0. SOG 
vanishes for simple functions and hence for measurable functions which equal 
zero on Xo. So by the proof for the o-finite case we can find g € LI (Xo) such 
that 


GQx, f) = f fg du. 


Define g to be zero on CXq to get the required function g of the theorem. O 


Theorem 13 (Riesz Representation Theorem for £1): Let [X, $, u] bea o- 
finite measure space and let G be a bounded linear functional on L! (X, u). Then 
there exists a unique g € L”(X, u) such that 

G(f) = f fg du for each f E L! (u). (8.15) 
Also, IGI = lgl. 
Proof. Suppose first that [X, S$, uw] is a finite measure space. As in the last 


theorem we construct a unique g such that (8.15) holds for f € L“(X, u). We 
wish to show that g € L”. We have 


f g dul < IGI lxgl, = IGI uŒ), YEE S. (8.16) 
E 


Suppose that [g(x)| > IGI on a set A of positive measure and write E, = [x: 
Ig&x)l > (1 + 1/n) IGI]. So A = U En. So, for some n, u(E,,) > 0 and |g(x)| > 


(1 + 1/n) IGI on E„. Then S g du > IGI (1 + 1/n) (En), contradicting 


(8.16) as we may suppose |G| > 0. So Iigi.. < IGI, and hence ligila = IGI by 
Example 16. 

We extend (8.15), as in the last theorem, to all functions f € L’! (u). Extend, 
as before, to the o-finite case; we now have lg, + ...+4,, ll. < IGI for each n, 
so igl. < IGI as required. For the last part of the g-finite case in the last 
theorem, Hölders inequality is replaced by Theorem 9, p. 116. 0 


Exercises 


29. Prove the result used in Theorem 12: if fa > f in LX, u), and g, >g in 


L7(X, u), where p,q are conjugate, then fn8n — fg in L! (X, u). 
30. Let V be a normed vector space and let V* be the ‘dual space’ of bounded 
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31. 


32. 


33. 


34. 
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linear functionals on V with norm as given in Definition 13, p. 148. Show 
that V* is a normed vector space. 

Let V be a normed vector space. Show that the mapping G > GC), for 
fixed f € V, is a bounded linear functional, f** say, on V* and If **ll < 
Ifi. 

In the case V = L? (u) (p > 1), show that the correspondence f >f ** of the 
last exercise is linear and norm preserving. 

Note: In this notation, Theorem 12 says that (L?)* (1 < p < œ) may be 
identified with L7, and (L?)** with LP For more results of this kind, see, 
for example, [15]. 

Show that the element g € L? of norm 1 such that f fg du = Ifl, for a 
given f € LP , is unique, where p, q are conjugate indices 1 < p,q < œ. 

L' (X, u) is a normed linear space, and if u is o-finite the dual space is 
L”(X, u). 


CHAPTER 9 


Lebesgue-Stieltjes Integration 


It is often natural on the real line to consider integration with respect to an 
increasing function, particularly in probability and classical applied mathematics, 
and integrals are considered from this view point in this chapter. It turns out 
that this is the natural context in which to consider indefinite integrals and 
integration by parts, and in Sections 9.3 and 9.4 we extend the calculus developed 
in earlier chapters. Section 9.2 provides results in this direction which comple- 
ment those of Chapter 2, on Hausdorff measures. In the construction of such 
measures we use Helly’s theorem which is of independent interest, especially 
in probability theory. In Section 9.5 we examine the change of variable in an 
intergal; the change of variable for Lebesgue integrals is a special case. Finally, in 
Section 9.6 we provide an analogue for the representation theorems of Chapter 8 
and show that every bounded linear functional on the space of functions con- 
tinuous on a closed bounded interval arises from a measure. 


9.1 LEBESGUE-STIELTJES MEASURE 


Let g be a finite-valued left-continuous monotone increasing function on R and 
for an interval [a, b) define u([a, b)) = g(b) — g(a). If a = b the interval is empty, 
so u(@) = 0. Also the values of u are non-negative. We wish to show first that u 
can be extended to be a measure on &, the ring of finite unions of intervals of 
the form [a, b). Then the results of Chapter 5 provide a unique extension of u 
to the Borel sets. For the rest of this section u, g and R will have the connota- 
tions just described and, as in Chapter 2, intervals will be of the form [a, b) unless 
stated otherwise, and will be finite. We could instead use intervals (a, b] and 
right-continuous functions; the proofs follow with appropriate modifications. 
That there is a certain lack of symmetry is seen from Exercise 7 below. 


n 
Theorem 1: If £;,i=1,...,7, are disjoint intervals such that( JE; € I, where 
i=1 


n 
I is an interval, then 2 H(E:) <n). 
i=1 


142 
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Proof: Let E; = [a;, b;) for each i, and J = [a, b). Order the intervals £; so that 
@, Sa, <... Say. Then 


Y wed = )) CO) —s@) 


< Yt) —et@)) + J) Elam) -20 
= &(bn) —8@1) <8) —8(@) =u). O 


n 
Theorem 2: If [a, b] cl) (a;, bi), where a;,b;,i= 1,...,n, are bounded, then 
i=1 


o(b)— g(a) < z Eb) — ea). (9.1) 


Proof: Write U; = (@;, bj) and select intervals as follows. Let a E€ Ux, , say. If 
bk, < b, let k, be such that bk, € Uk, , etc., by induction, the sequence ending 
when b,,, > b. Renumbering the intervals, we have chosen U,,..., Um where 
Gis <b; <bay,i= l,...,m —1. So 


g(b)— gla) < glbm)—gla) 


: sb) - aa) +) (bier) —£(6)) 


< 2 Ebi) —2(@)). 


But m <n and (9.1) follows. O 


Theorem 3: Let {£;} be a sequence of intervals and / an interval. 
(i) IFIS U E;, then p() < 2 u(E;). 
(ii) If the £; are disjoint and J -U E,, then wp) = D u(E;). 
i= i= 
Proof: (i) Suppose that J = [a, 6) and E; = [a;, b;), each i. We may suppose that 


b >a and if e > 0 we may choose c such that 0<c < b —a and g(b) — g(b — c) < 
e. Also, for each i, choose ¢; such that £; < a; and g(a;) — g(é;) < €/2'. Write F = 


[a,b —c] and U; = (&;, b;). So F C LU U; and by the Heine-Borel Theorem, p. 
i=1 


n 
18, F cl) U; for some n. Then by Theorem 2 
i=1 


rE E 2 Eb) —e(&;)) 
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, GO) -Ela + €/2') < 2 (g(b;) — g(a;)) + e. 


no 


So g(b) — gla) — e < 5, u(E;) + e. But e is arbitrary and the result follows. 


(ii) From Theorem 1, p. 153, we obtain 3 u(E;) < u(I). But then (i) gives 


the result. O 
Theorem 4: There exists a unique measure ñ on R such that, if I is an interval, 
we have fi) = (D). 
n 
Proof: Each set E E R can be written as £ =J E; where the £; are disjoint 
i=1 


n 
intervals. Define f(E) = D BE). This defines f uniquely on ® since if E = 


Jr, is another decomposition of E into disjoint intervals, then £ = U (E; A 


i,j 
F; O), the intervals £; N Fj are disjoint and 


L mE) = Dy da ME NF) 
2 X ME; nF) = D u(F;), 
JH1 i=1 j=1 


using the additivity of u given by Theorem 3(ii). So u and ñ are equal for inter- 
vals; also fi is clearly finitely additive. 
Let (E;} be a sequence of disjoint sets of R such that E = -(e, E R. Then, 


i= 1 


A(E) 


for each i, Ẹ; is a finite union of disjoint intervals 


mi(i 
E,;= Ei; 
jz 


m(i) 
so f(E;) = 2 u(E; ;). If E is an interval, then Theorem 3(ii) gives 


oo 


AE) = EŒ) = 2 L u(E;;) = yu fi(E;) (9.2) 


m 
as the intervals Æ; j are disjoint. In general, we can write E = IJ Fp where the Fk 


are disjoint intervals. Then, as ñ is finitely additive 


WE) =) oF) = D ae Fy, N E;) 
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o0 m a0 
by (9.2). So A(E) = D D BF, O Ep) = D pi(E;). So A is countably additive. 
i=1 k=l i=1 


Since £(@) = u(0) = 0, ñ is a measure. 
Clearly, any measure on R which extends u must, from the definition of Āā, 
equal ñ on each set of R . So the extension is unique. O 


As a result of this theorem we may drop the notation ñā and write (E) for 
any set E in R. Theorems 1 to 4 give the unique extension from u defined on 
the intervals to a measure on the ring of finite unions of intervals. In the special 
case g(x) =x, the extended measure u equals the length if the set is an interval. 
In general, by Theorem 4, p. 97, and Theorem 5, p. 98, the measure u on R 
has an extension to a measure ona o-ring 5S * which contains the o-ring generated 
by R , that is, 5 * contains the Borel sets. Since g is finite-valued, u is o-finite 
and hence, by Example 7, p. 98, its extension is o-finite and by Theorem 7, p. 
100, the extension ñ of u to the Borel sets is unique. The notation is introduced 
in the following definition. 


Definition 1: The Lebesgue-Stieltjes measure fi, induced by the monotone in- 
creasing left-continuous function g is the completion of the extension fi of the 
measure u given by Theorem 4, p. 155, to the Borel sets; fi, is defined on a ø- 
algebra S, such that B © Sy. 

In the next example we see how to go from a measure to an associated func- 
tion. 


Example 1: Let u be a finite measure on [R, B ] and let g(x) = u(—~, x). Then 

u([a, b)) = g(b) — g(a), g is monotone increasing and left-continuous; and on B, 

u = fig. Then any function g + K where K is constant, is described as a primitive 

of u. The primitive g constructed above is characterized by the fact that g(—°-) = 
lim g(x)=0. 


x>— 00 

The following example shows that every montone increasing function has 
associated left-continuous and right-continuous monotone increasing functions, 
and will be referred to in Section 9.4. In probability theory the right-continuous 
function given in Example 2(iii) is referred to as the distribution function. In 
that case h(—-) = 0, h(+-) = 1. 


Example 2: Let f be a finite-valued monotone increasing function defined on 
(a, b). Show that 


(i) g(x) = f(x—) is left-continuous and monotone increasing on (a, b), 
(ii) AQ) =f(xt+) is right-continuous and monotone increasing on (a, b), 
(iii) if u isa finite measure on [R, B], g(x) = u(—%, x), and h(x) = u(—%, x]. 
then h(x) = g(x+). 


Solution: Given € > 0, there exists 5g > O such that if 0 <6 < 59, f(x—) — 
f(x — 28) < e. But f(x — 28) < f(x — 8) —), so g(x) — g(x — 5) < e, and g is 
left-continuous. It is clearly monotone increasing, for if x, < x,, e(x,;) <S 
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fœ) = g(x). The proof for (ii) is similar. Note that since f is monotone 


increasing, g and h are well defined on (a, b). For (iii), using the finiteness of y, 
u, x] = lim (~, x + 1/n)=g&+). 
næ 


Exercises 


pme 


. If g is continuous, fig([x] ) = 0 for each x. 

2. The set [x: fig([x]) > O] is at most countable. 

3. Let h be a finite-valued right-continuous monotone increasing function on R 
and for any interval (e, b} define u((a, b] ) = h(b) —h(a). Then u is a measure 
on the ring R’, say, of finite unions of intervals of the type (a, b]. 

4. If g(—e) = 0 then, for each x, g(x) = (~, x). 

5. The Lebesgue function L, p. 25, corresponding to the Cantor set P, induces a 
Lebesgue-Stieltjes measure v on [0,1] such that v([0,1]) = 1,v L m, and the 
v, component in the decomposition of Example 12, p. 146, is zero. 

6. Let fig be the Lebesgue-Stieltjes measure induced by a function g constant on 
R except at a finite number of points. Then every subset of R is fig-measurable. 

7. Let the function fa, n = 1,2,..., be monotone increasing and let f,,() ft 

f(x) for each x, where f is finite-valued- Then: (i) f is monotone increasing; 

(ii) lim f,—) = flx—); (iii) lim f œ+) = f+) is not true in general; (iv) 

lim f,,(x+) = f(x+) if fa > f uniformly; (v) if, in addition, each fa is left- 

continuous, so is f. 


9.2 APPLICATIONS TO HAUSDORFF MEASURES 


Definition 2: The set E supports the measure u if E is a measurable set and 
u(CE) = 0. 

The following result is of interest, especially in probability theory, and will 
be used in Theorem 6 below. 


Theorem 5: Let A be a countable set which is dense in R. Every sequence {g} 
of primitives, such that O < gx < M for all k, has a subsequence (gx,} that 
converges to a primitive g at all points of A. 


Proof: Let A be the sequence {a;} Then it is possible to find a subsequence 
(g{)} of ign} such that {g0 (@, )} converges. From {g!)} we extract a further 
subsequence (g) such that (g2) (a,)} converges. By induction we construct, 
for each n, a sequence {g¥”, k = 1, 2,... } converging at a, and contained in 
the previous subsequence. Now consider the ‘diagonal’ subsequence g% . Except 
for its first (k — 1) terms it is contained in the k-th subsequence gf) and so it 
converges at ag. So, for each fixed ax, (2) (a;,)} converges; write the limit at 
a, as glag). Since 0 <g, <M for each n, we have 0 <g < M. Define g(x) = 


sup[g(a;): aj <x], extending g to R. Then g is easily seen to be monotone in- 
creasing and left-continuous and g, >g on A. O 
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Corollary 1 (Helly’s Theorem): Every bounded sequence {g,,} of primitives has a 
subsequence {g,,} that converges to a primitive g at all points of continuity of g. 


Proof: We choose any countable dense set A as in the theorem. If x is a point of 
continuity of g, and e > 0, there exist a;, a; such that a; < x < a; and g(a;) — 
g(a;) < e. If {gn,} is the subsequence constructed in the theorem, we have 
Enki) S 8n,(*) S 8n,(a;). Letting k > œ, the first and last terms in this in- 
equality have limits g(a;) and g(a;) respectively. So lim sup g,,, (x) — lim inf gy, (x) 
< e and we deduce that lim g,, (x) exists and equals g(x). O 


Corollary 2: Suppose that the primitives g,, are distribution functions so that 
Zn (©) = 1, Z (—œ) = 0. Then g is a distribution function provided that V e, 
0<e<1,3a>0 such that |g,,(¢) —g,,(—a)| > 1 — e for all n sufficiently large. 


Theorem 6: Let h be a Hausdorff measure function such that A(2r) < 2h(t). Then 
H(E) > 0 if, and only if, E supports a non-zero Borel measure u whose primitive 
g is continuous and such that w,(t) = O(h(t)) as t > OF. 


Proof: Suppose that such a measure u exists. For H(E) to be a positive it is 
necessary and sufficient that H(E N [n, n + 1}) > 0 for some n, so we may 
suppose that E © [0,1]. Let {(u;, v;)} be a covering of E, and suppose that 
w(t) < M(t) for t <1. Then 


O< w([0,1]) < u(CE) + Z ulus, v:)) = Z 8; — uj) <A E h(i — uy). 


So H(E)> 0, and we note that the condition h(2t) < 2h(t) has not been used for 
the proof in this direction. 

Conversely, suppose H(E) > 0. Then 3 p such that for coverings of E by open 
intervals {7%} of length at most p, © h(U;,)) > 4H(E). For all other coverings 
E h(ld,)) > h(e) so we always have 

inf > hUU,,))>0 (9.3) 
where the infimum is taken over all coverings {J,} of E by open intervals. Now 
E = VE), where Ep =EN [n,n + 1). So some H(E,,) > 0 and for that n we will 
find a measure u,, as described, supported by [n,n + 1), and put up = 0 outside 
this interval. So without loss of generality we suppose E © [0,1). For each 
positive integer n divide [0,1) into intervals J, ; = [j/2",@ + 1)/2"),7=0,..., 
2” — 1. Write these intervals as J,, for convenience, and their lengths as 5, = 
2”. Give each interval J, which meets E a uniformly distributed measure of 
total value h(6,,), the other J,, intervals are given measure zero. This gives a 
measure pv, on [0,1). Then consider the intervals /,_,. Any of these which have 
been given a measure at most A(6,,_, ) have their measures unchanged. On the 
others the measure v„ is multiplied by a factor which decreases the total for each 
interval to h(S,-,). This gives a new measure v,, on (0,1). Similarly, having 
constructed v, ; we consider the intervals /,;, and define the measure v, j1 - 
Since h(2t) < 2h(t) the sequence of measures {v, ;} is clearly decreasing, for 
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each n. Denote by up the measure vy, n. Then for each interval J;, with j <n, we 
have 


Un (Gj) <A) (9.4) 
and in particular 
un([0,1)) <A(1). (9.5) 


Each point of E belongs to at least one J; for which u„ Qy) = h(8;). Choose a set 
of such intervals which cover £ and do not overlap. We get u,,({0,1)) = 2 A(8;). 
So by (9.3) 


My((0,1))=b>0 (9.6) 


where b is independent of n. 

By Theorem 5 and (9.5), {u,} has a subsequence {u,,,} converging to a 
measure u. It is easy to see that u is supported by E, and we may suppose that 
the set A in Theorem 5 is chosen so that the primitive of u is the limit of the 
primitives of the measures up, on all the end-points of the Jj. So 


uj) < h(8;) (9.7) 
and u([0,1)) > b > O. This shows that u is a positive measure. From (9.7) we 
can calculate the modulus of continuity of the primitive g of u. Any two points 
at distance at most ô; belong either to the same J; or to two adjacent J; intervals. 
So w(5;) < 2h(5;). So if 0 <ê <1 and ô <6; < 26 we have w,(5) < w,(5;) < 
2h(5;) < 2h(25) < 4h) and the theorem is proved. 0 


Corollary: The Hausdorff dimension of a compact set E is the supremum of the 
numbers 6 > O such that there exists a non-zero positive measure u, supported 
by E, whose primitive g satisfies w(t) = act®) ast > 0+. 


Proof. For h(t) = t*,0 <a < 1, we have h(2t) < 2h(t). Now the result follows 
immediately from the theorem and Definition 15, p. 50.0 


Example 3: A Hausdorff measure function providing a measure H such that 
0 < H(E) < œ, where E = Py is given by wz where L is the Lebesgue function 
corresponding to Pz, and wz is its modulus of continuity. 


Solution: L is a monotone increasing continuous function which defines a 
Lebesgue-Stieltjes measure fiz supported by P;. So H(E) > 0 by the first part of 
Theorem 6. To show H(E) is finite: at the j-th stage of the construction of Py, let 
the 2/ residual intervals each have length b;. Then by the remarks after Definition 
16, p. 52, we have w,(b;) < 2.27. Then P; has a covering by X intervals of 
length b;. These intervals are closed but since wg is continuous, the Hausdorff 
measure is unaffected, as in Example 24, p. 46. So H(E) < lim inf (Vwb) < 
2; 


160 Lebesgue-Stieltjes Integration [Ch. 9 


9.3 ABSOLUTELY CONTINUOUS FUNCTIONS 


Definition 3: A function f is absolutely continuous on [a, b], —œ <a <b S œ 


n 
if, given e > 0, there exists ô > 0 such that Y If) — fw) < e whenever 
i=1 


n 
2 Ix; — yil < 6 for any finite set of disjoint intervals such that (x;, ¥;) C 


i=1 
[a,b] for each i. 

The usefulness of this definition is due to the result of Theorem 8, where we 
show the close connection with absolute continuity of measures and with in. 
definite integrals. Clearly, an absolutely continuous function is continuous. That 
absolute continuity is a stringent condition is shown by the next example. 


Example 4: Let f(x) = Vx, 0 <x < 1/2. Let f(1) = 0 and define f to be linear 
on [1/2, 1]. Let fœ + k) = f(x) for each k © Z and each x. Show that fis con- 
tinuous on R but not absolutely continuous. 


Solution: From its definition, f is continuous on [0,1] and so on R. Given 6, 


n 
0 <ô < 1/2, let x; =i, y;=i+68/i? Then, for each n, ) Ix; — yil < 28 but 
=1 


n 
3 fx) — fpl = J vôli which tends to infinity with n. So f is not ab- 
i=) i=1 


solutely continuous. 
Recall Definition 3, p. 81. 


Theorem 7: Let f be absolutely continuous on [a, b] , where a and b are finite; 
then fE BV[a, b]. 


Proof: Let e and 6 be as in Definition 3, and let a =xg <x, <... <xy be any 
partition of (a, b]. Introduce new points a + i(b —a)/n,i=0,1,...,, where 
n is such that (b — a)/6 <n < (b — a)/6 + 1, so that the new partition points 
are a distance less than 6 apart. Let [z;: i = 0, 1, ..., M] be the complete 
set of partition points, then 


N M 
Dy Wie) few ed- 


Collect the subintervals into groups beginning and ending with the added parti- 
tion points; then this sum, with the z,’s renumbered, is 


n 


n nk 
Ly By, Wein) Aer w< G e=n e< (1 + (b-a) e. 


k=1 


But this bound is independent of the original partition x5, ...,xy,sof€ 
BV[(a,b}. O 
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-ample 5: Show that if f E€ LG, b), its indefinite integral F is absolutely con- 
4quous on [a, b]. 


solution: Let e > 0 be given. For any set of disjoint intervals (x;y), i= 1,..., 
n 


A with eyo = E, say, we have 
I= 
Y) FQ) F) yf sans f Ifldr 
— F({x,)| = tiS 2 
i=1 f j i=1 “x; E 


But by Theorem 18, p. 106, | If, dt < e provided m(E) < 8, for some & > 0, 
E 


giving the result. 


Example 6: Let f be absolutely continuous on the finite interval [a, b] ; so f € 
BV [a,b] . Let f=f, —f, be the decomposition of f into non-negative monotone 
increasing functions provided by Theorem 2, p. 82. Show that fı and f, are 
absolutely continuous on [a, b]. 


Solution: Let e and & be as in Definition 3 and (x,,y;),i=1,...,m, bea set of 
disjoint subintervals of [@, b] such that 3 Ix; — yıl < 5. We easily have, in the 
i=1 


notation of Definition 2, p. 81, that 


n 


G Trixi yil <e. 


n ; 
But then > Ifi@)-AOd = J Prlx,, yil < e, and similarly for fz. 
i=1 i=1 


Example 7: Let f and g be absolutely continuous on the finite interval [a, b]. 
Show that fg is absolutely continuous on [a,b]. 


Solution: Since f and g are continuous, they are bounded; suppose |f|, |g| <M 
on [a, b]. Since fixe) — foe) = Fœ) -O e) + foe) — 8), 
we have |f(x}e(x) —fivy eV SMINK) — fv) + Mig) — g). So the absolute 
continuity of f and g with the eand 6 of Definition 3, p. 160, implies that of fg 
with 2Me and ô. 

In the following theorem the absolutely continuous function g is supposed 
defined on R. If the functior given is defined on a finite interval fa, 8] only, we 
may extend it to R by defining it to be constant on (—°, a] and [f, °°). 


Theorem 8: Let g be a monotone increasing and absolutely continuous function 
on R. Then M E Sz, and on M, py <m. 


Proof: Let E be a Borel set such that m(£) = 0. For any ô > O there exists an 
Open set 0 DE such that m(0) < 6, and if Qis the union of disjoint open inter- 
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vals (an, bn), n =1,2,..., we have 2 (bn — än) < ô. Let e > 0 be given and 
n= 

choose ê > 0 such that L (g(n;) — g(&;)) < e whenever the intervals (;, n), i = 

1,-..,M, are disjoint and such that 2 (ni — £1) < ô. Then 2 (g(b;) — 8(@;)) < 
i= = 


e for each n, so that D (g(b;) — g(@;)) < e. But E cl (ai, bi) so fig(E) < €. So 
i=1 i=1 
pig(F) = 0. But if A is any Lebesgue measurable set with m(A) = 0, there exists 
a Borel set E Ə A such that m(E) = 0. Since ñ is complete by Definition 1, 
p. 156,A €5, and fig(4) =0. O 
x 
Corollary 1: With the conditions of the theorem, g(x) — g(a) = f g'(t) dt for 
a 


all x € [a, b] , where a and b are any fixed finite numbers. 
x 
Proof: By Theorem 5, p. 139, f,([a, x)) = i f(t) dt where f is a non-negative 
a 


x 
measurable function, and f € L(a, b) as g is finite. So g(x) —g(@) = f fO dt. 
i -a 


But then g’ =f by Theorem 12, p. 89.0 


Corollary 2: Again with the conditions of the theorem, dū¿/dm =g" [m]. 


Proof: The set function @(£) = f g' dx agrees with fig on every finite interval 
E 


(a, xj, by Corollary 1, and so on every Borel set. So if F EM, let E € B be such 
that m(F A E) = 0. Then ,(F A E) = 0, so fig(F) = A, (E) = o€) = $() as 
required. O 


Corollary 3: Let f be absolutely continuous on the finite interval [a, b] ; then if 
xE [a, b] A 


-= f FO at. 


Proof: Let f = fı — fa as in Example 6, so that fı and fọ are monotone in- 
creasing and absolutely continuous on [a, b]. Then Corollary 1, applied to 
fı and fz separately, gives the result. O 

From this last result and from Example 5, p. 161, we see that on finite inter- 
vals a function is an indefinite integral if, and only if, it is absolutely continuous, 
thus answering the question raised in Chapter 4, p. 87. 
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Exercises 


8. Show that f absolutely continuous on [a, b] does not imply f € BV [a, b] 
if a or b is allowed to be infinite. 


9. Show that if f satisfies a Lipschitz condition of order 1 on [a, b], i.e. 
Lf) — fW) < K|x — yi for some K and each x and y, then f is absolutely 
continuous. 

10. Show that if @ is convex on (a, b), then ¢ is absolutely continuous on each 
closed subinterval [c,d] C (a, b). 

11. Show that if f is non-negative and absolutely continuous on [a, b] , then so 
is fP forp 21. 

12. Show that the absolute continuity of the non-negative function f on the 


finite interval [a, b] does not imply that fP is absolutely continuous, if 
O0<p<l. 


13. Show that the Lebesgue function Z on [0,1], p. 25, is not absolutely 
continuous. 

14. Let f be a non-negative integrable function on (a, b) with indefinite integral 
F and let K = [x: f(x) + 0]. Define g by g(x) = distance (x, K), x € (a, b). 


b 
Show that f g(x) dūār(x) = 0. 
a 


15. Show that the condition that the intervals (x,, y;) be disjoint, may not be 
omitted from Definition 2. 


16. If f and g are absolutely continuous functions on R, is f o g necessarily 
absolutely continuous? 


9.4 INTEGRATION BY PARTS 


x 
We recall from Definition 4 of Chapter 4 the notation F(x) = f f dt for the 
a 


indefinite integral F of an integrable function f, and the result of Theorem 12, 
p. 89, that F' = f a.e. 


Theorem 9: Let f,g E L(a,b),where a and b are finite, and FG be their indefinite 
integrals; then Fg and Gf € L(a, b) and for each x € (a, b) 


F(x) G&x)— F@) G@= | (fG + Fg) at. (9.8) 


Proof: In (a, b), outside a set E of zero measure, we have F' = f and G' =g. 
Since F and G are bounded on [a, b], Fg and Gf € L(a, b) and the usual proof 
for the derivative of a product gives (FG)' = Fg + Gf on [a, b] — E. By Example 
5, p. 161, F and G are absolutely continuous, and hence FG is absolutely con- 


tinuous by Example 7, p. 161. So by Corollary 3 to Theorem 8, p. 162, FG is 
the indefinite integral of its derivative, giving (9.3). D 
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We now wish to extend Theorem 9 to the case of integrals with respect to a 
Lebesgue-Stieltjes measure fy. It is convenient to state this extension in terms of 
a left continuous function g € BV[a, b], and for this purpose we need the 
following result for which we use the notations of Definition 2, p. 81. 


Theorem 10: Let g E BV[a, b] and let g be left-continuous at x,a < x < b. 
Then g, (Y) = Pg [a, y] and g.(v) = Ng [a, y] are left-continuous at x. 


Proof: Since Tg[a, y] = Pgla, y] + Ngla, y] and all three functions increase 
with y, it is sufficient to show that T,[a, y] is left-continuous at x. Suppose it 
is not, ther, using Example 7, p. 81, there exists e > 0 such that T, [yx] > e 
for all y E€ [a, x). So we can find a partition a =ay <a, <... <an, -ı <x such 
that 


n,-1 


Dy lee) ees) + le) — sn, -1 )1> €12. 


But as g is left-continuous at x we can find a, , say, such that a, -. < an, < 
x and 


3 \g(a;) — 8@;-; )| > €12. 


But Tg lan, ,x] > e, so we get similarly an, <an, +1 <.. - <an, <x where 
n, 
3G e@)—s@-1)| > €/2. 
t=n, +1 
So we get a sequence {a;} such that for each integer k we get t, > ke/2 for the 
partition a = ay) <a, <... < aną <x. But this implies that T, [a,x] = æ, a 
contradiction. O 


Definition 4: Let g be a left-continuous function, g E BV[a, b] and let g =g; — 
82 be the decomposition of g into positive and negative variations. Let fy denote 
the signed measure fig — Ag, which, by the last theorem, is well defined. We will 
say that f is integrable with respect to g if it is integrable with respect to Bg, 
and jig, and we will write its integral as f fda, =f fda, — S f djig or, in an 
alternative notation, as f f dg = f f dg, — S f dg. 

Clearly fg is defined on a o-algebra which contains the Borel sets. Note that 
if g is, initially, defined only on a finite interval [a, 6] the integral f fda, may 
still be considered since we may extend g to R by defining it to be constant on 
(—œ, a] and [ß, œ). In the following theorem we consider integrals of f and Z 
over an interval [a, b] which will normally be a proper subinterval of that in 
which the functions are defined, so that f(b+) and g(b+) are meaningful; if the 
functions are given on [a, b] only, f(6+) and g(b+) are to be taken as f(b) and 
g(b), respectively. The integration-by-parts formula of Theorem 9 is a special 
case of the next result, as is indicated in Example 8 below. 


Sec. 9.4] Integration by Parts 165 


Theorem 11: If f and g are left-continuous functions on the finite interval [a,b] 
and f,g E BV[a, b], then 


J 


[a,b] fen) tig J T diy = f(b+)s(b+)—f@) gla). (9.9) 


Proof: We may suppose that f and g are non-negative and monotone increasing 

functions, for otherwise we may decompose f.and g with f = fi — f) and g = 

gı — 82 as above, and combining the resulting equations of the form (9.9) obtain 

the result of the theorem. Let {f,,} and {g} be the sequences of measurable 

simple functions tending to f and g, respectively, given by Theorem 5, p. 58. 
k 


Then fn and gm are of the form D Ai X@j,aj4,] Where A; < Ais» a8 f and g are 
i=1 


monotone increasing and left-continuous. We show that (9.9) holds for f and g 
replaced by f,, and Zm, respectively. Since f,, and g,, are left-continuous mono- 
tone increasing Borel measurable functions, the integrals are defined. It is con- 
venient, as f and g are left-continuous, to suppose them defined on an interval 


(a — e, b + e], e > 0 and constant on the intervals (a — e, a] and [b, b + el. 
s1 


Then if g,, = dy $i X(ajaj |» We have ao <a Say <... <Kası <b <as. Clearly 


Ag „(la;]) = =8m ee 8m (a;) for each i, and Ag ([x]) = 0 if x is not a partition 
point. So if h is any finite-valued Borel measurable function, 


J 


[a,b} at) Wer = 2 hait) Em Gir) —8mG)), 


and similarly 
r-1 
| soy ta = Da Hai Onla) -Mala 
Let [co,.1,---, Cp] ‘ union of the points of the two partitions [a,] 
and [aj], to which we add a and b. As we may assume the points distinct, we 


have Cg La =c; <c, <.. -<Cp-1 =b <cp. Then 


p-1 
J p, EH den = De art) Cm lem) -8m CD) 


=F falem) Em Cri) -8m e) 


=—8m C1 )fnC2)— L Em (Ci) An Ciri) = faci) + 8m (Cp) fn€p)- 


2 R= 
But J T 8m dĀf, = D Em (c1) Cn Cin) — fn a), 
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so adding and observing that Zm (Cp) fn(Cp) = &m(b+) fa(b+) and that c; =a, 
we get (9.9) for fa, and g,,,, that is 


J p POH) dhem + j py Em Bin = Int) 8m O+) —fn@) 8ml). (9-10) 


Now, if h is any non-negative monotone increasing Borel measurable function, 
Sh djig, > f h diy. For, given e' > 0, we can find by Theorem 5, p. 58, a step 
function ¢,0 <@<h such that |h — ¢| < e’, uniformly on (a — e, b + €). Then 
IS h diy —fhdpd<f(h—) diy + S (h — ġ) day 
+S odas, —Jf diy. 

The first and second terms on the right-hand side are less than e Ly (fa, bl) + 
efi {a, b]) <K e', say, for n > no, and the third clearly tends to zero as n > oo, 
A similar result holds for Ag, and pg. 


Letting n > œ in (9.10), using Exercise 7, p. 157, and the fact that f, t f 
uniformly on (a — e, b + e] we get therefore 


| Netda + | Em dtp =fO+) 8m (0+) — Na) 8m (0). 
~ [a,b] [a,b] ` 
Then letting m >o, we get (9.9). O 


Corollary: Interchanging the roles of f and g in (9.9), adding, and noting that 
f(x) = f@&—), g(x) = g(x—), we obtain the more symmetrical form: 


J. b] t+) + flx—) dit, + J oa A(e(x+) + g(x—)) day 


= f(b+) g(b+) — fla—) g@—). 


This form is particularly appropriate if we define By, for a monotone increasing 
function f, to be the measure induced by the monotone increasing function f(x—) 
which was shown in Example 2, p. 156, to be left-continuous. 


Example 8: Deduce the result of Theorem 9 from that of Theorem 11. 


Solution: In (9.9) write b = x, f = F,g = G. Then as F is continuous, the left- 
hand side of (9.9) reads 


J 


[a,x] 


F dig + f G dir. 
[a,x] 


If G and F are monotone increasing, Corollary 2 to Theorem 8, p. 162, gives 
dfig/dm = g [m], dūp/dm = f [m] . So, by Example 11, p. 145, since Ag and 
Air are finite measures and F and G are bounded, the result follows. In general, 
G =G, — G3, where G, and G, are the primitives 
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x x 
Gia)= | gdt, Goe)= f g dt. 
a a 
d 


Similarly for F, and the obvious extension of Example 11, p. 145. to signed 
measures gives the result. 


Exercises 
17. Given that g(x) =g% , find f x dg and f x? dg. 
18. Use Theorem 11 to show that if h E€ L(0, ©), 
x t x 
f 1 nua = f (x — u) h(u) du. 
0 0 


0 
19. Prove Theorem 9 by using continuous functions to approximate f and g. 


d 
20. Leth € L(0, d) and write k(x) = f He dt. Show that 
x 
(i) k is well defined on (0, d], (ii) lim xk(x) = 0, (iii) k € LO, d), 
x>0+ 


(iv) f ka= f nax 


9.5 CHANGE OF VARIABLE 


A change of variable within an integral involves a transformation of one space 
into another and the identification of the corresponding integrals. We give a 
general result in Theorem 12 and obtain in Theorems 14 and 15 the special case 
where all the functions are defined on the real line. 


Definition 5: Let f be a measurable function from the measure space [X, S , u] 
to R. On the class of subsets of R, [E: f! (E) € 5S], define the measure pf! 
by (uf! KE) = uf! (E)). This class is clearly a o-algebra and we call its members 
the uf! -measurable sets of R. 

Clearly every Borel set is uf ~! -measurable by an obvious extension of Example 
19, p. 41. 


Example 9: If u is a complete measure on [X, S] and f: X > R is measurable, 
then pf! is a complete measure. 


Solution: Let pf! (E) = 0 and F S E. Then f! (F) Sf (E) sof (FYE S. 


Theorem 12. Let f be a measurable function from [X, 5, u] to R, and g a Borel 
measurable function on R; then 
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feddaf =sgofdu (9.11) 


in the sense that if either exists, so does the other and the two are equal. 


Proof: It is sufficient to consider the case where g is non-negative. If F S R, 
then xr 0 f = xf-1 r) and is measurable for FE B, so 


S xr duf = (uf! MF) = S xr- du = S xr of dy, 
and so (9.11) holds when g is a simple function. In the general case, let {ġ„} be 
an increasing sequence of Borel measurable simple functions ¢, t g. Then {øn of} 
is an increasing sequence of measurable simple functions tending to g o f, which 
is therefore measurable, and the result follows on taking limits with respect 
ton. O 
Corollary : If F is a Borel set, then Js duf! = f gof du. 


T> 


Proof: Replace g in the theorem by g xr. The result follows since (g xz) of = 
ONO of) =x em gof). 0 


Example 10: Let f be a measurable function on [X, S, ul, where u(X) < ~, 
such that A < f < y, and let e(y) = (uf! XA, y). Then e is a left-continuous 
monotone increasing function such that for y, < y2, f! (iyi, y2) = e2)— 
e(y,). So the measures pf! and fi, agree on the Borel sets and by the last 
Corollary we have for any Borel measurable function g 


J so) deo)= f, gorau 


In the presence of absolute continuity, the result of the last theorem has a 
simpler form. 


Theorem 13: Let f be a measurable function on the measure space [X, S, u], 
such that uf? is o-finite and uf! <m on B. Then there exists a non-negative 
finite-valued Borel measurable function p such that 


Sg of du = f g(x) p(x) dx (9.12) 
whenever the left-hand side exists. In (9.12), p(x) = duft /dm [m], where 
uf! and m are considered as measures on B. 


Proof: Theorem 12 gives us that f g o fdu = f g duf! and that this latter inte- 
gral exists. We may suppose, as in Theorem 12, that g > 0. Since pf! and m are 
o-finite measures on B , Example 11, p. 145, gives f g duf! = f g(x) p(x) dx, 
that is: (9.12) holds whenever g is integrable with respect to uf!’ Since p = 
duf~' /dm as in the proof of Example 11, we may suppose p finite-valued and 


o0 
Borel measurable. Also, since uf! is o-finite we may write R = O, E,, where, for 
n=l 


each n, En S E,,, and yf! (En) < œ. Then if g, = XE, min(g, n), gy is inte- 
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grable with respect to uf! and g, t g. So (9.12) holds with g replaced by g,. 
Letting n >œ gives the result. O 


Corollary: For any Borel set F, PN gofdu= f e@) p(x) dx. 


We nowgive a classical result on the real line, in which p(x) of the last theorem 
equals 1. 


Theorem 14: Let k be a non-negative integrable function on R, let g be a Borel 
measurable function integrable over [a, b], let K be the indefinite integral of k 
and let £, n be such that a = K(£), b = K(n). Then 


b n 
J g(t) dt = | g(K(x)) k(x) dx. 


Proof: We may define g = 0 on (—%, a), (b, œ) to get functions g, k, K defined 
x 
on R, with K(x) = f k dt. Since k is integrable, K is continuous. In Theorem 
12 let X =R, $ =Sx, u= ñk, f =K, so uf! = Ag K`’. Consider any interval 
[c, d]. Let y = inf[u: K(u) = c] and 6 = sup[u: K(u) = d]. So K" [c, d] = 
[y, 5] as K is continuous and monotone increasing. Then fix K! [c, d] = 
K(8) — K(y) = d — c, so that fy K` agrees with m on Borel sets and hence on 
all Lebesgue measurable sets, as ñg K`! is complete by Example 9, p. 167. So 
Theorem 12 gives 
S g(t) dt = J g o K dix = S g(K(x)) k(x) dx 


by Example 11, p. 145, and by Corollary 2 to Theorem 8, p. 162. Hence by 
the Corollary to Theorem 12, 


b n 
i g(t) a= | g(K(x)) k(x) dx. 


Clearly any £ and 7 such that K(~) = a, K(n) = b may be chosen, since for 
example, any two values of ¢ such that K(£) = a are separated by an interval on 
which k = 0 a.e. O 


The result of Theorem 14 holds for any integrable function g, but the change 
from Borel to Lebesgue measurable is non-trivial as the next proof shows. 


Theorem 15: Let k be a non-negative integrable function on R, let h € L(a, b) 
and let K, £, n be as in Theorem 14. Then A(K(x)) k(x) € L(E, n) and 


b 
f h(t) dt = i " h(K(x)) k(x) dx . (9.13) 


Proof: Since h is measurable, we can find a Borel measurable function g such 


b b 
that h = g a.e., as in Exercise 11, p. 60, and then | gdr= f hdt. Ifwe 
a a 
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show that A(K(x)) k(x) = g(K(x)) k(x) a.e., then the former is measurable and its 
integrability and the result of the theorem follows from Theorem 14. We need 


consider only points x such that A(K(x)) *8(K@)). Let E = [x: h(x) #g(x)], so 
that m(E) = 0. Write [£, n] NK '() =(Ja; where: on A,,X’ does not exist; 
i=1 
on A,, K' =k = 0; on A3, K' #k; on Ag, K' =k > 0. These sets are disjoint; 
m(A,) = 0 by Theorem 9, p. 87, and m(A;) = 0 by Theorem 12, p. 89. On- 
Az, h(K(x)) k(x) = g(K(x)) k(x). If we show that m(4,) = 0, the result follows. 
Write A, » = [x: K'(Œ) > 1/n, K(x) € E] . Clearly, it is sufficient to show that 
m(A4n) = O for each fixed integer n. Given e > 0, we can find an open set 0, 
such that E © 0 and m(0) < e. Since K is continuous, for each x in A, n there 
exists hy > 0 such that (K(x), Kœ + hx)) E 0 and K(x + hy) — K(x) >A |n. 
Using again the continuity of K we can find for each x a point x',x' <x < 
x’ + hy, such that (K(x’), K(x' + h,)) © 0 and K(x’ + hx) — K(x’) > hy |n. 
The intervals (x’x’ + h,) cover A4, n SO by Theorem 5, p. 84, and Theorem 6, 
p. 84, we can find a finite disjoint collection [/;j = 1,...,.N] of these inter- 


N 
vals such that $m(A4 n) < mo} But 
=1 


N 
mU n)= 3 hy, < ny) (K(x; + hy.) — K(x;))<nm(0) < ne. 
f=1 =1 =1 
As n and e are independent, m(A, ,,) = 0 and the result follows. O 


Corollary: Since dfiz/dm = F' [m] when F is absolutely continuous, (9.13) may 
be written 


b N 
j h(t) dt = J h(K(x)) dK(x). 


With the help of the following example we obtain a version of Theorem 15 
when K is monotone decreasing, instead of monotone increasing. 


Example 11: Show that if f E L(—o, ©), then g defined by g(x) = f(—x) is an 
integrable function and J i fdx= f j g dx for —œ <a < b x œ, 

Solution. Since (f(—x)f} = f*(—x) and (f(—x)) =f (—x), we may consider non- 
negative functions only. Clearly g is measurable and if ¢, t f, where $, = 
2 Ni XE; isa measurable simple function, then if py, = > Ai X-Ep we have Yy f 
TN m(E) = m(—E) (cf. Exercise 9, p. 34). So f g dx zj f dx and so 


LIE) Xia E) =S) xan) de = fae. 
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Example 12: From the last example obtain the analogue of Theorem 15 for K 
monotone decreasing. 


Solution: We suppose that k < 0, k integrable with indefinite integral K, K(£) = 
a, K(n) = b and h E L(a, b). Let k, (x) = —k(—x) with indefinite integral K,. So 
K,(x) = —L + K(-x), where L = f k dx. Then Example 25, p. 75, gives 


b b—L 
f nmoa= f _ h(t + L) dt. Applying Theorem 15 to hz (£) = Alf + L), 
a a— 
K, and k, we get 


a—L 


b—L uP 
f h@+D)dt= l h(K, œ) + L)k, (x) dx 
where Kı (£1) =a — L, Kı (nı) = b — L. So by the last example, 


b nN; 
h(t) dt =— J, h(K(—x))k(—x) dx 


ae t 
=f "AK kG) dx =— f rKee)ykee) ax 
—N n 


is the desired result. 


Exercises 


21. Let fbe a finite-valued measurable function from the measure space [X, S ,u] 
to R and define the monotone increasing functions F and G by: F(x) = 


uf (—-9, x], Gx) = uf"! (—%, x). Show that F and G have the following 
properties: 


(i) If u(X) < ©, then F(—o) = G(—œ) = 0 and the finiteness of u may 

not be omitted in general, 

(i) F(e) = Ge) = u(X), 

(iii) F@œ—)= G(x), and if u is finite Fœ) = G(x+), 

(iv) G is left continuous, and F is right-continuous if p is finite but not 
necessarily if u(X) =, 

(v) Fis not necessarily left-continuous nor G right-continuous, 

(vi) uf! = Bg on B, and if u is complete, uf! = fig onSg. 


22. Show that if yf! is o-finite, then u is o-finite. 

23. Show by an example that u o-finite does not imply yf! o-finite even if 
uf) <m. 

24. Show that if p is o-finite and f is one-to-one, then pf! is o-finite: 

25. Let f be a measurable function on R, and on the measurable set B such that 
m(B) < let 0 Sf SM<. Show that 
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M 
J f" axe =M" m(py—n {yey ay. 
B 0 
forn = 1,2,..., where e(y) =mf'(0,y). 
26. In the last exercise take B = (0,1), M =} and let F(t)= )) ant” for [t|<1. 
n=0 


Show that 
1 
2 


1 
| F(f(x)) dx = FG) — J F'(y) e(y) dy. 


9.6 RIESZ REPRESENTATION THEOREM FOR C(/) 


We recall the notation C(0,1) of Example 14, p. 148, for the real vector space of 
continuous functions with the supremum norm lfl.. More generally, for any 
bounded closed set A in R, C(A) will denote the class of functions continuous 
on A and with norm I fll. = sup[|f(x)|: x EA]. In particular we are interested 
in the case when A is an interval, and consider linear functionals on the vector 
space C(I) where J will always denote a finite closed interval, in this context. 


Definition 6: A linear functional G on C(J) is a positive linear functional if 
G(f) = 0 for any non-negative function f E€ C(I). 


Example 13: Show that if f, g © CW), f >g, and G is a positive linear functional 
on C(I), then G(f) > G@). 


Solution: Since f = f —g) + g, we have GO) = Gf — g) + G@) > Gg). 
We have defined a bounded linear functional in Definition 13, p. 148. It is 
clear that if u is any measure on the Borel subsets of / then G defined by G(f) = 


f f du is a positive linear functional on C(/). If, in addition, u(/) < ~, then G is 
I 


bounded. The main result of this section is that all positive bounded linear func- 
tionals are of this form. This is then extended to all bounded linear functionals, 
measures being replaced by signed measures. 

The construction in the L? case suggests that the measure of a subinterval J 
of I may be obtained as uV) = G(x,). But xy is not continuous, so in the proof 
of the theorem it is approximated by a piecewise-linear continuous function. 
Since G is positive and continuous, this allows u(J) to be defined as a limit. 


Theorem 16 (Riesz Representation Theorem for C(I): Let G be a positive 
bounded linear fur ctional on C(/). Then there exists a unique measure u on B 
such that 


G/= Ju (9.14) 
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for each f E€ C(I). Also, IGI = y(Z). 


Proof: Let I = [a, b] and if ¢ € (a, b] and n is a sufficiently large positive 

integer, define hgn © CO) by hen = 1 on (a, t — 1/n], hgn =00n [t, b], hgn 

linear on [t — 1/n, t]. Then the family of functions [h,,,] increases with respect 

to ¢ and with respect to n. Also hg, < 1 for all t and n. So G(hgn) < G(xz). 

Set g(t) = lim G(h,,,), for t € (a, b] , and set g(t) = 0 for t <a, g(t) = G(xz) 
n— æ 


for t > b. Since hz, increases with t, so does G(hz,,) by the last example and 
therefore g(t) is a monotone increasing function. 

Also g is left-continuous, This is clear if t < a or t > b. So lett € (a, b] , let 
e > 0 and let n > max (2, IIGIl/e) be so large that 


Ghan) <8) G(hen) + €. (9.15) 


Let k, be the function in C(/), k, = 1 on [a, t — 1/n + 1/n?], kn = 0 on 
[ż — 1/n?, b] and k, linear on the intermediate interval. Then the maximum 
difference between h,,, and k,, can be seen from a diagram to occur at t — 1/n + 
1/n? and at t — 1/n? when it equals 1/n. So lk, — hgn lle = 1/n. Therefore 
Gen) < G(kn) +n IG < g(t — 1/n?) + e. So by (9.15) we have g(t — 1/n?)< 
g(t) <g(t — 1/n?) + 2e, and so g is left-continuous. 

Let u = fig so that u([a, 6)) = g(6) — g(a). Then for any measurable set 
E & CI, (E) = 0 and y([a, c)) = g(c) for each c > a. Also IGI = G(x); for 
obviously G(x) < IIG l and by the definition of IG | there exists a sequence {f} } 
in C(/) with Ifall = 1 and such that lim G(f,,) = IGI. But f, < x, implies 
Gn) < GO). So IGI = G(x = g(b+) = wD). 

We now show that (9.14) holds for all f € C(/), and we may suppose that f is 
not identically zero. Now f is uniformly continuous on Z so, given e > 0, there 
exists ô > 0 such that x, y € J and |x — y| < ô imply [f(x) —f{y)| < e. Now let 
a = tọ <ty <...<tm =b bea partition such that max (tk — ty, ) < 8/2, and 
choose n so large that n™ < min (t —t,-, ) and that fork =1,...,m we have 


Gy, n) <8(tk) < Gy, n) + (9.16) 


pos = 
mIifll.. ` 


This is possible by (9.15). Now consider the functions defined on J by 
Ful) =A) + Vy Nian) hn gD 
+ Ktm) Ox) — hy, n&)) 
and fr) = 2 Fk) X ftp to) + ftm) Xitm1 ©. 


So fı € C(I) and f, is a step function. Clearly 
sup [| fœ) — fŒ): x El] <e. (9.17) 
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Using (9.16) ror k = 1,...,mm we have 
IGMy, n —hy_ na) (g(tx) —8(tK-1 )I < ai . (9.18) 


Since G is linear, 
GG) =N) GMs, n) + Dy Mee) Ginan — hg an) 


+ f(tm XGOn) = Ghz, „n )). 
Using g(to ) = g(a) = 0, 


ffa du = feral) + YY E-E) 


+ f(tm \eO+) — 8(0)). 
So using (9.16), (9.18) and g(b+) = G(xr) we have |G(f,) — S f2 dul < 2e. So, 
by (9.17), 


If fdu— GO) <2e + e uQ). (9.19) 
` We now show that If, — fll. <2e. On [to, tı — 1/n] it is clear wnat |f—f, | 
< e. On [t; — 1/n, t1], f— fi = C6 —fl2) Btn) + he, n Ata) — Kt, )). But 
hs, „n = 1 on this interval, so \f—fıl| < 2e. Similarly for the succeeding intervals. 
So IG) — GOL) < 2e Gil and (9.19) gives | f f du — G(/)| < 2e + eull) + 
2e IGI = e(2 + 3 IIG I) as u(7) = IGN. But ¢ is arbitrary and (9.14) follows. 

It remains to be shown that u is unique. Let up be any other measure with 
the required properties and let uo have primitive gy with go(@) = 0. Then 
Bolt — 1/n) < f hen duo <8o(t). Letting n > œ the middle term has limit g(t), 
and since gp is left continuous 8o =g on Z. O 


Theorem 17: Every bounded linear functional F on C(I) can be written as 
F=F*—F where F", F are positive linear functionals. 


Proof: For f > 0 let F*(f) = sup [F@): 0<g <f]. Then F*(f) > 0 and |F AIS 
IF + Ifi. Also, obviously, F*(cf) = cF'(f) if c > 0. Consider now a pair 
fı, fa of non-negative functions in CU). If 0 < g, < fı andO<g, < fù then 
0<g; +g, Sfi +f, and F'(/, + f2) > sup FE, +82) = sup FE) + sup FE) 
= Ft(f,) + F'(f2). Conversely, if 0 <g <fı + fa, then O < min (f1, g) <fi and 
0 <g — min (f1, 8) < fz so that F*(f1 + f2) = sup F(g) < sup F(min (fı ,g)) + 
sup F(g — min (f1, g)) < F’(f, ) + F*(f2). Thus F* is additive on non-negative 
functions. But F* can be extended to a linear functional on C(/) by F°(/, — f2) 
= F'(f, )—F'(f,), since every function f € C(/) is the difference of non-negative 
functions f, , f2 E€ CU). Then F* is bounded since |F) < FO) + FA) = 
FM < WF il + Ifl. This extension is unique for if fı — f2 =g, — g2, then 
fi t82 = fo + 8, so applying F* and rearranging we get F*(f,) — F’(f,) = 
F*(g,) — F"@,). Also the extension is a linear functional, for if a > 0 and f = 
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fi — fa, then F*(af) = F* (ef) — F°@f,) = aF"(/). Ifa = —1 and f= fi — f2, 
then F*(—f) = F* (f1) — F*f1) = —F* (f). Also, in the same notation, F*(f + g) 
=F, +8: — (f2 + 82)) =F +8,1) —F*(f2 +82). Expand and rearrange 
to get F*(f + g) = F'(f) + F*(@). So F* is a positive bounded linear functional. 

Now let F Q) = F*(/) — Ff). Then F is a bounded linear functional, being 
the difference of bounded linear functionals, and F~ is positive since for f > 0 
we have, from its definition, that F*(/) > Ff). Since F = F* — F the theorem 
is proved. O 

We now extend Theorem 16 with the aid of Theorem 17. 


Theorem 18: Let G be a bounded linear functional on CQ). Then there exists 
a finite signed measure u on the Borel subsets of J such that G(f) = i f du for 
each f E C(D). 

Proof: By Theorem 17, G = G* — G where G*, G are positive bounded linear 


functions. Then by Theorem 18, G*(f) = fí im, Cf)= ftim SO u= fy — 
u gives the result. 0 


CHAPTER 10 


Measure and Integration in a Product 
Space 


In order to consider multiple integrals we need to deal with measure and integra- 
tion on the Cartesian product of spaces. We now examine these in a fairly general 
framework and use the general theory developed in Chapter 5. The most impor- 
tant special case, that of finite-dimensional Euclidean spaces is examined in 
Section 10.3, where the usual procedures of integration with respect to polar 
coordinates is fitted into this framework, and their use for Lebesgue integrals is 
justified. In Section 10.4 we examine the Laplace and Fourier transforms and 
show how integration in a product space can be used to obtain their properties. 
Finally, using also the results on L? obtained in Chapter 6, we obtain the Parseval 
and Plancherel theorems for the Fourier transform. 


10.1 MEASURABILITY IN A PRODUCT SPACE 


In this section we assemble the basic definitions for product measures and 
measurability with respect to such measures and obtain some properties. 


Definition 1: If X and Y are sets, their Cartesian product X X Y is the set of 
ordered pairs [(x, y): x ©X,y € Y]. If X and Y are spaces, X X Y is the product 
space. 

In considering measures on a product space the important sets will be those 
which are Cartesian products of subsets of X and Y, as described in the next 
definition. 


Definition 2: A set in X X Y is a rectangle if it may be written A X B for A S X, 
BEY. 

To define measures on X X Y we first suppose that [X, $ ] and [Y, 7 ] are 
measurable spaces; appropriate rectangles then provide the building bricks for 
the measurable sets in X X Y. 


Definition 3: A measurable rectangle in X X Y is any set which may be written 
a AXBforAES , BET 


Definition 4: The class of elementary sets & consists of those sets which may be 
written as the union of a finite number of disjoint measurable rectangles. 
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If we are given measures on § and F it is easy to see how we should define a 
measure on the measurable rectangles and hence on the sets of &. That we may 
then use the results of Section 5.3 is guaranteed by the following theorem. 


Theorem 1: & is an algebra. 


Proof: Clearly & is closed under finite disjoint unions. It is closed also under 
n m 
finite intersections, for let P =\J U,;€&,Q =U V; E€ &, where U;, Vj are 
i=1 j=1 
measurable rectangles, U; N Ux = Ọ fori # k, V; N V, = Ẹ for j # s. Then 


png= VU unvjes 
1<i<n 
1<j<m 


as the intersection of two measurable rectangles is a measurable rectangle. 
If A X B is a measurable Teetangle; C(4 X B) = (CA X YJ)U (AX CB)E&. 


So if P -I U, E &, CP -() CU, € &. Also & is closed under finite unions for 


if PE &, 0 e &, then P U Q = (P — Q) U Q, a disjoint union, belongs to &. Since 
clearly X X Y € &, & is an algebra. O 
We may now define a class of measurable sets of X X Y. 


Definition 5: $ X J denotes the o-algebra generated by the class of measurable 
reactangles. Also, [X X Y, S$ X J] is the product of the measurable spaces 
[X, $ J] and [Y, 9]. 


Example 1: $ X J = S (&), the o-algebra generated by &. 

A more convenient characterization of § X J may be provided in terms of 
monotone classes. We formally define these in the next definition and obtain 
from Theorem 3 a characterization of monotone classes which provides the 
essential tool for integration theory in product spaces. 


Definition 6: A class Mo of subsets of a space is a monotone class if for any 
increasing or decreasing sequence of sets (E,, } of Mo, lim En E Mo. 


Theorem 2: If Y is any class of subsets of X, there exists a smallest monotone 
class, denoted by Mo (Y), containing Y . 


Proof: Obviously, P (X) is a monotone class. Also, the intersection of monotone 
classes is a monotone class. So the intersection of all the monotone classes which 
contain Y provides the required monotone class Mo (4Y). O 


Theorem 3: If -A is an algebra, § (A) = Ma (A), that is, the o-algebra generated 
by -A is the smallest monotone class containing .A. 


Proof: For brevity write My in place of Mo(A). Since every o-algebra is a 
monotone class, §(-A) 2 Mo. To prove the opposite inclusion it is sufficient 
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to show that Mo is an algebra, since each countable union can be written as the 
limit of finite unions. Let Mg = [A: CA E Mo]; then it easily seen that Mo is 
a monotone class and that A © Mo. So Mo E Mo, that is, Mo is closed 
under the taking of complements. We wish, to show that the same is true for 
finite unions. For each F € Mo let 


K (F) = [E: EE My, E U F E€ Mol. (10.1) 
Then it is sufficient to show that Mo = K (F) for each F E€ My. Now, K(F)is 
a monotone class since, for example, if Ep E K (F), En S Ennn =1,2,..., 


we have (J E, E Mo ma( Ù En) U F = lim (En U F) E€ Mo. So lim En, € 
n=1 n=1 


K(F). Also, if G EA, H(G) contains -A , since Mo 2 A, so K(G) = Mo. So, 
for any H E€ Moy, H € K(G). But by inspection of (10.1) this implies that G € 
K(H). So.A | KA) for each H E€ Moy and as H(A) is a monotone class, 
Mo = K(H) as required. O 


Corollary: § X J =Mo(&). 
Definition 7: If E & X X Y, we define the x-section of E to be the set E, = 
[y: (x,y) €E], and the y-section of E to be the set E” = [x: (x,y) EE]. 

Note that E © Y and Æ” S X. The next theorem states that measurable 
sets have measurable sections. However, in Example 4 below, we give an example 


of a set of which each x-section and y-section is measurable but which is not 
itself measurable. 


Example 2: Show that if (.4;} is a monotone sequence of sets, then lim A? = 
(lim A,)’ and lim (4;)x = (lim A),),. 


co y co eo y 
Solution: This follows from the fact that U Ar) = a and (A A : = 
i=1 i=1 i=1 ,; 
(C\ A”, and similarly for x-sections. 
i=1 
Theorem 4: If FE § X J, then foreachx EX and y E Y, E, E J and FPES. 


Proof: Let Q = [E: EE § X J, Ex E J eachx EX].IfFAES andBET, 
then (A X B); = B or according as x EA or x E€ CA. So Q contains the measur- 
able rectangles. If £ E€ Q then since 


(CE), = D: &, y) € CE] = Cy: &, y) EE] =CE,, 
we have CE EQ. Also if Ep €2,n=1,2,...,we have for each x E X, 


(WU En =U Gn. 


So Q isa o-algebra and hence Q = § X J. Similarly, E” € § foreachyEY. O 
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We have corresponding statements for functions on X X Y 


Definition 8: Let f be a function defined on X X Y. Then, given x € X, the 
x-section of f is the function on Y: f(y) = f(x,y), and given y € Y, the y-section 
of f is the function on X: P (x) = f(x,y). 


Theorem 5: Let f be an $ X J -measurable function on X X Y; then for each 
x €X and y € Y, fx is a J -measurable function and f” is an § -measurable 
function. 


Proof: Let E = [(x, y): f(x, y) > a]. Then fora fixed x EX, Ex = [y: f0) >a] 
belongs to J for each a, by Theorem 4, that is fy is J-measurable. Similarly for 
P.O 


Exercises 


1. The representation of a rectangle in the form A X B need not be unique. 
Find when it is. 

2. Let A be a non-measurable set in X. Is A X @ a measurable rectangle? 

3. Show that a rectangle A X Bis non-measurable iff either A is non-measurable 
and B # , or B is non-measurable and A #9. 

4. Show that if VS XX Y, then (xy) = xy, and xy} = Xv”. 

. Show that if f is § -measurable and g is J -measurable then fg is § x g - 

measurable. 


CA 


10.2 THE PRODUCT MEASURE AND FUBINI’S THEOREM 


We obtain in this section, in Theorems 8 and 9 the main results on integration 
with respect to a product measure. They are due to Fubini and Hobson and 
usually known as Fubini’s theorem. In order to define a measure on § X J we 
use the following theorem. 


Theorem 6: Let [X, S,u]] and [Y, 9, v]] be o-finite measure spaces. For V € 
S X J write ox) = o(V,), Y) = u(V”), for each x € X, y E€ Y. Then ¢ is 
S -measurable, Y is J -measurable and 


f $ du =f Y dv. (10.2) 


Proof: We suppose first that the result holds if u and v are finite measures. We 
may write X = Ux, Y= U Ym, decomposing X and Y into disjoint 


sequences of me of finite en and the result is therefore assumed true for 
each rectangle X, X Y,, where we are considering u and v restricted to the 
measurable subsets of X, and Y,, respectively. Let V E€ § X J and write 
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Vnm = V N (Xn X Ym); then for each x, Vx -U (Vn,m)x. By hypothesis 
n,m 


v((Vn m)x) is a measurable function of x on X, for each m, so DA v((Vn,m dx) is 
? m = 


measurable on X„. Hence, by Example 12, p. 103, 


d(x) =v(Vx)= 7 2a V((Vn,m)x) 


oo 


is measurable with respect to § . Similarly, y(y) = En u(V?, m) is measurable 


n= 


with respect to J. But using Theorem 17, p. 105, we have 


oo 


fo du = 3 J odu= J P dy, WV n m)x) du 


= MS Onmin D fy Hm) 


by hypothesis, and this last term is similarly equal to f y dv. 

So we suppose that u and v are finite measures on § and J respectively, and 
write Q for the classof sets VE § X J for which (10.2) holds. Then Q contains 
every measurable rectangle A X B, since v((A X B),) = x4 (x) »(B), u((A X BY’) 
= xp(y) u(A), so (10.2) holds. Then it can be seen that (10.2) holds for any 
elementary set, that is Q contains the algebra &. If V, © V, S ..., where V; € 


Q for each i, and if V=(L) y,, then V EQ. For, write (x) = (Vx), Vil) = 
i=1 


u(V?). These are measurable functions by hypothesis, and by Example 2, 
ox) t ox) = (Vy), WiO) t WO) = (V). So ġ and y are measurable and 
f ġ du = lim f $; du = lim f y; dv = f p dv. 


If Vi 2 Va 2 ...,where V; EQ for each i, and if v=f) V;, we obtain 
i=1 


similarly sequences ¢; 4 ¢, Y; 4 Y. Since u and v are finite we may use Theorem 
21, p. 107, since ¢; < v(Y), a function integrable over X and Y; < u(X) which is 
integrable over Y, to get that (10.2) holds for @ and y. So Q is monotone class 
contained in § X J and containing & and the result follows by Theorem 3. O 


Corollary: With the notation and the o-finiteness condition of the theorem we 


have | due) | xray) @@)=J awo) | xve») due), 


Proof: We have $(x) = v(Vx) = f xy(x, y) dv(y), and similarly for y, giving 


this more intuitive version of (10.2). O 
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Definition 9: Let [X, $,u]] and [Y, 9,v] be o-finite measure spaces. Then the 
product measure u X von $ X J is given by 


(u X v\(V) = fe V(V,.) du = J u(V”) dv, 


for each VE § X J, the last equality holding by Theorem 6. The alternative 
expression for these integrals given in the last corollary makes it clear that u X v 
is a measure on § X J. Clearly u X v is o-finite. 


Example 3: Show that if u and v are o-finite measures, then u X v as given in 
Definition 9 is the only measure on § X J giving to each measurable rectangle 
A X B the measure p:(A) v(B). 


n 
Solution: The required measure must have value 3 u(4,) v(B;) on the elementary 
i=1 


n 
set which decomposes into disjoint measurable rectangles as\_J (A; X B;). Now 
i=1 


u X v clearly takes the correct value on measurable rectangles and by Theorem 6, 
p. 179, it is a measure on & so it takes the correct value on the sets of & and 
indeed is clearly a o-finite measure on the o-algebra &. But the extension from & 
to §(&)= S$ X J is then unique by Theorem 7, p. 100. 

The main results on integration in a product space are given in the next three 
theorems; their content provides methods of calculating integrals with respect 
to product measures. For these results we need, as in Theorem 6 on which they 
depend, the fact that [Y, S u] and [ Y, J , v] are o-finite measure spaces. 


Theorem 7: Let f be a non-negative $ X -measurable function and let ¢(x) = 
Í fx dv, yO) = Í J? du for each x EX, y € Y; then ¢ is § -measurable, y is 
Y X 3 


J -measurable and 
| oas]  fauxn=f ya. (10.3) 


Proof: The last theorem gives the result in the case where f is the characteristic 
function of an § X J measurable set, and hence for measurable simple functions. 
In the general case, let {f,,} be a sequence of measurable simple functions such 
that fn t f. So, by the last theorem, ¢,,(x) = S (f,), dv is § -measurable and 


J onau={ faux). (10.4) 
X XXY 
As n tends to infinity, (fn)x t fx, so by Theorem 15, p. 105, ¢, T ¢ and so @¢ is 


measurable. Applying Theorem 15 again, to (10.4), we get the first identity of 
(10.3). The second follows similarly. 0 
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Corollary: Writing the first and last terms in (10.3) as iterated integrals of f, we 
get 


f ducer nawo] aro) | fer) due). aos 


Theorem 8: Let f be an $ X J -measurable function and let ¢*(x) = f A Ifi dv, 


yy) = f IfI? du for each x € X, y € Y; then the conditions ¢* € L! (u), 
Y*EL!(v),f EL! (u X v) are equivalent. 
Proof: We apply the last theorem to |f|, and (10.3) gives the result. 0 


Theorem 9 (Fubini’s Theorem): If f € L! (u X v), then fy € L’! (v) for almost all 
x € X, f? € L'(u) for almost.all p € Y, the functions ¢ and y defined as in 
Theorem 7 are in L! (u) and L! (v) respectively, and (10.3) holds. 


Proof: From the measurable functions f*, f7 we obtain the functions ¢, , 62 as @ 
was obtained from f in Theorem 7. Since f*, f7 € L'(u X v), (10.3) implies that 
$1, 2 € L! (u). So, for almost all x, both ¢, (x) and ¢, (x) are finite, and for 
such x, since fy = ft — fz we have fy E L! (v) and (x) = ¢; (x) — $2 (x); hence 
@ is integrable. Also the first equality of (10.3) holds for ¢, and f* and for ¢, 
and f`, so subtracting we get result for ¢ and f. Thè second equality and the 
statements about fY and y are proved similarly. O 


Corollary: Theorems 8 and 9 imply that if either of the iterated integrals of |f| 
is finite, then so is the other and f satisfies (10.5). 

It is the form of Fubini’s theorem given in this Corollary which is most 
useful in applications. We now give some examples which show that the condi- 
tions in Theorems 6 to 9 may not in general be omitted. 


Example 4: The condition VE § X F is necessary in Theorem 6. 


Solution: For X and Y take the set of ordinals [a: a < w, ] where w, is the first 
uncountable ordinal ([11] , p. 79). For $ and I take the o-algebra generated by 
the countable subsets. Let u and v be zero for countable sets and 1 for uncountable 
measurable sets. Let V = [(x, y): x <y]. Then if x = w, , the x-section Vy = 9; 
otherwise V, is uncountable but CV,, is countable and so Vy is measurable. If 
y =a, V = [x: x < w], a measurable set, and for y < w, V? is countable 


and so measurabie. But p du J xy dv = f vo(V,,) du = pix: x <w] = 1, 


whereas J dv f xy du = f u(V”) dv = 0. So (10.2) does not hold for this V. 


The next example shows how Theorem 6, p. 179, breaks down if u and v are 
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not both o-finite. The same example shows that o-finiteness is essential in 
Theorems 7, 8 and 9. 


Example 5: Let X = Y = [0,1], 5 = J = B. Take u = m on the Borel subsets 
of [0,1], and for v take the counting measure on [0,1], that is, (£) = Card £. 
Take V = [(x, y): x =y, (x,y) EX X Y]. Then Vis S X J -measurable, for if n 
is any positive integer put Jj = [(j — 1)/n,j/n),j=1,...,n and V, = (l: X4,)U 


.. UC, X In). So V;,, is measurable, and so therefore is V = 0) Vn- (A diagram 
n=1 


may assist.) However 
f awf xy du=0 but J au | Xp dv =1. 


Example 6: The condition f € L! (u X v) in Theorem 9, is necessary if the order 
of integration is to be interchangeable. 


Solution: Take X, Y, §, J as in the last example and let u = v = m, restricted 
to [0,1]. LetO0<a, <...<a, <...<1, lima, = 1. For each n choose a con- 


1 
tinuous function g,, such that [t: g,(t) #0] € (@,, n+: ) and also f g, dt = 1. 
0 


Let fx, y) = L EnV Enx) — Zna (X)). For each (x, y) only one term in this 


series can be non-zero, so f is well defined. Also f is measurable, indeed f is con- 
tinuous exċept at (1,1). But 


1 1 œ 
J. Fy) dx = J. L EnEn) —En+1 (x)) dx = 


n+) On+2 
= g,(y) Í 8n dx - f 8n+1 &)=0 
an An+1 


for each y. However 


1 oo 1 : 
J Enw D Cale) Em DJ bn y 


n=) 


~ 1 1 
so J dx f A f(x, y) dy = 1 and the iterated integrals are therefore unequal. 


However, Fubini’s theorem is not contradicted since f is not integrable. For, 
writing J; = (04, &,, ), we have 


fife, dx dy = YY a ph Sn W)En(X) — Sass ŒI dx dy 


i,j=1 


= y, 


ij=1 J X 


Igy Mex) — 8p Œ) dx dy 
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+] Lagi) — gj GO) dx dy = 20, 

a1 X} 

In some product spaces, for example in the plane, the ‘natural’ measure to 
consider is not u X v but its completion, obtained in Theorem 8, p. 101. Results 
equivalent to Theorem 9 can be obtained in this case but details of the state- 
ments are no longer the same; for example, the functions ¢ and y of Theorem 6 
onwards need not now be measurable but only equal a.e. to measurable func- 
tions. For details of an approach using complete measures see, for example, 
[12] , Chapter 12. 


P Lys 


Exercises 


6. Let u and v be complete measures. Show that u X v need not be complete. 
7. Let f be a measurable function on R, f > 0. Let the ordinate set of f be 0, = 

[(,y): 0 <y <f). 

(i) Show that 0; is measurable. 
(ii) Show that (m X mX0;)= f f dx. 
(iii) The graph of f is the set G = [(x, y): y = f(x)]. Show that G is 
measurable. 
(iv) Show that G has measure zero. 


8. Let f be continuous on A = [a,b] X [c,d] and let § = J = M. Show that 
b d d b 

f f dxdy = | dx | fx») dy =| dy f f(x,y) dx. 

A a c c a 
9. Show that if fE L! (u) and g E€ L! (v), then fg E€ L! (u X v). 

a i 
10. Let f E L(O, a) and g(x) =Í f@®Olt dt (0 <x <a). Use the results of this 
x 


a a 
section to show that g € L(0, a) and f g dx = f f dx (cf. Exercise 20, 
0 0 


Chapter 9). 
11. By integrating e sin 2xy with respect to x and y, show that 


Je (sin? y)ly dy =4 log 5. 
12. By integrating e*” sin 2y with respect to x and y, show that 
f e (sin 2y)/y dy = arc tan 2. 
0 


x 
13. Let f © LO, ©) and for a > 0 and x > 0 let g,(x) = 3 (x — A f(t) de. 


y 
Show that a J. Bax) dx = 804, (7), y > 0. 


Sec. 10 3] Lebesgue Measure in Euclidean Space 185 
x 
14. Leta >0,f20, fEL(O, a) and F(x) =Í f dt; show that 
0 


1, _ [E 1 
J. f(x) log yaa] x dx + F(a) log — 
whenever either integral is finite. 


15. Let f(x, y) Brrr aia <x < 1, —1 <y < 1, defining (0,0) = 0. 


Show that the iterated integrals of f over the square are equal but that f is 
not integrable. 


I aun 
16. Show that if x,y) = CETO , (x, y) # (0,0), then 


[ i [ æo- m fe dy | a=- 


Show that this does not contradict Theorem 9, p. 182. 

17. For each n > 1 let f(x,y) = 2?” when 2” <x<7"! a" <y <7”! let 
fx, y) = —2?”"*! when 2"! <x <2", 2" <y <2"! and let f= 0 on 
the remainder of the square [0,1] X [0,1] not contained in one of these 
rectangles for any n. Show that 


i dy j fx, y) dx =0, but k dx f fx, y) dy =1. 


18. Let X = Y = N, u = v = counting measure on P(N). Let f(x,y) =2—2™* 
for x = y, f(x, y) = —2+2~* for x =y + 1, and let f= 0 otherwise. Show 
that the iterated integrals of f are not equal. 


10.3 LEBESGUE MEASURE IN EUCLIDEAN SPACE 


In this section we show how, starting with Lebesgue measure on R and forming 
the completion of the product measure, we may define a measure on the plane 
and, more generally, in R”. The resulting measure, like Lebesgue measure on the 
line, is invariant under translation and rotation, so the original set of axes lose 
any special significance. We also show how integrals with respect to this measure 
may be transformed into integrals with respect to polar coordinates, in two or 
three dimensions. 


Definition 10: The completion of the product measure m X m is Lebesgue 
measure m, on R?*. The class of Lebesgue measurable sets, written A, consists 
of the sets measurable with respect to m3. 

Examples such as A X [y] where A is a non-measurable set, show that M, # 
MX M so that m, #m X m. Using induction we may form in R* the product 
of k copies of Lebesgue measure. 
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Definition 11: For k > 1 let m™™ =m) X m where m™ = m. Similarly M ® 
= MD X M;and mpg on My is the completion of m™ on M™. 

The next theorem gives a more convenient description of the Lebesgue 
measurable sets. 


Theorem 10: (i) MP is generated by the sets A, X ...X Ap where A; E M for 
each i. 

(ii) A, is the result of completing the measure mP on BX...X BK 
terms). 

(iii) mg on My is given by its values on the Borel sets of RÝ, the fact that 
these are measurable and the fact that it is complete. 


Proof: (i) This is true, by definition, when k = 2. Suppose that it is true for 
some k > 2. By definition, M (k+1) is the o-algebra generated by sets of the form 
E X F where E € M™, F € M. So by hypothesis A(“*") contains all the sets 
A, X...X Ar, Ay E M. Now take Aky = F, and in this restricted class of 
sets consider countable unions and complements in R* X F. We generate, by 
the inductive hypothesis, all sets of the form E X F, E E MPO, FEM , so the 
o-algebra generated by the sets 4, X ...X Axa, is just ME) and by induc- 
tion this holds for all positive integers k. 

(ii) Let § be the o-algebra obtained by this completion, so § © M x. Also 
S2BX...X8.1 A, € B,m(4,)=0,andA,,...,A, E B, then all the 
sets CX A, X...X Ay with C © A, belong to § .So § contains MX BX... 
X B and hence by induction § 2 M™.SoS$ D My as required. 

(iii) As on the line the Borel sets are the o-algebra generated by the open sets, 
by definition. Now B X ...X B is generated by the open sets G =G, X... 
X G;, G; open, and so consists of Borel sets. But every open set may be written 
as a countable union of sets G so B X ...X 3B is just the Borel sets. Now (iii) 
follows from (ii). O 


Corollary 1: The measure m, is given by its values on the half-open ‘intervals’ 
[x: a; <x, <b;, 1 <i<k] and the fact that it is complete. 

Proof: The details are obvious, but see the solution to Exercise 19 below. O 
Corollary 2: 1% = MO X M™ and mM” =m™ x mO. 

Proof: This follows from the fact that (@*”) is generated by the sets A, X... 

Akan 9 A; € M. Oj 


Example 7: Lebesgue measure in RÝ is translation invariant, that is if x € R* and 
FEM; then E +x E Mpg and their measures are the same. 


Solution: The mapping y >y +x,yE RE, is continuous and has a continuous 
nverse, so the open sets on translation give again the open sets. Also, a o-algebra 
ranslates to a o-algebra, so the Borel sets on translation give just the Borel sets. 
Also, the half-open ‘intervals’ translate to half-open intervals of the same measure, 
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so the Borel sets have their measures invariant. But every set in Mx is the union 
of a Borel set and a subset of a Borel set of measure zero, just as for the real line, 
so on translation My is unchanged and so is mę. 


Example 8: Let E E My andr > 0. Show that rE E€ Mp and mg(rE) = r" m,(E). 


Solution: As in the last example, the Borel sets are transformed into the Borel 
sets by E > rE. If I is any half-open ‘interval’, its measure is multiplied by r*, 
by the corresponding result for the real line (Exercise 8, p. 34). So the Borel 
sets have their measures multiplied by r*. Since the same sets of zero measure 
are obtained, the result follows as for Example 7. 


Example 9: Show that measurability and measure remain invariant under rotation 
in k dimensions. 


Solution: From the result of Example 7 we may restrict ourselves to rotations 
about the origin. Let A denote the set obtained from A by the rotation r. 
Under r, open balls become open balls and a o-algebra is mapped to a o-algebra. 
So open sets and Borel sets remain measurable on rotation. We show that measure 
is unchanged for half-open ‘intervals’. It follows that Borel sets under rotation 
give Borel sets of the same measure. Also subsets of Borel sets of zero measure 
rotate into sets of the same kind. So it will follow that the class of measurable 
sets remains measurable under rotation and that their measures are unchanged. 

So let J be the ‘interval’ [x: a; <x; < bj, 1 <i<k]. Then the interior G of 
the unit ball is a countable disjoint union of intervals similar to Z, say G =U]; 
where J; =a + tl, a E RĚ ¢>0. Then IP =a + tI® som xI) = = t* m1). 
Also m;,(I;) = t* mxf). So m,(,; ©) = K m,(I,), where K = m,()/m,(/) 
depends only on Z and r. So mG ) = K m,(G), but G =G so K = 1 and 
the result follows. 


k 12 
Ifu =(u,,..., Ux) € R* write u=(% u? ) 
i=1 


Definition 12: The unit sphere in R* is the set Sy, = [u: |u| = 1]. For the 
purpose of considering open sets and hence Borel sets, S,., is assumed to have 
the relative topology as a subset of R* (cf. Chapter 1, p. 18). 

We define angular measure on the sphere. 


Definition 13: Let A be a Borel set on Sy_, and write A = [x: x =7,0<r<l, 
u E€ A]. Then define o,.,(A) = km,(A). It is easy to see that A is a Borel set, 
SO Oz-, is well defined and is a measure on the Borel sets of Sp- . 


Theorem 11: Let f be a Borel measurable integrable function on R* then 


ffam=f tarf fru) dor-s(u) (10.6) 
k-1 
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Proof: Let 0 <r, <r, let A be an open set, A © S,_,, and let E = [ru: r; <r< 
r,,u € A]. Then (10.6) holds for xg. For, 


oo 7 f Fa : 
f re dr f xe(ru) dok- U)=} r°! o4-,(A) dr = 
0 Sk-1 A 


= k'0 —ri) Ox-1 (A). 
But E = rÅ —r,A, so mŒ) = (rk — riyn,(A) by Example 9, and so 
m,(E) = kr} — r) on-1(A) 
as required. So if E = [ru: r, <r<r,,u€G], for some open set GE Sx-1, we 
have E = IJ En, En = (reir, <r <r — 1/n] , where N is such that r, — 1/N 
n=N 


> rı. But xe, t xg and so the result holds for xg by Theorem 15, p. 105. Let 
Q be the class of sets for whose characteristic functions (10.6) holds. Then Q 
is closed under disjoint countable unions by Theorem 17, p. 105. Also Q is 
closed under the formation of differences of bounded sets since we may write 
X4—B = (X4 — Xp)’, all the functions being integrable, and use the fact that 
(10.6) is linear in f. So Q is closed under countable unions contained in a fixed 
bouaded set, for example Dy = (CN, N) X ...X (—N, N) — [0] where 0 
denotes the origin. Hence Q contains all open sets in Dy, for each such set is 
the union of open sets of the same type as E above, and hence by Theorem 8, 
p. 23, is the union of a countable number of such sets. Taking unions and 
differences, we find that Q contains all Borel sets in Dy. So if E is any Borel set 
in R* — [0], (10.6) holds for the characteristic function of E N Dy, and letting 
N > © we find E © Q by Theorem 15, p. 105. Hence the result holds for Borel 
measurable simple functions and taking increasing sequences of such functions 
we get (10.6) for f* and f`. Since the left-hand side of (10.6) may be replaced 
by the integral over R* — [0], the result follows. O 

In R*, if G S S, is the intersection of an open disc with S,, then o, (G) =0 
where @ is the angle subtended by G at the origin. Then we may write (10.6) in 
the form 


spam, =| “rar f  Re,0) 46 


where F(r, 6) = f(r cos 6,r sin 0). 
Finally we show how the elementary procedure of integrating with respect 
to three dimensional polar coordinates may be fitted into this context. 


Example 10: If S$ denotes the sphere S, minus the poles (0,0,1) and (0,0,—1), 
there is a one-to-one mapping of Sf onto (0, 7) X [0, 27) such that (x, y,z)> 
(0, $) where x = cos @ sin 0, y = sin @ sin 0, z = cos 0. Then if f is a Borel 
measurable function and is integrable, 
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ffam, -f r? dr J” dọ f sin 0 F(r, 6, ¢) 46 


where F(r, 6, 6) =f(r cos ¢ sin 0,r sin ¢ sin 6, r cos 8). 
Solution: By Theorem 11, we need only show that for fixed r, 


2n n 
f fruydo, =| apf sino Fe, 0, 0) 40 (10.7) 
S, 0 0 


and indeed the integral on the left need be taken over Sf only. Let A be the 
open set in S$ given by 0, <0 <62,¢, << ¢ġ2 and take f(ru) = x4 (u). Then 
the right-hand side of (10.7) is 


6, 
($2 — 4), sin 6 dð = ($2 — $ı (cos 0, — cos 62), 


while the left-hand side is 37,3(A), in the notation of Definition 13, which may 
be checked by a laborious integration with respect to x, y, z to have the same 
value. Each open set in S¥ may be written as a countable union of sets such as A, 
so as in Theorem 11 the result holds if f(ru) = xg(ru) for any Borel set E S Sf. 
Hence we obtain the result for an arbitrary Borel measurable function f on 
taking a sequence of Borel measurable simple functions with f as limit. 


Exercises 


19. Let [X, S ] and [Y, 9 ]] be measurable spaces such that § is the o-algebra 
generated by &, and gJ is that generated by F. Show that § X J ‘is the 
g-algebra generated by [E X F: E€&,FE F] =&X F, say. 

20. Show that if f(x) is a Borel measurable function on R* — [0] and we write 
x =m,uES,;_;, then gu) = f(ru) is Borel measurable on S;-_; . 

21. Show that every open set in R? — [0] is the union of sets £ = [ru:r, <r < 
r2,u€G,Gopen,G S §,]. 


22. Show that | e% dx =4/n. 
0 


10.4 LAPLACE AND FOURIER TRANSFORMS 


It is easy to extend the definitions and results on integration obtained for real- 
valued functions to complex-valued functions. If f = fı + if,, f is said to be 
measurable if, and only if, the real functions f, and f, are measurable and almost 
everywhere finite-valued. Then |f] is clearly measurable in the previous sense. 
We define f to be integrable provided f is measurable and |f] is integrable, and in 
this case fı and f, are clearly integrable. If f is complex we then define the inte- 
gral of f to be f f du = f fı du + i f f2 du. The following familiar result now 
needs a different proof. 
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Theorem 12: If f is a complex-valued function integrable with respect to u, then 


IS fdul fifi du. 


Proof: Let z = f f du and choose a, |a| = 1, such that az = |z|. Then |f f du| = 
af fdu=fofdu=f Re(af) du<f laf| du = f |f\ du, since the linearity of the 
integral holds as for real functions and since f Im(af) du = O by inspection of 
the first term in the string of equalities. D 


Example 11: Show that | f f dul = f |f| du if, and only if, there exists 0, real and 
constant, such that e® f>0 ae. (p). 


Solution: From the proof of Theorem 12 we must have f Re(af) du = f lafl du. 
So Re(af) = laf] a.e. (u), and Im(af) = 0 a.e. (u). Writing a =e!” we see that the 
condition is necessary. It is clearly also sufficient. 

Earlier theorems concerning non-negative functions we do not extend ex- 
plicitly, but where in earlier proofs we split functions into positive and negative 
parts, we must now split them first into real and imaginary parts and then proceed 
as before, the condition of finiteness almost everywhere being imposed since we 
cannot carry over the conventions regarding the extended real numbers. Lebesgue’s 
dominated convergence theorem, p. 107, and Fubini’s theorem, p. 182, in par- 
ticular, hold for complex functions. The methods of Chapter 8 then suggest the 
consideration of complex-valued measures. These raise no difficulties but we will 
not examine them. 

The next result is a preliminary to considering the convolution of two func- 
tions, which will be important in the applications which follow. The functions 
are real-valued as usual. 


Theorem 13: Let f and g E L(—~, œ), then f(y — x(x) is an integrable function 
of x for almost all y, and if h(y) is defined for these y by h(v) = f fly — x) g(x) dx, 
then A is integrable and lhl, < Ifl; - igl. 


Proof: For each y, f(y — x) g(x) is a measurable function of x, so write h*(y) = 
S ify — x) g(x)| dx. If we may apply Theorem 9 (Corollary) to h* we get 


fhn*(v) dy = f dy fifty — x) g) dx = f gx) dx f If — x)| dy. 


But f ify —x)l dy = f |f(v)| dy by Example 25, p. 75. So f h*(v) dy < Iigll,- 
fll, and so h*, and hence h, is finite valued a.e., h is integrable and lhl; < 
Wf ll,» igi. 

However, to apply Theorem 9, we need to know that f(y — x) g(x) is measur- 
able with respect to m X m. By Exercise 11, p. 60, we may replace f by a Borel 
measurable function equalling it a.e. and show the desired measurability for the 
altered integrand. As the integrals are the same the subsequent argument is 
unaffected. Write F(x, y) = f(y — x); then F is a Borel measurable function. 
Indeed if for E © R, we write DE = [(x, y): x —y EE], we have F`! (a, œ) = 
Df! (a, œ). As f~! (a, œ) is a Borel set, we need to show that if E E B, DE is 
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a Borel set in R?. If E is open, DE is open, since when x9 — Yo is contained in 
a neighbourhood of radius € in £, (xo, Yo) is contained in a neighbourhood of 
radius e/2 in the strip DE. Also Q = [E: DE isa Borel set] is a o-algebra, since 


Den = (J DE, and D(CE) = C(DE). So Q contains the Borel sets and 
I= i=] 


so F(x, y) is a Borel measurable function. But G(x, y) = g(x) is measurable with 
respect to m X m, and so F(x, y) G(x, y) = f(y — x) g(x) is measurable with 
respect tom X m and the theorem is proved. O 


Definition 14: If f, g E L(—~, ©), the convolution f + g of f and g is given by 
F #2) = f fO —x) g(x) dx. 


By Theorem 13, f « g is well defined and is an integrable function. 


Theorem 14: If f, g, h E L(—°, ©), then (i) f «g =g +» fae., (i) (f eg) eh = 
fs »+h)ae, 
Proof. (i) Let y be such that g(y — x) f(x) is integrable with respect to x, and 
substitute t = y — x in f g(y — x) f(x) dx to get, by Example 12, p. 171, 
fa — x) fx) dx = f et) fy — £) dt =F + 8X0). 
Sof +g =g *fa.e. 
(i) F * © + ANY) = S Ay — XU g(x — 2) hE) dz) dx. (f + 8) # hY) = 
S hE fO ~z — t) g(t) dt) dz = f hey fly — x) g(x — z) dx) dz using the 
substitution £ = x — z and Example 25, p. 75. To establish the result we need 
only change the order of integration, so we need to show that Theorem 9, p. 
182, can be appiied to F(x, z) = f(y — x) g(x — z2) A(z). Replacing f and g by 
Borel measurable functions equal to them almost everywhere, we obtain as in 
Theorem 13, an integrand measurable with respect to m X m. Also, for almost 
all y, F(x, z) is integrable; for 
Í dy f Ihe) fy —x) g(x —2)| dx dz 
= flh@) g& — z) CO fy — x)| dy) dx dz < Ifl; + igl, + lal, 
as in Theorem 13. So for these y we may change the order of integration to get 
the result. O 
An important aspect of the convolution of two functions is its relation to the 


Fourier transform (Definition 16, below) and to the Laplace transform, which 
we now define, 


Definition 15: If f € L(0, œ) the function 


(Lf\(x) = fo et f(t) dt 


is the Laplace transform of f. Clearly it is well defined on (0, ©). 
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Theorem 15: If f, g E L(O, œ) then LO «g) = Lf Lg. 


Proof For such functions, in defining f « g we take f and g to be zero on (—~, 0), 
so that 


x 
CD] fe — Dewar, 
an integrable function on (0, ©). So for y > 0, writing f + g = h, 
o0 x 
(chyyy=| ax fe f- DeO dt. 
0 0 
From Theorem 13, p. 190, we may interchange the order of integration to get 


COO) =f Xf e A-d ax) a 


=f af e f) dx) ar, 
0 0 
by Example 25, p. 75. So 


Eh) =| 


e?” f(x) dx f 7 e ¥ g(t) dt, 


as required. O 

One important way in which integrals of complex functions arise naturally is 
in connection with Fourier transforms. In their definition a factor (27) '” is 
sometimes introduced, the object being to remove the factor (27) !” appearing 
in Theorem 18. 


Definition 16: If f E L(—°, ©) the function 
fa) = f e™ ft) dt 
is the Fourier transform of f. Clearly it is well defined. 
Theorem 16: If f E L(—~, ©), fis a continuous function on R and IÂ < Sifi dx. 
Proof: Clearly | f |< S |f| dx. To show that f is continuous consider 
fe +h) — x) = f e*t (et — 1) Ke) dt. (10.8) 


Since [e™* (e”* — 1) ÐI < 2INÐI E LC, ©), we may let h > 0 in (10.8) to 
obtain the result by Example 15, p. 64.0 


Theorem 17: Let f, g E L(—%, ©); then fez =f. g. 
Proof: We have 


A l 
(f « g\(s) =f dt fe’ f(t — x) g(x) dx. (10.9) 
As in Theorem 13, p. 190, | f(t — x) g(x)| is integrable with respect to (x, £), so 
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by Theorem 9, p. 182, we may interchange the order of integration in (10.9) to 
get 
AN : ; 
Fa gN) = S a(x) ef f(t — x) dt) dx = f gU ef f(t) dt) dx, 
by Example 29? 75. So 
(f «g\Xs) = S ef fx) dt f eè™ g(x) dx 


as required. O 


Example 12: Show that if f(x) =e* /, then f = (2r}” f. 


Solution: fly) = f e™ I2 e#”* dx. By Exercise 51, p. 76, we may differentiate 
under the integral sign. So using Theorem 9, p. 163, and letting the limits go to 
infinity , we have 


yf) = į f xe™*l2 e* dx 


= ipen e n f eR yel™ dx = yf). 
So Î satisfies the equation du/dy = —yu. So f(y) = Ce” ‘2 Then f0)=C= 
se* 2 dx = (2n)!” by Exercise 22, p. 189. 
The following results are easily obtained by a change of variable. 
Example 13: (i) f(gv) = (6! AS?! x))*. (ii) If k(x) = Ax), then k = f. 
Theorem 18 (Parseval’s Theorem): Let f be a complex-valued function defined 
on R and such that fE L! N L?, then fE L? and Ifl, = (27)? Ifl. 
Proof: Write h(t) = (21) 1? ef? and h,,(t) = nh(nt). Put g = f * k where 
k(x) = f(—x). Then g E€ L! by Theorem 13, p. 190, so using Example 12 and 
13(i) with f replaced by h and B by n, 
(g «hy )(x) = S 8% —¥) hy V) dy = (21y? ff ge —y) h(n) ef” dt dy. 
If we put s =x —y, this becomes 
(E * hye) = (2a)? S h(t/n) dt f g(s)e"O™ ds 
= (2n)'? f h(tin)g(—te™ dt 


© = (Quy! f htn) X(t) e™™ dt, (10.10) 
as h is an even function. So 
(g * hn X0) = (20) f h(t/n) g(t) dt. (10.11) 


Now g(y) = f fy — x) f(x) dx = f f(y + x) f(x) dx is a continuous function 
of y, since Exercise 35, p. 120, extends to complex functions. Also it is bounded; 
indeed by Hölder’s inequality using now, as in Example 25, p. 75, the notation 
fie) =f + x), 

IONS WA. > WF, = Ifi. 
Since fh, dy = 1 we get 
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E «hy (x) — a(x) = S @& —y) —8&)) Mn) dy 
= f g(x —s/n) — g(x)) h(s) ds. 
Letting n > © and using the continuity and boundedness of g we get 
lim (g « h, )(0) = g(0) = If 13. (10.12) 


From Example 13(ii) we have g = | fI? >0, so letting n > œ in (10.11) we may 
use Theorem 4, p. 000, and (10.12) to get 


Wl? = (21y! fe) dt = (21y! IIB 


as required. O 


Theorem 19 (Fourier Inversion Theorem): Iff €L! and fE L! , then 


f(x) = 1/20 f fe ™* dt ae. (10.13) 
Proof: By the same argument which gave (10.10) we get 
(f «Ay Qc) = (rY? S h(tin) fe at. (10.14) 


Now la(t/n) ite *| < IÑI E L', so Theorem 10, p. 63, gives that as n > œ 
the right-hand side of (10.14) tends to the right-hand side of (10.13). Also 


If « h, (x) —f(x)l < S Ife —y) — fæ) An) dy. Integrate with respect to x 
and use Fubini’s theorem to get 

Ifeh, — fli <S If-y— fli An) dy. (10.15) 
Now v e >0, 36 > 0 such that lf-y —f lı <e whenever |y| <ô, as in Exercise 
43, p. 75. So the right-hand side of (10.15) aal I, +I, where 


h=f Why fs tn) dy Se Shn) dy =e, 
iyis â 


while =| Ify -fl hn) dy <21, f hoa 
Iyi> ê iyi> ê 


which has limit zero by Theorem 10, p. 63. So lim |f * An — fli = 0. So by 
Theorem 10, p. 118, for some subsequence {n,} 


lim (f + hy) = fŒ) ae. 
So (10.14) gives the result. O 
Corollary: if fEL' and f= 0 a.e., then f = 0 a.e. 


So the Fourier transform of an integrable function determines it a.e. From 
Exercises 32, 33 of Chapter 6 we see that L! N L? is dense in L? and Theorem 
18 then shows that T: f > f is a continuous mapping of a dense subset of L? 
into L?. It has, therefore, a well defined extension T* with domain L? giving the 
Fourier transform on L? (sometimes called the Plancherel transform). It is 
customary to use the same notation, and write T*f = fforfEL? , although fi is 
not defined pointwise but only as an element of L?. The next theorem collects 
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the important properties of T*. In (ii) we extend Parseval’s theorem to L? ; (iii) 
constitutes an L? -inversion theorem. 


Theorem 20 (Plancherel’s Theorem): Let f, g E€ L? , then 
(i) T* mapsL? onto L’, 
(ii) ffgdx = 2n f fe dx. 
n n 
G) g| A) e® dx and a(x) = 120 f ÑO ew dt, then 
dñ -n 


Lim. ¢, =f, and Lim. Yp =f where Lim. stands for L? limit. 


Proof: Write fa = Sxen,n). Then fa E L! N L? and n = (fn). Since {fn} is 
convergent in L? , Theorem 18 gives that {ġ„ } is a fundamental sequence in L? , 
with a unique limit, namely T*f = f, proving the first part of (iii). Note that by 
Theorem 10, p. 118, if Lim. F, and lim F,, both exist, they are equal a.e., so 
this definition of f and that of Definition 17 give rise to the same element of L? , 
forfEL! NL?. 

We wish to construct an inverse to T* so we define S* on L? by 


(S*ey(x)= Lim 12a f gO) e™ ae 


Since (S*gXx) = (2ny! (T*g)\(—x), S*g is well defined. So S*, T* are con- 
tinuous mappings to L° into itself. 
Forf EL! N L? , (10.14) gives 


(f * An) = ry"? f hitin (Oe at 
= (2n)! sh,() AD e dt 
= (any! f feh) ee dt. 
So f «Ny = S*T*(f # hy). (10.16) 
Also, Lim. feh, =fiffEL! NL?, for 
IC * An )&) — FON SSF — y) — AX) An) dy. 


So, by Jensen’s inequality, p. 113, using the measure u where (E) = f hn dy, 
E 


IC * hD) SON? <S AS — y) — fN? haO) dy. 


Integrate with respect to x and use Fubini’s theorem to get 
If * ha —f13 <S VL, — fi} A.C) dy. 


So, as in Theorem 19, we get the result. 

So by continuity, taking Lim. as n > œin (10.16), S*T*f = f for fEL! NL?, 
that is, (iii) has been proved for fE L! N L?. But L! NL? is dense in L? and S*, 
T* are continuous, so S*7*f = f for f E€ L*. This gives the second part of (iii) 
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and shows that the range of S* is L?. But (S*f)(x) = (2m) (T*g)(—x) shows 
that the range of T* is the same as that of S*, proving (i). 

The result of Parseval’s theorem extends to LÊ since llop 1, =(2m)'” If, No, 
so Ifill, = lim Il¢,. = (27)!? lim If, la = 7)!” Ifl. The result (ii) now 
follows, since 


4fg=|f+el? —If— gl? +ilf+ igl? —ilf—iel’; 
so if the L?-norm is multiplied by a factor (27)!” when f, g go to f, g, the inner 
product f fg dx is multiplied by 27. 0 


Exercises 


23. Let z, w be complex numbers such that Re z > 0, Re w > 0, then 
1 
r(z)r(w)=T(z + w) | uY! (1 —uf™ du. 
0 


24. Following Definition 16, p. 192, we define the Fourier transform of a finite 
measure u on R to be the function fi(x) = f e*t du(t). Show that if L is the 
Lebesgue function corresponding to the Cantor set P, p. 26, then the Fourier 
transform of uz, is 


fiz (x) = e*/? TT cos x/3*. 
k=1 


25. If fEL(—~, ©) then f(x) > 0 as x > © or x > —oo, 

26. Find a function f for which the upper bound given for | f | in Theorem 16, 
p. 192, is attained. 

27. Let K(x, t) E€ L?(m X m) and write (K(x) = f K(x, t) f(t) dt for f € 
L? (—, œ). Show that f > Kf transforms L? (—°, ©) linearly into itself. 


Hints and Answers to Exercises 


HINTS AND ANSWERS TO EXERCISES: CHAPTER 1 


1. (i) x ~ y clearly defines an equivalence relation. The equivalence classes are 
sets of points such that, in each set, any two points are at zero distance 
apart (as measured by p) and points in distinct classes are a positive distance 
apart. 

(ii) p* is well defined. For let z € [x], w € [y] ; then we have [z] = [x] 
and [w] = [y], but olz, w) < p(z,x) + p(x, y) + p, w) < p(x, y). Similarly 
p(x, y) < p(z, w). So p* is independent of the points chosen in the equi- 
valence classes. To show that p* is a metric we need only show p*(@, b) 20 
fora + b. Let p*(a, b) = 0 where a = [x], b = [y]. Then p(x, y) = 0, so 
y E [x], ie. a = b, as required. (The result of this exercise is worth keeping 
in mind in considering the conventions of Section 6.1.) 

2. F dense means that vx € CF, every e-neighbourhood of x meets F, so CA 
dense means that Y x € A every e-neighbourhood of x meets CA. SoA 
contains no neighbourhood of any of its points. So A is nowhere dense. 

3. Every interval is easily seen to be both an F,-set and a G,-set, so these 
provide examples. 


4. [x] =f) [y: p(x, y) < 1/n]..If y + x, then y E [z: p(z, y) < p(x, y)], an 


open ball containing y but not x; so [x] is closed. 
5. Let A = [1/n: n E€ N] and let G,, be the open interval, centre 1/n, of length 


1/(n + 1)?. Then A C IJ G,, but, clearly, A is contained in no finite sub- 
n=1 
collection; A is not closed as 0 E€ A but 0 ¢ A. For boundedness, take A = N 
and let G, be the open interval, centre n, of length 1. Then A C LU G,, but 
n=1 


we may not go to a finite subcollection. 


197 


198 


Hints and Answers to Exercises 


6. Take the case of o monotone increasing and consider ¢(a+). We have 


7. 


8. 


lim sup (x) =inf[ sup ¢(@+1%):h>0] 
0<t<h 


x>a+t 


= inf[ġa + 8): 8 >0] =p, 


say, while 
lim inf d(x) = sup[ inf (a+ t): h>0] = supp =p. 
x>a+t O<t<h 


The other cases are similar. 
Adding the lengths of the removed intervals / w, gives 


W= $ 0-a- 5). 


It is easily seen from a diagram that 


1 1 1 1 
HLS Oe OG r 
i ~ Lal Soa 3 2 36 
LaL oe PEE ee l 
n n+1i = nti 3.9" 6 ’ 
Iv 1 1 
—-Ll<= — = , aS required. 
So lL “Ll =DD am = gama as requir 


HINTS AND ANSWERS TO EXERCISES: CHAPTER 2 


l. 
2. 
3. 


m*(B) <m*(A UB) <m*(A) + m*(B) = m*(B). 
If the set isx,,x2,..., then m*(\J [x;])< > m*([x;]) = 0. 
i=] i=] 


From Theorems 2 and 3 it is sufficient to show [0,1] ¢ UJ, . If x € [0,1] — 
UI, and its nearest left-hand end-point of an interval J,, is a, where a >x, 
then [x, a) contains rationals not covered by any J,,. (The case x = 1 does 
not arise.) 


. Let mä (E) be the outer measure of E obtained when the end-points lie in 


the dense set A. From Definition 1, m4 (E) > m*(E). As in Example 3, for 
each J,, consider an interval J,, with end-points in A such that J, € J, but 
In) <(1 + €) (n) and obtain m*(E) > m* (E). 


. We may include N as one of the operations since A N B = C(CA U CB). 


But (c, d) =(C[d, ~)) NÈJ [c + 1/n, ©). 
n=1 


. If m(E;) < œ, we may apply the theorem to £;, E1, - - . In the opposite 


direction, let E; = (i, œ) for each i. So lim £; = @ and m(lim E£;) = 0. But 
m(E;) = œ for all i. 


10. 


l1. 


12. 


13. 


Chapter 2 199 


. Write F; =\JE; and G; =i. So F; 2 E; 2 G; and lim F; = lim E; = 


j2i 
lim G; since lim £; exists. Since m(F,) < œ we have from Theorem 9 that 
m(lim F;) = lim m(F;) > lim sup m(E;) > lim inf m(E;) > lim mG,) = 
m(lim G;). So we have equality throughout and lim m(E;) exists and equals 
m(lim G;) = m(lim E;). 


. (i) Ve > 0, 3{/;} such that kA S UJ; and m*(kA) > es Id;) — e. But then 
i=] i=1 


AS De'n So m*(4)< 2 (KI) =K! ph I) < K (m*(kA) + e). 


So km*(d) < m*(kA). ee A by kA and k by k` for the opposite 
inequality. 

(ii) To show that m*(B) = m*(B A KA) + m*(B A C(KA)), for A measur- 
able, write B = KC and note that C(KA) = k(CA). Then (i) gives KA measur- 
able and the converse follows similarly.. 


. Argue as in the last Exercise, using now /(—J;) = I(I;) and the result of 


Example 3. 

If E is measurable the identity is obvious. In the opposite direction: by 
Example 6 we have E S E' and M — E S F' where £’, F’ are measurable, - 
m*(E) = m(E'), m*(M — E) = m(F’). Replacing E’ by E' N M, F' by 
F' A M we may suppose that E' & M, F’ S M. Since E’, F' are measurable 
and E’ U F’ = M we have m(E’ A F') + m(E' A F') = m(E' U F’) = m(M). 
Also m(E' — F') + m(E' A F’) = m(E'), m(F' — E') + m(F’ A E') = m(F'). 
So m(E’ A F’) + 2m(E' A F") = m(E’) + m(F’) = m*(E) + m*(M — E) = 
m(M). The two equations for m(M) give m(E’ N F’) = 0 as all the measures 
are finite. But FE’ — E = E’ N (M — E) CE' NF’. So E' —E is measurable, 
and so is £. 

Since the sequence of sets is monotone lim m*(E,,) exists (it may be infinite). 
Since m*(E,,) < m*(VE;) we have lim m*(E,,) < m*(U E;). In the opposite 
direction, choose, as in Example 6, Fa > En, Fn measurable, m(F,,) = 
m*(E,,). Writing B, = () F; we have B, © B, © ..., Bn measurable, 

JAEn 


and En S B, S F,. So m*(E,,) = m(B,,). Then m*(U E;) < m*(UB;) = 
lim m(B;) = lim m*(E;). 

By Example 2, 3 0 open with 0 > E, m(0) < a! m(E). But 0 = UI, 
disjoint open intervals. So a È I(/,) < M(E) < È m(E AN In). But then we 
must have a I(I„) < m(E A In), for some n. 

Since cos x"! = cos (—x7! ) we wish to find Jim 1/5 mE N [0,6]), where 


= [x:x >0,cosx™ > 1/2]. Then 


a Ula E Tn) Y o ~) 
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14. 


15. 


16. 


17. 


18. 


19. 
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so m(E N [0,8]) = Ï ee: eee ee eee OK?) 
l n=k (6n — 1) (6n + 1)r 
1 1 
<-—— -s< A 
where k ba 6 k+1.So 
m(EM{08]) = 6 dy LOOK?) 


n>k (36n? — l) 


(I) se + 0K) 


= (22)! log ts ra ) + O(k-?) 


1 
~ (6k + 1yr 


Since 6"! = 2kr + 0(1), the result follows. 

The residual set at the nth stage has measure 2”£", and since £ < 1/2 the 
result follows. 

Measurability follows as for P in Example 8. Also, in the notation of Chapter 
1, p. 26, 11@,) = a/3”, so 


+ 0(k°). 


œ nel 


mU U g y= 


n=1 r=1 


= & as required. 
G is a Cantor-like set with J; , = mm 4/5), Iz. = (21/25, 24/25), etc. So 


3 3 3 

m(G)= 1 (2 + 2 a t4at sjed 
To obtain the set in question we remove from [0,1] first the interval 
(5/10, 6/10), then the intervals (5/100, 6/100), (15/100, 16/100), ..., 
(95/100, 96/100), and so on, to get a residual set of measure 

1,9 , 3 

1 5+ 02 + TS +. .) = 0. 
If one integer h, O <h < k — 1 is not to appear in the expansion we get a 
set of zero measure as in the last exercise; indeed the set for which h need 
not occur in the first n places has measure (k — 1)"/k” giving 0 as limit 
when n > ©, 

Let the finite sequence be x,, X41, .-.Xp, and write h =k"x,+...+ 
Xn. Let A be the set such that h occurs in the expansion of x to the base 
k"*! and B the set in which the sequence x,, ... ,X»yn occurs in the 
expansion to the base k. Then A is a (proper) subset of B. But from the first 
part m(A) = 1 so m(B) = 1, giving the result. 

Let a € (0,1) and let P be the Cantor-like set of Chapter 1, p. 26; so that 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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m(P) = 1 — a (Exercise 15). Now (D = m(I N Pa) + m(I — Px), so we 
wish to show m(I — Pa) > 0 for each Z. But P, is closed and nowhere dense 
so /—P, is a non-empty open set and Example 7(i) gives the result. 

We take again the sets of type P@) and note that if E, = P” ") then for 


n>m,E, > E,,. But mJ En) = lim m(E,,) = 1. Note: it follows that 
n= 1 


there is a set of zero measure which is of the second category, that is: not a 
union of a sequence of nowhere dense sets ({16], p. 74). 

Using n sets A,, A2,...,A,, and the o-algebra operations we may write X 
as the union of x disjoint sets such as Ay N A, N CA, N... There are 2” 
such sets though some may be empty. Now form unions of these disjoint 
sets. The number of possible distinct unions is 2? and comprises all sets of 
the o-algebra. 

Let F contain the sequence of distinct sets {E;}, so that E; A E; + Ọ for 
i # j. From this sequence form a family of disjoint sets [F,] as in the last 
solution. This family must contain an infinite sequence of non-empty 
disjoint sets {F;}, for otherwise it could generate only a finite o-algebra by 
the last exercise. Now consider all sets of the form Fpa n, VFn, U. . for 
nı < n, <... These are distinct sets of F. But clearly the collection of 
sequences Ge , n2, . . . } has the same cardinality as the set of numbers 
O+€; 62... (e; = 0 or 1), that is, cardinality c. 

If m*(S) = O the result is obvious for any interval. Suppose m*(S) > 0 and 
let x be the given number. Since m*(A + x) = m*(A) we may assume x = 0. 
Write f(a) = m*(S A (~a, a)), g(a) = m*(S N C(—a, a)). Then f(a) < 
4m*(S) for small a. Since (—a, a) is measurable, f(a) + g(a) = m*(S). 
Suppose S:S (—b, b), so f(b) = m*(S). Since m* is subadditive, for h > 0, 
m*(S N (—a — h, a + h)) — m*(S N (—a, «)) < 2h. So f is continuous and 
so there exists a with f(a) = g(a) = 4m*(S). 


n n n 
EUU r= E AWJ VUE A I). If any J; is infinite, the left-hand 
i=1 i=1 i=1 


side has infinite outer measure. But the right-hand side has finite outer 
measure. 


Let E = (J (n, n + $) and let e <4. Then clearly, IQ;) < 1 for each i. But 
n=0 
n 
then m(E -U1 = 00, 
i=1 
Let E = 0, (k, k + 1/2"); so E is measurable and m(E) < œ. Then 
k=1 


n e] 
m(EA\J1)> L r=” 
i=1 nt+i1 


for the best possible approximation to £ by n intervals. Son > œ as e 0. 
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27. 


28. 


29. 
30. 


31. 
32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Hints and Answers to Exercises 


The intervals J, x, k =1,..., 2” cover P, and at the nth stage 
qn 
mP A UJ Jn k) = 27/3" <e 
k=1 


provided n > (log e)/log 2/3. This approximation uses V = 2” intervals with 
N > exp (log 2 log e/log 2/3). 


f>0 on the set [7 !] U [0] U U (1/(2n + 1r, 1/(2nm)), disjoint inter- 
n=i 


vals with measure 7? D (Qn)! — (2n + 1y!) =m} (1 — log 2). 
1 


n= 
f~! (a, ©) is an interval. 

By Theorem 15, g is measurable. Also f — g = 0 a.e. so ess sup (f— g) = 0. 
So, by Example 17, ess sup f < ess sup g + ess sup (f — g) < ess sup g, and 
similarly for the converse inequality. Since f is continuous, [x: f(x) >a] is 
open, so if m[x: f(x) > a] = 0 we have f <a by Example 7(i); that is: 
f<aae.>f<a so ess sup f = infla: f(x) <a] =supf. 


inf[a: f<aa.e.] <infla: f<a]. 

Use Example 16. 

Let En = [x: f(x) <n]. Then lim mEn) = m(\J E,,) > 0. So mEn) > 0 
n=1 

for all large n. 

Let g(x) = f'(x) where f’ exists and define g arbitrarily otherwise. We may 


suppose that f is defined and constant on [b, b + 1]. Then 


g(x) = lim nœ + 1/n) — f(x)) = lim g(x), say a.e. 
But each g,, is measurable, so g is. 


(x: flg(x)) >a] = [x: g(x) Ef @, )] . But f! (æ, ©) = U In, where the 


In are open intervals. So [x: fg(x)) >a] = F g’ (lIn), a measurable set. 
n=1 


l-1 P-1 
fa =O,fax)=), La FXp where Ipp = I" + I, (r +10” 
r=0 k=0 | , 


+kI"*!] | for x #0, so fn is measurable. 

Let E be a non-measurable set and let fg = XEN [a] - Then each fy is measur- 
able but sup fy = Xg is non-measurable. 

Let E be a non-measurable set. Then xe — 1/2 is not measurable, but 
lxe(x) — 1/2| = 1/2 for all x so |xg — 1/2| is measurable. 

2/3 € P and has ternary expansions 0.200 .. . and 0.122... neither of 
which is in the range of f. 

As in the solution to Exercise 20 we may write [0,1] as the union of a set 
of zero measure and of a sequence of Cantor-like sets £,,. Then if V is the 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 
50. 


51. 
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non-measurable set of Theorem 17, V = U(E, NO V) U A where m(A) = 0. 
So for some n, Ep N V is non-measurable. 

As in the last exercise we can find a Cantor-like set E,, and a non-measurable 
set B C En. Let F be the continuous function defined in Chapter 1, p. 26, 
mapping E,, into P. Then F(B) = B,, say, where B, © P and so is measur- 
able. So Xg, is measurable and xg is non-measurable. But Xg, o F = XB, 
giving the result. 

Suppose not, then by Example 4 all measurable sets are Borel sets, contra- 
dicting Theorem 18. 

As in the last exercise, let Æ be a set of zero measure which is not a Borel 
set. Then g = xg and f identically zero give a counter-example. 

Let f be Cantor’s function, defined in Theorem 18, which maps [0,1] into 
P and is one-to-one. So c = Card [0,1] < Card P. But since P C [0,1], 
c > Card P. Every subset of P is measurable so if a = Card M we have 2° = 
Card ? (P) <a. Since a < Card P(R) = 2° we have a = 2°. 

[Note: The proof may be shortened by using the continuum hypothesis: 
every countable set has cardinality >c. Then [5] p. 26, Exercise 9, and the 
fact that the cardinality of the class of intervals is c gives Card B = c, 
which with the result of this exercise proves a considerably strengthened 
version of Theorem 8.]. 

Each measurable set has a measurable characteristic function so, by the last 
exercise, Card [measurable functions] > 2°. But 2° is the cardinality of 
the set of all real functions on R. So Card [measurable functions] = 2°. 

Let p>O and A =U [x;]. Then by Theorem 19(iv) and Theorem 21, Hp(4) 
= 0, giving the result. 

[Note: There exist uncountable sets in R with Hausdorff dimension zero.] 
As h(t) < t we have H(A) < m(A). Also v e > 0, 36 > 0 such that t < 
(1 + e) h(t) for O <t<8.S0 Hı 5(4) <(1 + e) H; (4). So m(4) < (1 + €) 
H(A), giving the result. 

[A similar result will hold for any A(t) with A '(0) # 0.] 

We have a, < 1 for all n. So let a = sup a,, and let p > a. Then H,(A,,) = 0 
implies H,(A) = 0. Let q < @ so q <a, for some n. Then Hg (ån) = © 
implies H,(A) = œ. So A has Hausdorff dimension a. 

As in Theorem 20, Hž 5(A) <8 TP H% 5 (A) for q > p, giving the result. 

In the original construction of P; the removed intervals have total Lebesgue 
measure 1. So continue the removal until the measure of the intervals re- 
moved is at least 1 — 2” Then translating the residual intervals transforms 
P; into a set of the same Hausdorff measure but contained in [0,2-"]. So, 
taking a sequence of disjoint intervals {/,,} with /U,,) = 2” and UJ, com- 
pact, we may construct a set A„ with Hp (An) =&, 0 <a <œ, A, © In, and 
A = UA, has the desired properties as in the example 

From a diagram it can be seen that w,(t) = |cos (m/2 + t/2) — cos (n/2 — 
t/2)| = 2 sin t/2 for O <t <n, wy(t) =2 fort >r. 
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52. 
53. 


Hints and Answers to Exercises 


A routine check shows that these properties were the omly ones required. 
Only the statement about the measures is not obvious. By its definition 
8 <h so, for each A, H(A) < Ha (4). Now let 8 > 0. Choose 8’ € (0, 5] 
such that ¢ € [0, 8'] implies 0 < A(t) < g(5), which is possible by the con. 
tinuity of h at 0. Let n € (0, 5’] and if h(n) = a(n), let na =n. Suppose that 
h(n) > g(n). If h(t) > (1 + 6) a(n) on [n, 6], then by its definition g is con- 
stant on [n, 5] and so A(8')> (1 + 5)g(6), a contradiction (a diagram may 
assist). So in each case 3 no E [n, 6] with h(n. )<(1 + 5)g(n). So v e>0 
and ô > 0 choose a sum È g(IQ;)) < Hz s (4) + €,A S UL, I) <5’, using 
an obvious notation for the approximating measure. Replace each I; of 
length n by J; of length no where J; 2 I;, nand no, being related as above. 
Then Hy 5‘(A) +e > (i + 6)! È h(I) and IV;) <5. So Hgs'(A) + e> 
(1 + 8y' Hy 5(A). Let 8 > 0, so 5’ > 0 and we get H(A) Fes H, (A), 
giving the result. 

[More results of this type may be found in [4] .] 


HINTS AND ANSWERS TO EXERCISES: CHAPTER 3 


l. 


2: 
3. 


4. 


10. 


11. 


fodx+syde =) 5) (a; + b;)m (A; N B;). Collect terms so that the r.h.s. 
i j 


is of the form required in Definition i1. 

f =(f—g) +g. Apply Theorem 6. 

Clearly lim sup f fan dx < f f dx. But f f dx < lim inf f f, dx from Fatou’s 
Lemma. 

Apply Theorem 4 to the sequence {fq}. 


. Replace the sequence {¢,} of Theorem 5 by {Yẹ} where Wn = Yn X{-n,n)» 


and show that Y, ff. 


. We have only to show that Fatou’s Lemma may be obtained from Theorem 


4. Write g, = inf f,. Then g, t g = lim inf fa. So f g dx = f lim inf fa dx. 
k2n 
But fg, dx < f fn dx, so taking lim inf, f g dx < lim inf f fọ, dx. 


. In one direction the result is immediate. Conversely, to obtain Fatou’s 


Lemma as given in the text, use an argument analogous to that of Exercise 6. 


. Apply Theorem 4 to the sequences {fk —f,,n =k +1,k+2,...}.For 


the last part take the sequence {x(q «y}. 


. f is the sum of non-negative step functions and so is non-negative and 


J a0 
measurable. | fax= D p27! 3P =3,. 
0 p=1 


Write &n = fn Xz and apply Fatou’s Lemma to the sequences{f,, — gn } and 
{gn} to get inequalities which give the result. 

Since we may approximate f* and f7 separately, suppose f > 0. Then f is 
the limit of a sequence of measurable simple functions {y,,} and by Exercise 
5 we may suppose that 


12: 


13. 


14. 


15. 


16. 


I7; 
18. 


19. 


20. 
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N N 
Yn = 2 Qk XE,, Where mW Ep) <. 


Since each EF, is measurable we have by Theorem 10, p. 36, an F,-set 


F, © E, with m(E, — Fg) = 0. So the Borel measurable function g, = 
N 


Ak XK, = Pn 8€., 808, = Pn for all n except ona set E with m(Z) = 0. 
1 


Choose a Gs -set E* 2 E with m(E*) = 0 and write xo for the characteristic 
function of CE*. Then, for each n, the Borel measurable function y, Xo = 
8n Xo, SO Xo f = lim Yn Xo is Borel measurable. But xo f =f a.e. 


Let g be the step function [1/x]~' on (0,1). Then | g dx >f. g dx = 
a 
N 
D 1/(n + 1). so f g dx = ~, Also g — f = 0 a.e., so by Example 3 
0 


f (€ —f) dx =0. But f g dx = f(g —f) dx + f f dx, giving the result. 

Put fa =—n Xio) +” X{12]- Then f lim inf fa dx is not defined. 

By Example 11 we may suppose that f, is finite-valued. If g, =f, ~ fı, 
then g, t g = f — fı , so Theorem 4 gives lim fg, dx = f g dx. Add f fı dx 
to both sides to get the result. 

Putting f,, = max (fa, g) we have fp > g for each n, and fa =f, a.e. Also 
lim inf f, = lim inf f,, a.e., since the union of a countable number of sets 
of measure zero has measure zero. So apply Fatou’s Lemma to {fp — 2}. 

In each case lim f,,(x) = 0 a.e. We have to check that Theorem 10 applies; 


næ 

(i) log (x + n) < nx + n (x > 0), so If, œ) < (1 + x) e™, an integrable 

function, (ii) | fa (x)| <4 log 1/x which is integrable, (iii) | fi) <Ira e, 

(iv) Ifa CA < 1/2, (V) Ifa) < xX? (consider here h(x) = 1 + n?x? — 
n? x° log x 

L+n?x? x7 

where p < e < min (2, 1 +r). The second factor is integrable and the first 

can be shown < 1 as in Example 17. 

Take g(x) as in Example 18 to get limit = 0. 

Substitute nx = t. The integral becomes 


n>? x32 and proceed as in Example 17), (vi) fax) = 


1 Lj 1+ oe i ae i 
Xoni (14 tin)" 


Using (1 + t/n)” > t? |27 (n > 3) ont > 1, we obtain a dominating function, 

so limit = 0 by Theorem 10. 

Substitute nx = uf and use 1 — x <e* (0 <x < 1) to get an integrand 

dominated by Be . Then Theorem 10 a the result. 

Show that d/dt log f(x) <0. Also lim f (x) = e™*. So in (i) f lim = 2, 
n-> oo 
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but f,,(x) > 1/2” for all x. So | f(x) P dx = œ for all n. (ii): Theorem 
0 


10 applies as fa <f, <1 so lim f = f lim = 2/3. 

21. Xion] (1 + (</n))” e** <e™ for all x >0.Solim f = f lim = 1. 

22. (1 — (x/n))" <e™. Proceed as in Exercise 21. 

23. Rh.s. = 0 for alla. a alee to get I.h.s. limit = 0. For 
a= of Vn e”? wf“ "Un em * dx >e” 


24. (i) Lh.s. = 0; r-h.s., on calculation, is 0, 1, °° fora<2,a=2,a> 2 respec- 
tively. (ii) For 0 < a < 2 show that n“(1 — x) x” <a%/((1 — x)*") (an 
integrable function), by considering the function n“ (1 — x)* x” and pro- 
ceeding as in Example 17. For a < 0 the integrand is clearly bounded. For 
a > 2 the conditions of Theorem 10 cannot hold by (i). 


25. Integrand = E x7! e”™*. Apply Theorem 7; a change of variable gives 
n=1 
the result. 


26. integrand = (log x)? D nx”! ; apply Theorem 7. 
n=1 


æ h œ n-i 
27. Integrand = D P log x + D or . Apply Theorem 7 to each sum. 
n=1 "es n=1 r 
28. Integrand =e +D* (e?™ — 62h yy — pey 
= (et? —2tt x _ g (P +2t+ 1x) y g2nx 
n=0 


to which Theorem 7 applies, giving the first result. Second part: above 
integrand = 20 Ë +1 sinh 2m + 26° + Y* (e?* — 1y! sinh 2tx. The 
first term integrates to give 4t(t? — 1)? . Since sinh x < xe* for x > 0, the 
second is dominated by 8x(e?* — 1)! for 0 < t < 2. So Example 15 applies 
and gives the result. 

29. Expand (1 — xy! and apply Theorem 7. 


30. Integrand = 2e% sinh bx p e 24x Theorem 7 applies and the value of 


the integral is G on r ; 


31. Integrand = J (—1)” e-@nt Dx? (x > 0), with partial sums dominated 
n=0 
by the first term, 2e ™* . So Theorem 10 applies and gives the result. 
( ll e% dx= /1/2 is assumed, cf. Exercise 22, p. 189.) 
0 


32, 33. On expansion an alternating series is obtained, as in Exercise 31, to 
which Theorem 10 applies. 


34. 


42. 


43 
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For 0<b<1,xjop} D x" In < xioa] 2 x" /vn. Rh.s., by Theo- 
n= n=1 


rem 7, has integral T n>. So we may apply Exercise 15 to Lh.s. to 
n=1 


obtain the result. 


. Integrand = cos? t 2 (—1)*"! e”t x™ (t> 0), and Theorem 10 applies to 
n=1 


the partial sums to give the result. 


. Expand cos yx and apply Theorem 11. 

. Substitute for Jm and Jo in (i) and (ii) respectively, and apply Theorem 11. 
. Expand (1 + x*)! and apply Theorem 11. 

. Expand r.h.s. in powers of a`. Then apply Theorem 11 to l.h.s. to get the 


same series. 


. Integrand = 4f(x)((1 — re*)! + (1 —re™Y" ). Expand and apply Theorem 


11. 


. For S = (a, b) integrate explicitly and use periodicity to get the result in the 


limit. Since m(S) < œ, Y e > 0, 3 disjoint intervals /,,..., J, such that if 


k 
E=U l; then m(S A E) < e. But then 
j=1 


| | < e for each n, and the 
SAE 


result follows. 
f integrable implies that Y e > 0, 3 n such that f ifl dx < e/3. Then 
Ix|>n 


by Theorem 16 (Corollary) 3 g continuous such that f ae If — gl dx < 
“ Ixisn 


e/3, with g = 0 outside a finite interval (possibly extending beyond [—n, n] ). 
But in Theorem 16 we may suppose without loss of generality that 


f isidx <en, 
Ix|2n 


and the result follows. 

y e > 0, 3 a continuous function K (by Exercise 42) such that f |K(x) — 

f(x)| dx < e and K = 0 outside [a, b], say. Then K,(x) (= K@ + h)) =0 

outside [a — 1, b + 1] for all h with |A| < 1, and then f | f(x + h) — fix)| dx 
b+1 


SSI th) — Kyla) dx + SIE KEN +f 1K Ge +h) — KC) dx 


< 3e for |h| <ô, say, as K is continuous. 
Write 1, = f f(x) (kx) dx = f f(x + BK") plkx + B) dx 
= —f fix + Bk") (kx) dx. 
So 2174] < S if) — fe + Bk") dx. (ess sup yi) and the result follows by 
Exercise 43. 
Defined to be 1 at x = 0, the integrand is continuous. If 
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(n+ 1)0 
=Í x! sinx dx 


then the integral is 2 D a,, an alternating series, so the Riemann integral 
n=0 


(n+1)r 
exists. But if b, = f |x"! sin x| dx, then b, > 2/nn, = b, =œ and 
the (Lebesgue) eet does not exist. 
Write Ep = [x:n<f(x) <n + 1].So 2 m(E,,) > 0 forall n. So there exists 
a subsequence {n,} with m(E,,) > a Then define g to equal F?(m(E,, yy 
on En, (r = 1,2, . . .) and define g = 0 on aUe) Then g is integrable 


but f fg dx > 2 n,|r? =% asn, >r. 
For each n Pi Ta a ‘saw-tooth’ graph with zeros at k * 10” and N f, dx = 


4! + 10”. By Theorem 7 the result follows. 
Define g(0) = 0, g(x) =a"! ifa is the first finite non-zero integer in the expan 


sion of x. So f g dx = f f dx. Theng =n! on (J [n - 10%, (n + 1)10%) 
k=1I1 


1 9 
forn=1,...,9, giving | gdx=()) n'y. gi, 
0 n=1 


Elementary integration; Theorem 10 is not contradicted. 

ve>0, 3 8 >0 such that [f(t) — x)| < e for |t —x| <8. Then F,,(x) — 
f(x) may be written as an integral over (x — 6, x + 8), on which |f(t) — 
f(x)| < e and this integral is easily calculated to be less than e, and two 
integrals over finite intervals on which the integrands are monotone decreas- 
ing as n increases, and integrable for n = 1. So Theorem 10 applies to give 
the result. 

Write g,(x, t) =K! (f(x, t +h) — fx, t). Then hat &, = Of/dt (x, t). But 

+0 


lg, (x, t)| < (x), so Example 15 applied to f ga dx gives the result. 
Considering separately x < 1 and x > 1, we get |x7f(x)| < (x* +x®)If(x)| 
an integrable function, so the integral exists. For continuity use the fact 
that for small h, y + h E (a, B) so |(x1*" — x7) fix) < 20x™ + xP, 
and apply Example 15. 

Fatou’s Lemma applied to {g + f,} and {g — fa} gives the first and third 
inequalities respectively, and the second is trivial. Define the functions f, on 
[0,1] by fi = X(1/2,1] > h= X(1/4,1] > fs = X[0,3/4] > fa=1—-fis fs =f, 
fe = f2, etc. Then the inequalities read O < 1/2 <3/4< 1. 
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l. 
2. 


3. 


D'f=inf sup sink”! =1. Similarly Df =—1, Df=1,D f=—1. 
ô 0<h<b 
If x € Q, D'f = œ, Df = 0, Df = 0, Df = —~. If x ¢ Q, D'f = 0, D,f = 
—o, Df=0,D f=0. 
Consider D*f: sup : (f(x + h) — f(x))/h is continuous with respect to 5, 
0<h< 


so we may take its infimum over ô = n™, i.e. D'f = inf sup m(fix + m7 !)— 


fx) = lim sup n(f(x + n°!) — fx), a meaai N Similarly for 
the other derivates. 


. Since f(x + h) — f(x) =hf'(x) + olh), 


D'(f + Xx) = f'(x) + inf jae, [o(1) + @& +h) —g(x))/h] 
=f'(x) + inf [o(1)+ sup (g(x +h) —g(x))/h] =f") + D'g@). 
t) O<h <8 


Similarly for the other derivates. 


. Let f(0) = 0, f(x) = x for x E€ Q, f(x) = —x for x € Q, g(x) = —f{x). Then 


D'f = 1, D*'g = 1, D'(f +g) = 0 (at x = 0), 


. From (4.1) it is sufficient to consider ngat hand end-points and we may 


suppose in fact that x = 0. Then on [0, 27} 3°] we have Lms > Lm and 
also Lyng 2 Lm. Similarly Lms > Lins, F Lm on [0, Z! 3-1] and a 
comparison of the graphs shows that then Lma3 > Lm on [0, 7! 3™]. 
Similarly for L,m+4 and we deduce that, for n>m, Ln, and hence L > Lm 
on [0, 27} 3]. So the graph of L does not lie below a line of slope (3/2)” 
in this interval. But DL < œ at x = 0 implies that 3 / < œ, and a sequence 
{x,},Xn > O+, such that L(x,,) lies below (J + 1)x, giving a contradiction. 


. Suppose that g(1) + fC.) — g(0) — (0) = —p (p > 0). Now if h is any func- 


tion such that h(1) —h(0) = —p, we have (h(1) — h(1/2)) + (h(1/2) — h(0)) 
= —p, so at least one bracket < —p/2. Call the corresponding end-points 
(x;, Yı). Bisect (x, , yı) to obtain similarly (x3, y2) such that y, —x, = 
27, h(y2) — h(x.) < —p + 2°?. So by induction we obtain sequences x,, t 
and Yn +, Yn —Xn = 2” and Ayn) —h(xn) S—PYn — Xn). Takeh =g +f 
to get 
SOn) Aen) _ 8Vn)—8Rn) — 
Yn —Xn Yn —Xn 

where lim x,, = lim y,, = a, say. If a € E, the first ratio is non-negative as f 
is increasing, the second has limit g‘(a) > 0, as n > ©, giving a contradiction. 


If a E€ E the first ratio > œ as n > ©, and the lower limit of the second is 
> —oo, again giving a contradiction. 


. In each interval [2/2n + 1, 2/2n — 1], f is monotone and Ty = 2. So by 


Example 7, T7[0,1] = ©. 


210 Hints and Answers to Exercises 


9. g is clearly continuous on (0,1] but g(0+) = g(0), so g is continuous on 
[0,1] . Consider the partition 


2 2 2 
<5 SS eee < Poko); 


-2 2 PE see A ee 
then ea ataa) Ga 


= 2» o > œ asn > o, So Tz [0,1] ==. 
10. Suppose that |f’| <M on [a, b]. Then for any x,y € [a, b], |v) — fœ) < 
M |y — x|; so for any partition, t <M(b — a). 
11. By Theorem 1, p. 81, f(x) — fa) = P; [a,x] — Ny la, x). So | fœ) < Ifa) + 
Tr la, b] < 09, 
12. By the last exercise, |f| < M, <9, |g] <M, <. Leta =X9 <x, <...< 
Xn =b be any partition. We have 


fei) 8G) — fH) 8-1) = 
= (fæ) — fær) 8) + GO) — 80-1) SE). 
So, taking moduli and adding, 
tig <M:tr + Mit, <M, Ty +M, Tg, 


giving the result. 

13. By the decomposition of Theorem 2, p. 82, it is sufficient to consider 
monotone functions. But then the result is trivial. 

14. Show that f' is bounded and apply Exercise 10. 

15. f is non-differentiable everywhere, so by Theorem 8, p. 85, is not of bounded 
variation. 

16. Let {r;} be an enumeration of the rationals in [0,1] and define f on [0,1] 


by f(x) = 3 2”. Clearly f is monotone increasing and for each rational 
rn <x 


ri, fe) -r= > 0. 

17. In the intervals on which f is continuous, F’ = f by Theorem 12, p. 65. 

18. Let f(x) = 1, x E Q, f(x) = 0, x ¢ Q. Then F = 0 so F’ =f on CQ, F' +f 
on Q. 


1 
19. Take f= 0 on (0,1), f(1) = —1. Then | f' dx = 0 but 1) — f(0) = —1. 
0 
b 
20. (i) Consider —f to get f f' dx > fb) — f(a). (ii) Write f = g — h, as in the 


b 
proof of Theorem 2, to get f) f' tr < g(b) — g(a) + h(b) — h(a) = 
Ty la, b] . 


2l: 


22. 
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Consider Lebesgue’s function L on [0,1]. Then L € BY{0,1], L is con- 
tinuous and L' = 0 a.e. But if L(x) = | i I(t) dt then } = 0 a.e. by Theorem 
12, p. 89, so L(1) = L(0). But L(1) = 1, L(0) = 0, contradiction. 

Write F(x) =Í : Xx dt, so F is finite and F’ = xy a.e. by Theorem 12. 


Also the required limit is easily seen to be that of 1/2h (Fœ + h) — F(x — h)). 
But a.e., for h > 0, 


F(x + Aa Fe) + F"(x) and F(x Ha Fe) + —F'(x). 


So subtracting gives the result. 
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k; 


Let R be the class of all finite unions of finite intervals, which may be 
open, closed or half-open and where we note that points are special cases of 
closed intervals. All intervals of each type may be obtained from the open 
intervals by the ring operations. Also ® is a ring, so it is the required class. 


. This follows directly from Definitions 1 and 2, p. 93. 
. w(A) + u(B) = u(A N B) + u(A U B). But u(A) = wld U B) = (C) < %, 


giving the result. 


. If (E) < %, then as u(E) = u(E) + u(Q) we have u(ġ) = 0, so u is a measure. 
. The conditions for a pseudometric are easily checked: (i) p(A, B) > 0, 


(ii) p(A, A) = 0, (iii) p(A, B) = p(B, A), (iv) 0G, C) < p(4, B) + p(B, C), 
the latter holding since A AC S (A AB)U (BAC). 


. This follows as in the proof of Theorem 4, p. 97, since the definition of 


measurability is the same. 


. Let R be the ring of finite unions of intervals (2, b) and define u on R by 


(E) = œ if E + , u(@) = 0. Let & be any real number and extend the 
measure u to ug on the ring generated by R and [£] by putting u,((E]) = 0, 
ug(E) =% if E — [E] #0, u;(0) = 0. Then u; can be extended as in Theorem 
3, p. 96, to § (R) (the Borel sets) to get Aç, say, which extends u on R and 
is finite only on the sets Ø, [£]. Clearly, varying £ gives different extensions 
of u. 


. We have D =B A N where BE § and A(N) =0.ButDAB=BA(BAN)= 


N, giving the result. 
10 Direct verification gives the results. 


. [x: xe(x) #0] is not Borel measurable, so we cannot say that xg = 0 a.e. 
. Take u to be Borel measure and let E be a measurable set of measure zero 


which is not a Borel set. Then E C G, a Borel set of measure zero. Let g = 
Xe + xg +f so that [x: f(x) #g(x)] =G and sof =g a.e. (u). But g is not 
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17. 
18. 
19. 
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Borel measurable for then xg = g — f — xg would be Borel measurable, 
which is false. 


The relations follow directly from Definition 6, p. 33. 

These follow from the characterizations of lim sup and lim inf given after 
Definition 6, p. 33. 

(i) As in Theorem 9, p. 33, 


u(lim inf E,,) = mw, (\ Em) = lim Ht Em). 


So V e > 0, 3 N such that (lim inf £p) <p C) Em) + € <u(Em) + € for 
m=N 


all m > N. So u(lim inf En) < lim inf p(E,,). 

(ii) (X) — ulim sup En) = u(X — lim sup £,,) = y(lim inf (X — E,)) < 
u(X) — lim sup u(En), using Exercise 13. To see that the result may fail 
enn œ, let E„ = (n, ©), so lim sup E,, =9, Put u(En) = for all n. 


= [x: L Xz) =} ] , a measurable set. Also | UCE;) = fy Xz, du. But 


k 
£ XE; is a measurable simple function taking the value j on F;, so its inte- 
i=1 l 


k 
gral equals D j u(F;). 
j=1 


8g >h impliesg <h so fg du <œ, 

S igl du <k f If\ dyu. 

f xe © L(X, u). But xg = xp ae. since [x: xz(x) * xp(x)] = E A F. So 
f xr EL(X, u) and f xp =f xg a.e., giving the result. < 

Since f x4 > 0 the integral is well defined. Let C = [x: f(x) > c]. Then 


l, f àu > f fu > c (C), as required. 

Let Ga = [x: f(x) > n>], for each n. Then n™ W(G,,) < f f du <, so 

u(G,) <œ. But [x: f(<) #0] = U Gn- 

prite Fn = [x: fu) + 0). If g(x) # 0, then fax) * 0 for some n, so x € 

U Fn, a set of o-finite measure by the last exercise. So G c U F,, gives 
= n=1 


the result for G; similarly for H. 

By Exercise 21, [x: f(x) # 0] has o-finite measure, that is, it can be written 
as the union of a countable number of sets each containing a finite number 
of points, and so consists of a countable set of points which may be enume- 
rated x; ,X2,... But if the sets E; are disjoint 


Ji, fun J, fe 


24. 
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sO i fdu = U f(x;). Also |f| is integrable and is non-zero on the same 
1= 


sequence, so D Ifi = S |f| du < œ, so È f(x;) is absolutely convergent 
i=1 


and so its value is independent of the ordering of the sequence. 

If f f du < œ, Theorem 21, p. 107, gives the result. If f f du = œ, note that 
Sf du <lim inf f fa du by Fatou’s Lemma, p. 105, so lim f fa du = ©. 
Clearly each f,, isintegrable and as |f| < |g| a.e., fis integrable. Then Fatou’s 
Lemma applied to the sequence {g,, — fn} gives f f du > lim sup f fn du and 
applied to the sequence {g, + fn} gives f f du <lim inf f fa du, giving the 
result. 

Using the result and notation of Exercise 14 we have y(lim inf En) = 
Í Xx du = flim inf xg, du < lim in? f xg, du = lim inf u(Z,,) as required. 

S ÈZ Xe, du = È S Xe, du =È u(En) < œ. So È XE,, < ® except possibly on 
a set of zero measure, but this is the set, lim sup £,,, such that x is in in- 
finitely many En. 


Write WE) = f f* du so that ọ is a measure on § (Theorem 18, p. 106). 
E 


Also E,, > Ens, for each n, En has u-measure and therefore y-measure 
n= 


zero, and y(E,) <=. So lim y(E,) = 0 by Theorem 10, p. 103. But | fdu 
En 


= J f* du = (En), giving (i). We obtain (ii) from nìu(En) < yE,,). 


The set of points x such that for some sequence (n;}, x © UF), is just 
lim inf F,,. So by Exercise 15(i) it is sufficient to show that lim inf m(F,,) = 
0. Now if E, = [v: f(v) > n] we have Fa = nEn so m(F,,) = nm(E,,) by 
Exercise 8, Chapter 2. But lim nm(E,,) = 0 by the last exercise. 


Write YE) = f f dx. Then ọ vanishes on intervals and also on open sets, 
E 


so y vanishes on G; -sets. But if E = [x: f(x) > 0], E S G, a Gs -set, such 
that m(G — E) = 0. So YE) = AG) = 0, and so m(E) = 0, ie. f <0 a.e. 
Similarly f > 0 a.e. 

Without loss of generality we may suppose 0 <f < œ. Let En = [x: f(x) >n], 
Fy = En — Ens: , and Fo = [x: O0 < f(x) < 1]. Then for 1 Sk <n, (Ens) 


n 
+ J u(F;) = u(Ek). So, adding over k, 
i=k 


nu(Enes) + Ly uF) = 2) uE). (*) 
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Let f be integrable, then by Exercise 28 and this identity we have 


Ya) =) aE). 
=1 


i=1 
But on F,,, f >n and the sets F, are disjoint, so 


D En) = D nu(F,,) S | 3 f du <o. 
If J u(En) < œ, we have 
n=1 
Sfdp= L fàu+ dy J fe 


<ulFa)+ )) (n+ Dan) SHC) + L nln). 


But from the identity (*) above 


a nu(Fn) < 2 (En), so f f du <œ. 


Suppose u(X) = œ. Then if e.g. f = 1/2, D u(E,) = 0 but f Ẹ L(X, u). 
n= 
But if f E L(X, u) we still have D u(En) < ©, as above. Summation from 
n= 


n=0: D u(En) = w(X) + D H(En) so the 1.h.s. converges iff f is integr- 
n= n= 


able and p(X) < œ. 
32. Write Ey = [x: fœ) = 1], £ = [x: f&œ) > 1], E3 = [x: Ax) = —1], E, = 
[x: f(x) <—1], Es = [x: |œ) < 1]. Then 


ff" du = uE) + L ff du. 
Now i Je dys has limit œ if u(E,) > 0 since, for some ô > 0, E, has a 
subset F of positive measure on which f> 1 + ô; so u(F,) = 0. If u(E,) >0 
and u(E,) > O we have that Í f” du= (17 u(E;) oscillates finitely, 
3 


while | f” du = (-1)" | IfI” du oscillates infinitely. So for the limit 
4 Da 


of the sum to exist, u(Z3) = u(E,) = 0, since by Theorem 21, lim I f” du 
E; 
=0. 
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33. Write E, = [x: f(x) > 1] and £, = [x: f(x) <1]. Applying Theorem 21 to 


the integral over E N E, we get the limit = u(E N £,), and Theorem 15 
applied to that over E N E, gives u(E N E2). 
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a & U 


10. 


. If? +g? |! < Ifl + igl, an integrable function. 
. (i) is obvious. (ii) For o = 0, integrate over (n7!, a) to get Moga ty! — 


(logny? with a finite limit as n > 2, For ø > 0, that the integral g is infinite 
follows from the fact that if a > 0, x“ log x > 0 as x > 0. 


. (log x? P <x! for all small x. 
. Since, for œ > 0, t“ e!” > 0 as t > 0, we have (e!™™}P >x! for all small x. 
. (i) For p = 2 integrate explicitly over (0,1) and (1,°°) to get a finite integral. 


1 

(ii) If p > 2, f xP? (1 — log xy? dx is seen to be infinite as in Exercise 
0 

2(ii). 


(iii) If p < 2, f xP? (1 + log x)? dx is again infinite, by comparison 
1 


with fo dx. 


1 
. Let M = ess sup f, so f <M ae. Hence V e> 0, In <M(u(X))” <M +e 


for n > n, . Write X(e) = [x: f(x) >M — e]. Since u(X(e))> 0, 
sf" du> J f > M-Y UXO). 


So In > (M — eXu(X (e)! >M — 2e for n > n, , which with the previous 
inequality gives the result. 


. If the x; are equal, equality is obvious. The converse follows from Example 


6, p. 113, since ‘a.e.’ is now equivalent to ‘except for those numbers i for 
which a; = 0’. 


. This is a special case of the next result. 
. In Example 7 put x; = log y; and y(x) = e& to get 


n R 
exo(3 a; log %)< D iYi, 


and, by Exercise 7, equality occurs iff the y; are equal. 

Suppose that y is not convex. Then there exist numbers a, b, A, u such that 

a>b,rX+Hw=1,A>0, n> 0 and ya + pb) > AWG) + uy(b). Let l be 

any number 0 < I <, let m = 1 —1/N and let n = I(1/A — 1). Then/, m,n 

are positive and / + m + n = 1. Define f on [0,1] by f =a on [0, D, f= 
1 


Na + ub on [L1 +m), f =b on [1 +m, 1]. Then | f dx=) + ub, but 
0 
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1 
J y of dx =lġ(a) + mp Qa + ub) + nv) 


= ya + ub) — l/r (WQa + ub) — yla) — nY()) 
< Wa + ub). 
1 1 
So f vorax< vf | f dx), a contradiction. 
0 0 
(i) If a; > 0,b; =0,i=1,2,...,nandp>1, 1/p + 1/4 = 1, then 


n n 
L a;b; <( D 7 P(e sa)", 
i=1 i=1 i=1 
n n n 
(ii) If p > U(X la; + bP <( ai?) (2 >t?) 
i=1 i=1 i=1 


n n 
(iii) If a, >0,b;>0,i=1,...,n, ), ajbi <(U a) max b;. The proof 
i=1 =1 / 1<i<n 
of (i), for example, is obtained by taking X = [1,...,”], a(i) = ai, u([i]) = 
n 
1 so that J a; = f a du, and applying Holder’s inequality. 
i=1 


They imply lsin x — cosxll, = II(f — sin x) — (f—cosx)ll, < If — sin xl, 
+ If— cos xl, <1. But the first term is Vr. 

Apply the Schwarz inequality. 

(i) is a special case of (ii). Write |f|? = F, |lg|? =G, a= 1/p,ß = 1/q, then 
FEL (u), G € Lf (u), so by Theorem 7, FG EL! (p). 

(i) Minkowski’s inequality gives | fll, — If, 1,.1|<If—f,ll,. 


t t b 
w|f fa- ff, å |= J. xan C- fe) d| < VE- If- faha, 
by Hölders inequality. 


(iii) To verify (i), integrate explicitly and use E l/n? = n?/6. To verify 
n=1 


(ii), integrate and use the standard Fourier Series for £? . 

By Minkowski’s inequality | Ify lp — Iflp|< If, —fllp > 0. 

By Example 20, p. 67, we can find y such that P(N?) fPEL', p>1 
on [0,1], Y(0+) = œ. Then 


1 1 
Fœ) = | far= f men" tP-DP fat 


<(/ “yee as) (J yfo an)”, 


by Holder’s inequality, p and q being conjugate indices. So 
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1 
Fe) <u f yr? a ar) 


where M is a constant. But V e >0, 3x9 such that ~~?" < e for x < xo and 
then 


1 Xo 1 
f yr? F! dt = f + i < e(log 1/x — log 1/x9) + log 1/x 
x x x 
< 2e log 1/x for small x. 


x x 
At x = 0, Hélder’s inequality gives F(x) <x'9( f fP at)”. But f fP dt 
0 0 
-> 0 as x > 0 by Theorem 18, p. 106. At x = œ, V e > 0, 3 y such that 
eo x 
f fP dt < e; so let x >y. Then F(y) — F(x) < (x -y*( f fP ar} 
y y 


< ex!4 So F(x) <2ex! for all large x. 
For n = 2 we get Holder’s inequality. So suppose that the n holds for 


n=m—1,m>2. D EEEE i a we have J ak;! = 1, so 


Sifil”... Fins |% du <TT (aM dy)**i, 
But from Hölder’s ERE 
SSi -Sml SCIAS -o Sfm- I du)” O Sm du) m. 


So the result holds for m, and by induction the result follows. 

If any f; = 0 a.e. or if (6.13) holds, equality is trivial. Conversely, the case 
n = 2 is given in Example 10, p. 115. We suppose that the result is true for 
n — 1 functions and consider the case of n functions, supposing that no f; = 
0 a.e. Then the fact that (6.13) holds for n — 1 functions, together with the 
chain of inequalities which gives the result for n functions, gives us (6.13) 
in this case. 

In Exercise 19, take n = 3, f,(x) = x", fa (x) = |x — 17 P8 fa (Œ) = |x — 
20PY and if § = p(a + B + y) < 1 take k, = 5/(pa), kı = 5/(pB), k3 = 
5 /(py) to get the result. 


n n 
Let p > 1andletf;€L?(u),i=1,...,n.Then I) filly <), Ufjll, follows 
i=1 i=1 


immediately, by induction, from the case n = 2. 

As we may consider f/M, we may suppose that ess sup f = 1. Then f"*' < 
f” a.e., so the required limit exists and is not greater than 1. But f f” du = 
Sf” 1 du <f” duy” U)! . So 


f” du < sUr du)” 
u(X) Of" duy 
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Take nth roots, let n >œ and use the result of Exercise 6, p. 110, to get the 
result. 


Write I, = Sf" du. Then, for n > 2, 72 = (f [ODA fer? du? <1, - 
Ine, BDY Schwarz’ s inequality. 

Write pi = Pià, Pa = Pod where dA = 1/p, + 1/p3, so that p, and p, are 
conjugate indices. As f € L?1(u), we have [f|!4 € LP: (u), and similarly 
Igi** € L?2(u). So Theorem 7, p. 115, gives [fgl!* € L! (u), and so the 
required index p is (pP; P2 a +p). 


By Hölder’s inequality Pf > | 1 du = u(E), giving the first part. By 


Example 10, p. 000, equality holds when s/f + t//f = O a.e., i.e. when f 
is constant a.e. For the last part, take E = (a, b), f = (x — a} to get Pp = œ. 


We have = 8 >f>58 a.e. so(r- P Af-5e <0 a.e. Write F, =f? + 


VENENE) + VEDEO) + y?2? = A + veV PON CaM + 
yar EDINE). So if a =/(Pp)/V/(Qq), then F.a <0 a.e., but Fa >0 on 
a set of positive measure. So f F, du is not greater than zero for y = —q, 
and is positive for ye =a. But f Fy ce Sf? duty S fe duQ/(PQ)//@q) + 
V(pa)yiV(PQ)) + y? f g du nd this quadratic in y must have a real root, 
giving the result. 

If 0 < kK <1 we havem < 0, and conversely, so we may suppose that 
0<k < 1. Suppose that f g” du < œ, so that g > 0 a.e. So writingp =k", 
the equations f = (uv, g = v? define non-negative measurable functions 


u and v a.e., and hence f uv du < lul, Ivl, where p and q are conjugate 
indices. So 


S f* du < C fe du) U g" dy)* 
giving the result. 
Let p + q = pq; then by the last exercise we have 
SF+sP du=S Rf +P du + Sef +P du 
> (sf? du)? FF +g)P 1 du)" 
+ (fg? du)? U E+ gP du)" 
which gives the result, as in Theorem 8, p.115. 
O<fP <f’, sof, € LP (u). Also 0 < (f— fa P <f?, an integrable function, 
so by Theorem 21, p. 107, as lim f, = f we have lim f (fa —JF du =0. 
Given f € L’ (u) and e > Oit is required to find g € LP (u), where g is bounded 
and measurable and If — gll, < e. Minkowski’s inequality allows us to con- 
sider f* and f~ separately. So suppose that f > 0. But then the last exercise 
gives the result. 
By the last exercise we may suppose that f is bounded and measurable. 
Then the proof of Theorem 16, p. 73, may be used with appropriate modi- 
fications. For example, we have by Minkowski’s inequality that if f= g +h, 


33. 


34. 
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b v 
f lg-eilP dx<eand f Ih—h,|P dx <e, then 
a “a 


b 
f \f-G@i thay? de <2? e. 


We wish to show that if f E LP (a, b), then 3 sequences {fa} of the desired 
type such that Ifa — fll, = 0. By Minkowski’s inequality it is sufficient to 
consider f 2 0. Then, for simple functions the result follows from Theorem 
5, p. 58, and Theorem 10, p. 63. For step functions and continuous func- 
tions the result is that of the last exercise. 
Let fa =f X(-n,n): Then Theorem 10, p. 63, gives lim If — fa ll, = 0 since 
If —f,l? < IfI . So Minkowski’s inequality and the last exercise give the 
result. 
[F(t +h) — FOILS UIA +t+h)-—f&e + DIP dx)”. lel? dx). So 
it is sufficient to show that f [f(x + t + h) —f\x + OI? dx tends to zero 
with h, and hence by Example 25, p. 75, to show the same for f [f(x +h) 
— f(x)? dx. By Exercise 31, there is, for any e > 0, a continuous function k 
vanishing outside a bounded set, such that If — kil < e. So if f(x) = 
fx +h), ki(x) = k(x + h), we have 

If—frlp <If— klp + If, —kyll, + IK —ky ll, <2e + Ik —ky |, 
by Example 25, p. 75, again. But since k is uniformly continuous and k 
and kp vanish outside a bounded set, lk — kp llp < € for all small h, giving 
the result. 
lagn — fel, <\ fe —fenl + Nfen — fn8nli < Iflp lg—gnl, + If- 
falp lenllg. But | igala — igi) < Ign — glg by Minkowski’s inequality, 
so for all large n, lig, lg < lglg + 1 and the result follows. 
@ IS Gp —Ag dul < lf, — fla + igi, > 0 asn > æ. For a counterexample 
take X = (—7, 7), f,, (x) = sin nx so that Ifa — fm lp =(2) for n#m, and 


T 
{fn} does not converge in L? . But if g E L? (—r, 7), lim f g(x) sin nx dx = 
i -n 


0 by, for example, Exercise 44, p. 75. 

(ii) If for any sequence {n;} we have Ifn;l2 <C, then Ifl <C, for then 
C fl, > | S fa, f dul > (lll)? . We may suppose that Ifl, # 0 and divide 
to get the result. 


b b 
(iii) If fa > f weakly, then f X{ax) fn dt > f X{ax} f dt. In the oppo- 
a a 


b b 
site direction: if this holds, we get f Sf, dx > f gf dx for any step 
a a 


function g, and so lg, — gf ll, < for all large n. Now if h € L? (a, b) and 
e > 0 there exists a step function g, by Exercise 33, such that lg — hlz <e, 
so Wf — fala < Iaf — gfh + lef — efai + efa — hfa li. Let M = 
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sup If, l,. Then hf — hf, 1, <e Ifill, + e + Me for all large n. Sof, >f 
weakly. 
(iv) 0 < (Wf, —fI? = f f? du + f f? du —2 ffa fdu > — IfI? <0. 
Soa = Ifl, and f >finL?. 

38. Let pı =p/p’ and q, be conjugate indices. Then 
Sifa -fP du <fa -fP Wp, UAD = Ufa =f K +0 
as required. 

39. As in Theorem 10, p. 118, 3 a subsequence {n;} such that fn; > f a.e. So 
[fl < K and |f, — fl < 2K a.e. for all n. Suppose p” >p (otherwise apply 
the last exercise). Then (Ilf,, — fl PP < (2K -P (lf, — Slp > 0 asn > 


co, 
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1. This follows from [x: |f, +8, — (f +8) > el S [x: |f, — fl> eR] U 
[x: gn — gl > /2]. 
2. If a = 0, the result is obvious; otherwise 


[x: laf, — af] > el = [x: If, -fl> ehall, 


the measure of which tends to zero asn > ©, 

3. From the definition of convergence in measure it can be seen that the limit 
function f is finite valued a.e. So Y e> 0, 3 set G, and K > O such that 
u(G) < e/2 and |f| < K on CG. Write E, = [x: |f, —fl> y], then on 
CCG U E,), fi —f71= ISa + fl ISa —f1< + 2K) <e for an appro- 
priate y > 0. But u(E,) < €/2 for all large n. So for large n, u [x: lf? —f?| 
>e] <e, giving the result. 

4. Use fn8n =40n ten)’ —40;, — 8n) , and the last three exercises. 

S. Take X = (0, œ), f, =f = x and let g,, be positive constants a, where 
lim a, = 0. Then a,,, as a function of x, tends to zero in measure, but 
m([x: |fn8n —Sgl>€] =m[x: a,x > e] =œ for all n. 

6. Use lf, -fl> Ifall ISI I. l 


n 
7. A set K is convex if when k; EK,i,...,n,we have » a;k; E K whenever 
i=l 


n 
= 0, D a; = 1. So S is clearly convex. Write J; for the interval [(i — 1)/ 
i=1 


(n +1), i(n + 1),i=1,...,n +1. Then for fES, (n +1)x;f EUn. 
But then 


nti 


f=1f@+1) U (nt lous 


lies in any convex set containing U,,, giving the result. 
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8. In Example 1, p. 124, let X be the set of positive integers, and let u([n]) = 


9. 


10. 


11. 


Gy, where a, > 0 and D a, < œ. Then if & = {&,,} and n = {n,,} are any 
n=1 : 


oo a = 
two real sequences, define p(é, n) = D Sn Ën = Mal l 
n=] l + lEn —Nnl 


Clearly p(f, g) = o(g, f), eff, g) > 0, pf, f) = n0) = 0. If n(f) = 0 then, as 
tan is continuous at the origin, if e > 0 there exists a < e such that a + u [x: 


If(x)| > a] < e, so u[x: Iœ) > e] < e, i.e., f = 0 a.e. So if pf, g) = 0, 


f = g a.e. Finally, for &, 7 > 0 we obtain from the addition formula for tan 


that 
arc tan ¢ + arc tan n > arc tan (E +n), 


and it easily follows that n(f + g) < nf) + n(g), so that p(f, g) + pg, h) > 
p(f, h) and p is a metric. Convergence in measure implies convergence with 
respect to p since if n(f, — f) >5 >0 and 0 <e <4tan ô, we easily obtain 
ux: (fC — A > e] > stan 8. Conversely, let e, 8 > 0 and let p[x: 
lfn) —f(x)| > e] > 8. Then for a > e we have a + y[x: Ifa) —f(x)| > €l 
> €, and for a < e we have a + uix: |f, (x) —f(x)| >a] > 8. So of, A= 
min (arc tan ô, arc tan €). 

For each n we have, a.e., fag < F. ess sup |g|, an integrable function. But 
lim f,, g = fg a.e., so by Theorem 21, p. 107, fang > fg in the mean. 

For each k, there exists £ such that on CE,, {fn} is uniformly funda- 
mental and u(E;,) < k7'. We may suppose EF, 2 E, 2... Then E = 


A Ex has measure zero and if x E€ CE, fa (x) > f(x), defining a measurable 


function. Also f,, > f uniformly on each set CE,, giving the result. 


12. (i) u is well defined on S , u > 0, (0) = 0. Let {B;} be a sequence of dis- 


joint sets of 5 ; then 
oQ oo [- a oo 

I B) = lim wna) = lim L Hn(B;) = bi lim p,(B;) = uy u(B;). 
= i= (= i= i= 


The interchange of summation and lim is allowable by Theorem 15, p. 105, 
SO Mu is a measure. 
(ii) It is sufficient to prove the result for f > 0. As u > Un, S f du, <© 
implies f E€ L(X, un) for each n. There exists a sequence of measurable simple 
functions ¢, f f, and clearly lim f g dun = f k du. So 

n-o 


Sfdu= lim fo, du= lim lim f ¢, dun 
k> œ k> n=- æ 


= lim lim fp du, = lim Sf dun, 
k—> œ n— æo 


n> œ 
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13. 


14. 
15. 


16. 


17. 


18. 


19. 
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the interchange of limits being justified, since the double sequence increases 
with respect to both k and n. 

Una, = Hn easily gives f |f| du, <S If] duys,. To prove the last assertion, 
take X to be a single point and y,,(X) = n. Then every finite function belongs 
to each L(y,,), but only f=0 E€ L(y). 

Routine verification. 

By the last exercise 4; — Mn is a measure, for each n. Applying Exercise 12 
to this sequence of measures we get that u, — mu is a measure. So the last 
exercise, again, gives that u = uw, — (Hı — pw) is a measure. 


Take X = [1, œ) and define u,,(E) = f (nxy! dx. Let B; = [i,i+ 1), 
E 


i=1,2,... Then u„(B;) + 0asn >, so u(B,))=0, ), uB) = 0. But 


i=1 


moe B;) = œ, each n, so nS, Bi) = œ and so p isnot countably additive. 
=1 | i=1 


The first part is obvious. For the second, considering simple functions and 
taking limits, we get f f du, — ff dun =f f d(uı — Hn), since u, — Hp isa 
measure by Exercise 14. Applying Exercise 12(ii) to {u, — Hn} we get the 
result. 

Finite additivity and the other properties being obvious, we wish to check 
that u is countably additive. Let {B;} be disjoint measurable sets. Then 


AU Bi) - 2 u(B;) < (U Bi) -mU Bi)I+ nl U B) 


i= = i=N+1 


+ L Bi) — Hn (Bi). 


We have "O, B:) —> 0 as k > œ, so since {up} converges uniformly, v € > 
i=k 


oQ 


0, 3 N, such that sn UJ B; < e/3 for all n and for N > N,. Now 
i=N+1, 


i= 
choose N, such that for n > N, the first and third terms are < €/3, so that 
the right-hand side < e. 

We may suppose f > 0, so there exists a sequence of measurable simple 
functions ¢,, ft f. By Egorov’s theorem, ¢,, > f a.u. with respect to each py, 
and with respect to u, so V € > 0, Ọm > f uniformly on CE,, where up (En) 


< ¢/2"*! | and we may suppose also when choosing £p that f f du, < 
En 


e/2”. By uniformity, for n, k > no, u,(E,) < €l2”, so we may suppose, 
when taking limits with respect to n, that u,(E,,) < €/2” for all k and n. 


Then if F = UIJ En, U(F) < € for all k, and ¢,, t f uniformly on CF. Now 
n=1 


20. 


21, 
23, 


24. 


25. 


26. 


27. 


28. 
29. 


30. 
31. 
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S f dun — S Ọm dhn = i C-on) dun + f (F-m) dtin < | fdu + 


eu(X) < e (1 + u(X)) for m > mo (e). We have m, bounded a.e., so f Ọm, dhn 
< M, say, for all n. But then f f dun <M’, say, for all n. This implies that 
S f du < œ, for otherwise V i, 3 mài) such that S$, du >i and then 3 n(i) 
such that f Øm du, > i— 1. But this gives f f du, >i— 1 and a contradic- 
tion, so f E L! (u). Hence f f du — f ¢,, du < € for all m > m, (e). Let m, = 
mo + mı. Then |f om, dun — S m, dul < e for n > no, a8 $m, is finite- 
valued a.e. So |f f du— ff dun, |< 2e + eu(X), giving the result. 

For example, let fa > f in the mean of order p, p > 0. Then S | fn —f,, 1? du 
<2? fifa SIP du + 2? Sif, —SI? du, and letting n, m > œ gives the 
result. 

22. Obvious. 


1 
v e>0,supf, in [e, 1] isne"* > 0 as n > o, But | f, dx =1—e" 40 
0 


as n >, 
Similar to Exercise 23. 
By Holder’s inequality f,,, and the limit function f, are in L! (u), and 


lfa -fl < Wn — fi, (u(x), 


where p,q are conjugate indices. 
n \ 
fa) <x? EL'(1, ©) but, ifn >m, If, — fm lin = [J x dx)? +0as 
m 


n, m>. ae 
Ift>0,¢% < ift; aon 32 xe" X <n? x! +0 asn > œ, for x >0. But, 


on computation, T fe dx +0. 
0 


As for Exercise 27, using e* < ¢* k! where k > 3/2p. 

tn <€" on [e, 1], 0 <e <1. Sofa >fa.u. where f= 0 on [0,1), f(1) = 1. 
But {fa} does not converge uniformly as its pointwise limit, f, is discon- 
tinuous. 

S\fn — fP du <u(X) ess sup If, —f1? > 0 asn >o. 

Let X = (1, ©), and let f x) =x?” +n” on (1, n), fax) =x” on 
[n, œ), f(x) = xP on (1, œ). Then f and each fa, E€ L?(1, œ) and fa > f 
uniformly. But Ifa — fll, = 1 for each n. 
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L; 


2: 


A is positive iff m(4 N (—æ, 0)) = 0, B is negative iff m(B N (0, œ))=90, 
C is v-null iff m(C) = 0, and (—-=, 0), [0, °°) forms a Hahn decomposition. 


We have (E) = v(A) + A Ex) from (8.1), and from the proof the 
theorem 
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0> AU Ex) > —oo, 
k=l 
So v(A) = œ would imply (E) = œ. 
3. We may take X = R, 5 = M, (E) = f f dx, where f(x) = xe™ (|x| > 1), 
E 


fx) = 0 (|x| < 1). Then (—%, a), [a, °) is a Hahn decomposition of R with 
respect | to v, for any a such that |a| <1. 

4. Write a}, = max (an, 0), da = max (—a,,, 0). Then condition, (i) of Defini- 
tion 1, p. 133, implies that either J a, < or > a, < ©. That v is then 

n=1 
always well defined and is a signed measure, is Sibi as is the last part. 

5. As in the last exercise, and using the finiteness conditions given, we get that 
the sum of the positive terms in {v(E;)} is finite, and that of the negative 
terms is finite, as required. 

6. AE) = WF) + WE — F), and Definition 1(i), p. 133, implies that neither of 
the terms on the right is infinite. 


7. Uz, =F; UJ E- Em) So 
(UE) =06,)+ >: WE; — Ei-1) 
i=1 i=2 


n 
= lim (61) + 24 AE; — Ei) = lim (En), 
i= 
and this limit exists, though it may be infinite. 


8. From Exercise 6, v(E, ) — (Ei) = v(E, — Ep) for each i. But E, “Vt, U 


U (E, — E;), so by Exercise 7, 


WE, )= (A E) + lim (E, — E) = A) + WE, )— lim v()), 


So, since |v(E, )| < œ, we get the result. 
9. There exist sets A, B such that (4) = v, (CA) = u(B) = v,(CB) = 0. So 
u(A U B) = (v, + v2 XCA N CB) = 0. 


10. From Example 5, p. 138, |v (Œ) = | [fl du. 
E 


11. Obvious from Definition 6, p. 138. 
12. Let A, B be a Hahn decomposition with respect to v. Then |ĮvI (£) = |MEN 


n 
A) + |AE N B) < sup ) | |x) as A, B are disjoint. But 
i=1 


13. 


14. 
15. 


16. 


17. 


18. 


19. 


20. 


21. 
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sup Hi IE) < sup 2 WIED = WIE), 


as |p| is a measure. 

Suppose that v = »* — v is the Jordan decomposition with a corresponding 
Hahn decomposition A, B. Let EE § and write Fy; =ENA,E, SEAB. 
Then v (E,) = 0 so »,(F,) > V(E,). But v) — v = v, — v and hence 
vı (E1) 2 v*(E, ). Similarly for Ez, so h(E) < v, (E) and v (E) < v2 (E) for 
all EE § and |p| <v, +n, follows. For equality we need v*(E) + v (E) = 
vı (E) + v2 (E) which implies v, = v", v3 =v since 1# S n4, V Sn. 
Obvious. 


Let X = [0,1] and let u be given by u(E) = f fax where f = 1 on [0, 1/2) 
E 


and f = —1 on [1/2, 1]. Then |u| = m so [p|(E) = 0 > m(E) = 0 but 
uE)=0#mEŒ)=0if E =(1/2—a, 1/2 +a),0<a<1/2. 


Take, for example, X = R, S = M, (E) = f ex dx, v(E) = 
[0,~)NE 


f e% dx 

(=, 1)NE 

v is a measure by direct verification. Since ([x>]) = 1 and m([xo]) = 0 we 
have not got v €m. 

Suppose that (X) = J. f du where f is non-negative and finite-valued and u 


is o-finite. Then X = xn, uO )< cand also X = U Ymi Yon = [x 


fœ) <m], so that X U (Xn O Ym). But {Xn O Ym) <mu(X,) <, 
m,n 


so v is o-finite. So the result of the theorem for v implies that v is o-finite. 
Note that the next exercise shows that v < u and u o-finite do not imply 
that v is o-finite. 

If X can be written as the union of a sequence of sets of finite v-measure, so 
can any subset. But if F is the set on which f is infinite, so that u(F) > 0, 
then every subset Æ of F has v-measure O or © according as u(E) = 0 or 
u(E) > 0; so F provides the required contradiction. 

Take X such that Card X = No, andlet 5 = [E: Card E < No, or Card CE < 
No]. Then LX, S ] is a measurable space. Let (£) = Card £E; then u is a 
measure and is not o-finite. Let p(E) = 0 if Card E < No, AL) = 1 if Card £ 
> Ro. Then v is a measure, as in any sequence of disjoint sets of 5 at most 
one is uncountable; also v < u. Suppose that f exists such that AE) = 


ff ay for each E € S. Then f fdu = fle) but (1) =0 so f =Q. 


But v(X) = 1, so no such f exists. 
Follows immediately from Definition 5, p. 137, and Definition 8, p. 139. 
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28. 


29. 


30. 


31. 
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As in the proof of Theorem 6 we may suppose that u and v are measures. 
Then by Theorem 5, for EE 5 , (E) = f f du where f > 0 and measurable. 
E 


But then Theorem 18, p. 106, gives the result. 

Choose a sequence {n;} such that lim a,, = 0. Then u([n;]) > 0, but x([n;]) 
> inf b, >0. 

3 no such that for n, m > no, S |fn —fm | < e/2. The result of Theorem 18, 
p. 106, extends immediately to give, for fixed mo, that 3 & such that if 


u(E) < 6, then f ia du < el2,n=1,..., no. fn >no, | |fnl du < 
i E 


ip |n, | du + if Ifn — fn, | du <e. 


By decomposing X into four sets as in Theorem 10, p. 145, and adding the 
results, we may suppose y and v to be measures. Let f be such that (E) = 


f f dv for each E E S. Since v < p, [x: f(x) = 0] has zero measure with 
E 


respect to p and v, so 1/f = (du/dv)! is defined a.e. But Theorem 9, p. 144, 
gives (dv/du)f = dv/dv = 1, so dv/du = (du/dvy* [u]. 
V= Vo + Vy where Vo(E) = v~, 0] OE), Vy (E) = v((0, 00) NE). 


As Vo is o-finite, D -UJ D; where vo(D;) < œ. But D; = U [x: x E€ D,, 
i=1 n=1 


¥o({x]) >n!] and each set of this union is finite, so D is countable. 

[2]. By a standard argument the proof may be reduced to the case where v 
is finite. Let Ù = [E: EE S, u(E) = 0] and a = sup [WE): FE Ù]. Let 
{En} be a sequence of sets in Ù such that lim (Enp) =a. If B = U Ep, then 
BEV and 1B) = a. If E E Ù we have a = AE U B) = WE — B) + (8) so 
WE — B) = 0. Write vo (E) = AE N B), v, (E) = WUE — B), for each FE S. 
So v = vo + vı, vy & u. But u(B) = v9 (CB) = 0 so vo L u. Uniqueness then 
follows as before. 

By Minkowski’s inequality, | Ilg,, lg — Iglo | < lg, — glg, so Ign lg > lglg. 
Also lfng8n — fali < IOn — ën + fen — ali < ifn — fip Inla + 
Nfl, Ign —gl4. So the right-hand side has limit zero. ` 
Obviously G, F € V* implies aG + bF € V*. IGI = 0 iff G = 0, laGll = 
sup [|aG(x)|: ixl <1] = lal IGI, IG + FI = sup [I(G + FXx)\: Ixll<1] 
< sup [1G(x) + IFE): lxi <1] < IGI + IFI. 

f** @G + bF) = (aG + bFf) = aG) + bFf) = af **(G) + bf **(F). So 
f** is a linear functional. If**ll = sup [If**G)|: IGI< 1] = sup [IGQ]: 
IGI < 1) < Ifl. In fact, by the Hahn-Banach theorem [15] there exists G 
of the norm 1 such that |G(/)| = IfI, so that If** ll = I fll. For a particular 
case see Exercise 32. 

f > f** is linear, for (af + bg)**(G) = Gaf + bg) = aG) + bG(g) = 


33. 
34. 
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af **(G) + bg**(G) for each G in (LP )*. To show that the mapping is norm- 
preserving (and so one-to-one) we need, for each f, to construct G of norm 1 
with |G(/)| = If lp. If f = 0, any G of norm 1 will do; otherwise take G(f) = 
J fg du with g = al f\P™ (If 1p)?! , where a = sgn f. Then f fg du = Iifll, 
while Iigl, = Q IfIP du)" K If l,)?* = 1 since p/q = p — 1. In general 
the mapping V > V** of a normed space into second dual is norm pre- 
serving and into. In cases like the above where every linear function on L4 is 
provided by an element of L? , we say that L? is reflexive. 

This follows from Example 10, p. 115. 

Theorem 13, p. 151, identifies the dual space. However, L! is not in general 
reflexive, as defined in the solution to Exercise 32. 
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l. 


f( 1) = lim (@¢& + 9") a) = 0. 


2. Write A, = [x: Bg([x]) >n", k<x<k +1]. Then Card A, <n(g(K + 1) 


— g(k)),so A, is finite. But Ua, = [x: fig([x]) >0,k <x <k + 1] giving 
n=1 


the result, since the required set is a countable union of such sets. 


. Theorem 1, p. 153, and Theorem 2, p. 154, hold as before. The proof of 


Theorem 3(i) becomes: Let J = (a, b], E; = @, bi], i = 1, ... ,n. Choose 
c > 0 such that a-< a +c <b and h(a +c) — h(a) < e. For each i choose fb; 
such that 6; > b; and h(6;) — h(b,) < elZ. Write F = [a + c, b] and U; = 


oo n 
(ai, Bi). As F C UJ U;, we get F cl) U, for some n. Then Theorem 2 gives 
i=1 i=1 
n n 
h(b)—h(a+c)< D (hbi) — h(a,)) < bi (h(b;) — h(a) + €/2'). So h(b) — 


h(a)—e< È (h(b;) — h(a;)) + e, giving the result. Theorem 3(ii) and 
=1 
Theorem 4, p. 155, then hold as for g. 


. R(=, x)= lim fg([-n,x)) = lim (g6) —e(—n)) = (2). 


. On each of the removed ‘middle thirds’ /,, ;, L is constant, so Qn x) = 0. 


Hence x([0,1] — P) = 0 where P is the Cantor ternary set. As m(P) = 0 we 
have v | m. Also ([0,1]) = L(1) — L(0), and by Exercise 1, ([x]) = 0 
for each x, giving the result. 


. We are given that there exist sequences {x;} , {A,;} in R, with d; > 0 for each 


i, such that if 8, = Xp») theng = )) Nô; Then py([xj]) = N. Write 
i=1 


(x;}, (Aj) for the subsequences obtained when we restrict to [—N, N). 
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Then ji,([—N, N)) = &(N) — &(-N) = D Ai < œ, So if A E [-N, M) — 
{= 


Y [xj], H(A) = 0, so A is fy-measurable. But each [x;] is a Borel set and 


so measurable with respect to ñ, and the result follows on letting N > œ. 


. (i) is obvious. (ii): As f,,, f are monotone increasing, it is sufficient to show 


that lim lim f,,¢—1/m)= lim lim f,(« — 1/m). As the double 
mæ næ 


n> m>% 
sequence involved is monotone increasing in n and m, this is immediate. 
(iii): Let fa = Xin,» SO f = X(0,0). Then f,(0+) = 0 but 0+) = 1. 
(iv): v e > 0, 3 No such that | fa — fI < e for n >No. So |f,(« + 1/m)— 
f(x + 1/m)| < e, for n > No, and letting m > © we get | f,(x+) — f(x+)| < e 
for n > No. So lim f,,(x+) exists and equals f(x+). (v): From (i) we now 


have f(x—) = lim f,,(x—) = lim f,, x) = fæ). 


. Consider f(x) =x. 


n z 
D ION- fa< KY |b; — a;l < e whenever », |b; —a;| < e/K. 
i=1 i=1 i=1 


Let c’, d' be such thata <c'<c,d <d' <b. Then if x,y € [c,d] we have, 
as in Theorem 3, p. 111, d(c’, c) < ox, y) < @’, d). So lo) — Ox) < 
M\y — x| for some fixed M and all x, y € [c, ad], i.e. @ satisfies a Lipschitz 
condition of order 1, and the previous exercise gives the result. i 
If n> £> 0,wehave n? — & = p(n — EXE + 0(n — £))P ~! where0 <0 <1. 
As f is continuous, |f| < M, say, on [a, b]. So for x, y € [a,b], fP @)— 
fP < pP(2M)P-:! (Ry) — f(x) and the result follows. 

Take [a, b] = [0,1] and define f(0) = 0, f(x) =x? sin? 1/x for0 <x <1. 
Then it is easily seen that |f'] < 3, so f satisfies a Lipschitz condition of 
order 1 and is absolutely continuous by Exercise 9. But f?” is not absolutely 
continuous as it is not of bounded variation (Exercise 9, p. 83). 

L is not an indefinite integral, by the solution to Exercise 21, p. 90, and so 
it is not absolutely continuous by Theorem 8, Corollary 1. 

Since g is continuous, it is Borel measurable, so clearly the integral exists. 
By Theorem 8, p. 161, and Example 11, p. 145, we have 


b b 
f &) dnp) = | g(x) f(x) dx =0 


as whenever g(x) + 0, f(x) = 0. 
Let f(x) = Vx, 0 <x <1 and let x; = 0, y; = 6/27, i = 1,2, .. . ; then 


n n n 
Y xii] <8 for each n but » Iœ) — fyl = (6/2)! > i} + œas 
i=1 =1 i=] 


n > œ, So f does not satisfy the more restrictive definition obtained by 
omitting disjointness. But f is absolutély continuous as it is the indefinite 
integral of an integrable function. 


16. 


18. 


20. 


21. 
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No. Let g(x) = x, x E (a, n] , g(x + 27) = g(x), and let f(x) = V |x|. Take 
xi = 2G — In, yi = x; + 6/27? ,i=1,...,n(0<6 < 2r). Then the inter- 
n 


vals (x;, y;) are disjoint and L iX; — Yil < 6, g(x) = 0, g0;) = 8/2 . Then 
i=1 
n 
f og is not absolutely continuous since 3 If o Xx) — (f o gXy,)| = 
i=1 


n 
(ay) Senia 
i=1 


b 


S b 
f xdg= lim f xdg= lim -f ew dx = —/n, using Theorem 
-a 


—0o a,b “-a a, b—> œ 


9, p. 163, and a standard integral. Similarly f x? dg=— f ex d(x?) = 


. t 
Write f(t) = f h du, and g(t) = t; then (9.9) gives 
0 


J, fdg = fix) g(x) — KO) 2g(0) — J, th(t) dt = J xh(t) dt — | th(t) dt, 


as required. 


. For f and g continuous the result is true by Theorem 12, p. 65. For integr- 


able functions f and g choose continuous functions f, and g„ to approximate 
f and g in the mean as in Theorem 16, p. 73. Their indefinite integrals 
F,, and G, then approximate F and G uniformly, and letting n > © gives 


the result. 
(i): For x €(0,d] and t E [x,d], f° |AOI <x™ (A(t) E Lx, d). (ii): v e> 


5 5 
0, 3 ô > 0 such that f |h| dt < e. So for x € (0, ô), f t xh(t) dt <e. 
0 x 
d d 
Also | C! xih) ar<otx f |A| dt < e for x < xo, say. So if0 <x < 
6 “0 


d 
min (5, Xo), Ixk(x)| < f f'x\h(t)| dt < 2e. (iii) and (iv): We may suppose 
x 


h > 0 and hence k > 0. Let a € (0, d) and apply Theorem 9, p. 163, to 
(a, d), taking G(t) = t, g = 1, FO) = k(t), ©) = —t" h(t), x =d. As k(d) = 


d 
0 we get —k(a)a = f (—h + k) dt. Letting a > O gives the result. 
a 


(i): We are considering the limits of the measures of decreasing sequences 
of sets with void intersection. The necessity for finiteness is seen from the 
case f(x) =x, u = m. (ii) As increasing sequences of sets are involved, no 
finiteness condition is necessary. (iii): F(x—) = lim pf! (—œ, x — 1/n] = 
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uf! (—œ, x) = G(x). Similarly for F(x) = G(x+). (iv): The required con- 
tinuity follows from Example 2, p. 156. As a counter-example when u(X) = 
œ, take X = [0,1], $ = ? [0,1], uF) = Card E, f(x) =x. Then F(0) = 0, 
F(O+) = œ. (v). Let u(4) > 0, f = x4; then F(1) = u(4), FU—) = 0, G(1) 
= 0, G(1+) = u(4). (vi): The first part is obvious, the second follows from 
Example 9, p. 167. 


22. R=(J E where pf! (En) < œ for each n, so X = (J x, where X, = 
n=1 n=1 


f~ (En) decomposes X as required. 

23. Take LX, S ,u]J =[R, M, m] and define f by f(x) =x,0<x<1,fe+k) 
= f(x), k = £1, +2, ... Then if m(E) = 0, we have mf"! (E) = 0; so mf < 
m. Also mf! (E) = 0 if E S C[0,1). But mf! (E) = © if m(E N [0,1)) > 0. 
So, for every measurable set, mf ' is either 0 or œ, and so mf’ is not 
o-finite. 


24. Wehave X = LJ Xn where (Xn) < ©. If En = Xn), En is uf? -measurable 
n=1 


and uf! (En) = u(X,)< œ. But UJ En = AX) whose complement in R has 
n=1 


zero uf ! -measure. 
. 25. Regarding f as a function from the space B to [0, M] we may apply Example 


M 
10, p. 168, to get l f” dx = f y” de(y). But by Theorem 11, p. 165, 
B 0 
M 
this latter integral equals [y” e(y)] =m — D” e)l y=o — f e(y) d”) 
0 


M 
=M” m(B)— J ne(y) y”! dy. 


oe 1 
26. Since ei la” t”| < for |t| < 1/2, we have D f lan f] dx < ©, 
n=0 n=0 “0 


From the last exercise we have, for each n, 
12 


[or dx = 1/2” — J ny" e(y) dy. 


So multiplying by a, and adding for n =0,1,..., we get the result by 
Theorem 11, p. 64. 


HINTS AND ANSWERS TO EXERCISES: CHAPTER 10 


1. The non-uniqueness can be seen from Ø = X X Ø = Ø X Y. However if the 
rectangle P X Q = R X S is non-empty, then P, Q, R, S are nonempty. If 
y EQ, then for x E P, (x, y) EPXQ=RX S,sox ER and yES,soP S 


10. 


11. 
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R,Q GS, and as the opposite inclusion follows similarly, the representation 
is unique. 


. Yes, as A X 9=0 X @ © Q) satisfies Definition 3, p. 176. 
. If either A or B is empty, A X B=Q€E § X I. If neither A nor B is empty, 


AXBES X J iff both A apnd B are both measurable, by Theorem 4, 
p. 178. 


. CrO) = xv, y) = 1 iff œ, y) € V, iffy E€ Vy, iff xy 0) = 1. Similarly 


for (xy). 


. The function f *(x, y) = fix) is S X J -measurable, as is g*(x, y) = g(y). 


So f *g* = fg is measurable. 


. Take ¥ = Y = R, § = J = M,yu =v = m. Let A be a non-measurable set 


in X, B a non-empty set of measure zero in Y. Then A XB E&R X B,aset 
of measure zero. But A X B € MX M, by Theorem 4, p. 178. 


. (i) Let (¢,,} be a sequence of measurable simple functions ¢, < f, n t f. 


Then 0g, is measurable for each n and 0, = Uos, -0 S fdx = lim f n dx 
n=1 
= lim (m X m\0g,,) = (m X mr). (iii) Write Ga = [(%, y): y = A), AX) 
<n]. Since G = UJ Gy, it is sufficient to show that each G,, is measurable. 
n=1 


Let X, = [x: (x, y) E Ga]. So Xp = [x: f(x) <n] is measurable. Choose 
sequences of measurable simple functions on X„, fx) and {Wx}, o% S 
S, Wk >f, on Tf Wr Vf. Then Og, and Oy, are measurable. But G, = 


(\ Oy, -U Oby- (iv): By (iii) we can apply Theorem 6, p. 179, to G. 
=i k=1 


Let ġ be as in Theorem 6, then clearly ¢(x) = 0 for each x, so (n X mG) 
= f ọ dx = 0 by Definition 9, p. 181. 


. Immediate consequence of Theorem 9, p. 182, as f, being bounded, is 


integrable. 


. By Exercise 5, fg is measurable, so the result follows from Theorem 8, 


. 182. 
P a a 
We wish to show that f dx J IXE) /t dt < œ. Interchanging the order of 
Q x 


integration, this integral becomes 


a t a 
f dt Í IAO dx = Í IÐ dt <. 
By the Corollary to Theorem 9, g € L(0, a) and the iterated integrals are 
a a 
equal. Integrating as above (without modulus signs) gives f fdt= f gdt. 
0) 0 


1 
For y #0, Í e” sin 2xy dx = e” (sin? y)/y € L(0, œ). Now |e” sin 2xy| 
0 
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<e” , integrable over [x: 0 <x <1] X [y:0<y <œ]. So 
oo 1 1 a0 
dy e” sin 2xy dx = dx e? sin 2xy dy. 
{of Parin fax [evan ayy 


But | €” sin 2xy dy = 2x/(1 + 4x?). So 
0 


as 1 
J (€? sin? y)/y dy = f 2x/(1 + 4x?) dx = 4 log 5. 
“o 0 


1 
12. f le™? sin 2y| dx = [sin 2y| (1 — e€? )/y E€ L(0, N) for each N > 0. So 
0 


J 


N 1 1 N 
d e? sin 2y dx = dx e*Y sin 2y dy. 
Z | ad, mya 
N 
Now f e*Y sin 2y dy = 2/(x? + 4) — x/(x? + 4) e*™ sin 2N — 20 | 
0 


(x? + 4) cos 2N. So the second repeated integral = arc tan $ + o(1) as N > 
co, by Theorem 10, p. 63. Hence 


N 
| (sin 2y/y — sin 2ye? /y) dy = arc tan $ + o (1) as N > ©, 
0 


N 
But lim | sin 2y/y dy = 1/2 (by a standard contour integral). 
0 
So f e” sin 2y/y dy equals 1/2 — arc tan $ = arc tan 2. 
0 
y x 
13. To obtain f dx f (x — t)! f(t) dt, consider the iterated integral of 
0 0 


the modulus of this function, in the opposite order, viz. 


f intoi( f° -0 ax) at = L ny) PO at < œ, 


Q 


So the order of integration may be changed and the desired integral equals 
y y 
[0 [9 a) at= a gous) 
0 t 
a pal x a a 
14. We have x F(x) dx = dx x! Alt) dt = dt x f(t) dx 
f xt Fe) J NESE. f af 0 
a a 
= f (log a — log t) Kt) dt = f f(x) log 1/x dx — F(a) log 1/a, where the 
0 0 


charge of order of integration is justified if either of the iterated integrals is 
finite, the integrands being non-negative. 


15. 


16. 


17. 


19. 


20. 


21. 
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1 1 
For y +0, | f(x, y) dx = 0, and for x #0, f f(x, y) dy = 0, so the 
-1 -1 


iterated integrals are both zero. But f integrable on [—1,1] X [—1,1] would 
imply f integrable on [0,1] X [0,1] which would give, by Theorem 9, 


1 1 
p. 182, f dx f f(x, y)dy < æ. However this integral is 
0 0 


!/1 x = 
| = erp) * = 


Substitute y = tan x to get (for x > 0) 


f E a E. 
0o tyr 1 +x? 
and the first integral. By symmetry 


1 = 
fel eae fof oar ag 


so we obtain the second integral. To show that f is not integrable directly, 


1 2_ 12 
integrate f* over [0,1] X [0,1] to get J dx | Gay dy, by 


1 

Theorem 7, p. 181. The same substitution as above reduces this to | 1/2x dx 
0 

From a diagram it is clear that f f(x, y) dx = 0, (0<y< 1) but f f(x, y) dy 


= 2 if 1/2 <x <1, ff&,y) dy =0,0 <x < 1/2. Theorem 9 is not contra- 
dicted as f | f(x, y)| dx dy = ©, by inspection. 


. For each y we have f f du = —2%"", so f dv f f du =—1/2. But 


S du f f(x, y) dv = 3/2. 


However it is easily seen that f f* d(u X v) =f fT d(u X v) = œ. 

Clearly S(E X F) E $ X J. Also, given a fixed FE FY, EX FE S(EX 
F) for E E &. As in Theorem 10, p. 186, we take countable union of these 
sets and take complements in the set X X F togetDX FES (& X F) for 
any D E S. Keeping D fixed and proceeding similarly we get D X K E 
S(& X F), for any K E€ J. But this gives § X J S S(E X F) and the 
result. 

This follows from the limiting arguments of Theorem 11, p. 187, starting 
from the fact that g(u) = xg(ru) is Borel measurable for the sets E considered 
there. 

Let B be an open set in R? — [0] and let a € B. Then 3 8,0 <8 < al, such 
that [x: |a — x| < 8] & B. We may take for E the set [ru: |a| — 8/2 <r < 
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lal + 5/2, u E A] where A is the open arc in S, centred at a/|a| and sub- 


tending an angle 2 arc tan (5\/3/(5 + 2\a|)). , 
22. In Theorem 7, p. 181, take fix, y) = e® +”) to get 


f e*” dx | ee” dy= f J eo? +y") dx dy. 
0 0 5 “o 
By Theorem 11, p. 187, this equals 


[ora fe dô = 21/2 | raza, 


where we may make the change of variable using Theorem 12, p. 167, with 
k(x) = 2x (x > 0), K(x) = x”, g(x) = e™ ‚a = 0, b = N, and letting N > œ, 


So | e ax = yrf. 
0 oo 
23. By definition F(z) = f e* x7"! dx; so for each real y, by Example 25, 
0 
75, ey x21 dy = e*(x — yf dx = f(x, y) dx, say, 
p J i & -yf Í ) 
where f(x, y) = e*(x — yf! if 0 <y <x,f= 0 otherwise. Then as in the 


proof of Theorem 13, p. 190, y”! f(x, y) is measurable in the quadrant 
x >0,y > 0. Also 


d ly”! f(x, y)| dx = le? yY |d le™ x7! | dx <0, 
J y Í yw fx, y) i y ly i 
Soy”! fFEL'(m X m) and hence 


i dx J fy) y" dy = i y” & TE) dy = TOL Ww). 
oo i x 
But i fæ, y) y” dy =e* f y” œ -yy dy = 
0 0 


1 
ery f u”! (1 —uy™ du, 
0 


on substituting y = ux and using Theorem 14, p. 169. So integrating with 
respect to x gives the result. 


1 
24. We wish to find f e*t dL(t). Consider the sequence of step functions 
0 
{Mn} on [0,1] such that each function M,, is left-continuous and monotone 


n 
increasing and M,, increases by 2” at each point 2 D 37 ej (e; = 0 or 1), 
j=1 


M,(0) = X”, My(1) = 1. Then M, = L on the setl_Jy, x of Chapter 1, 
k 


29. 


26. 
27. 
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p. 24, and |M, — L| < 2”. So M, > L uniformly and so, as in the proof of 
Theorem 11, p. 000, we have lim f e’*? dM,,(t) = f e'*? dL(t). But 


se™* AM, () = 2” zepa oP Gaara a) 


3” 
where the sum is taken over all 2” possible n-tuples (€,,... , €n). So the 
right-hand side equals 
al ue . x ix 
a (lL +exp = |= OS Zz EXP =] = 


r n 
exp & a — 3) LEJ cos F , 


and the result follows. 

Consider the real and imaginary parts of f and apply the Riemann-Lebesgue 
Lemma (Exercise 44, p. 75), taking 6 = 7, ¢(t) = cos t or sin ¢ as appro- 
priate. 


1 
Take f= xjo,). Then RO) =1= f ifla. 
0 . 
We need to show that Kf € L? (—, œ); the linearity is obvious. By Holder’s 
inequality, p. 115, we have 
C IKC, t) fe) dt? <S IK, t)? dt f IfI? dt. 


Integrate both sides with respect to x, to obtain Kf € L? (—%, œ) as the 
integral of the left-hand side is seen to be finite. 
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